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Complete the following phrase to make a true statement:

“A system of 1100 linear equations in 550 unknowns...” 6_50 n
- .

A. ... always has a solution. X . Sy

B. ... always has a unique solution. X 1160 ‘ﬁ‘ i b

- !

@ ... may be inconsistent. R

D. ... which is consistent always has a unique solution. X

E. ... which is consistent never has a unique solution. %

I'. ... 1s never consistent. %
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3. IfAz[5 2} andB_1:[4 1},then(AB)_1: BN < [3%]'2
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4. If ¢; denotes the j*" column of

1 4 -1 =2 i 4 -1 -2
A=1(3 1 0 5 o~ 3 1 0 '
4 5 -1 3 0 © J o

(7 = 1,...4), which of the following sets is a basis for U = span{eci, ¢2,¢3,¢4} 7

A. {Cl}

B. ECQ{

C. {3

D {c1, ez}

E. {Cla €2, Cg}
F. {e1, 3, c4}
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6. Let My, denote, as usual,the vector space of real 2 % 2 matrices, and A® denote the transpose

of A € May;. The dimension of V = {4 € My, | A = —A*} is:

A0 a &
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C. 2
D. 3
E. 4

F. V is not a subspace of Mass, so we cannot speak of its dimension.
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7.

8.

The matrix 4 =

o O o=
o=

0
0 | is not diagonalizable over the reals. Why?
2
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A. Because A does not have real eigenvalues. x

B. Because A does not have any eigenvectors. X A 0y L€

C. Because A does not have three distinct cigenvalues.

cca.usc A does not have three independent eigenvectors.

E. Because A is upper triangular. X

F. Because there et

The sct of vectors {(0,3,4),(1,0,0),(0,4, -3

(ay,az,a3) of v=(0,—-1,-1).
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9. Let W= {(z,y,z,w) € R* | zyzw < 0}. Then,
A. (0,0,0,0) € W but W is not closed under multiplication by scalars
B. (0,0,0,0) ¢ W but W is closed under addition
C. W is closed under addition but W is not closed under multiplication by scalars
D. W is closed under addition and W is closed under multiplication by scalars
E. W is not closed under addition but W is closed under multiplication by scalars

F. None of the other statements is true.
Solution: (If you’d studied the W04 final, this was especially easy.)

A. is False: If k € R and (z,y,2,w) € W then k(x,y, z,w) = (kx, ky, kz, kw) € W
because
kxkykzkw = k*zyzw < 0,

since k* > 0 and ryzw < 0.
So now we know W is closed under multiplication by scalars.

B. is False: since (0,0,0,0) € W.

C. is False: since we know already know W is closed under multiplication by scalars.

D. is False: w = (-1,—-1,0,0) € W and v’ = (0,0,1,1) € W but w + v’ =
(-1,-1,1,1) ¢ W.
So now we know W is not closed under addition.

E. is True: From what we learned from A and D.
So:

F. is False.



10. Suppose A is an n x n matrix. Among the following statements, which one is not equiva-
lent to the others?
A. A is not invertible. A
B. Ax = 0 has inﬁnitelf/ many solutions x € R”ﬁ
C. There is b € R™ such that Az = b is inconsistent.
-~ D. The determinant of A is zero. V;ﬂ

(@A is row-equivalent to the identity matrix. <
F. The rank of A4 is less than 7.



11. Consider the network of streets and intersections below. The arrows indicate the direction of
traffic low along the one-way streets, and the numbers refer to the exact number of cars observed
to enter or leave the intersections during one minute. Each 2; denotes the unknown number of
cars which passed along the indicated streets during the samc period.
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2 a} Write down a system of linear equations which describes the the traffic low, together with
all the constraints on the variables z;, i = 1,...,5. (Do not perform any operations on
your equations: this is done for vou in (b}, and do not simply copy out the equations implicit
in (b). You will not get any marks if you do this.)

[ b) The reduced row-echelon form of the augmented matrix from part (a) is

1000—'51|—200
0100 1 | 300
0010 —1 ] 100
000 1 -1 | 200
0000 0 | 0

Give the general solution. (Ignore the constraints at this point.)

7 ¢) Find the maximum and minimum flow along BC, using your results from (b).
(You must justify all your answers. )
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12. Let U= {{z,y,2,w) ER* | e + 2 yw =0} [ &9 ltl(’)j

4, a) Find a basis of U and give the dimension of U.

2 b) Find an orthogonal basis of U.
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| a) Find the characteristic polynomial det(A — AI) of A, and deduce that the cigenvalues of A

are 1 and 2.

0
13. Let A= |1
1

I b) Find a basis of E; = {z € R? | Az = z}.

2 ¢) Find a basis of E» = {z € R | Az = 2z},

2/(1) Find an invertible matrix P such that P~*AP = D is diagonal, and give this diagonal matrix
D. Explain why your choice of P is invertible.
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14. Define a linear transformation S : R* — R? by

-

ISR,

i a) Find the standard matrix of S.
1% b) Find a basis for ker S.

\LL ¢) Give a complete geometric description of ker S.

lj;_d) Find dimim S.
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15. State whether the following are true or false. If true, explain why, if false, give an explicit
counter-cxample to illustrate.

(a) If u, v and w are three linearly independent vectors in a vector space £, then
w € span{u — v, v — w}.
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(b) Let A be a real 3 x 2 matrix and suppose there is a vector v € R? with v # 0 and Av =0
Then the columns of A are dependent.
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¢} Suppose B is an invertible 3 x 3 matrix, and v;, vz, and v3 span R3. Then {Buvy, Bvg, Bua}
also spans R3.
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d) Let A be a 4 x 6 matrix, and define a linear transformation 74 : R® — R* by Ts(v) = Av,
for all v € RS Then ker T4 # {0}.
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16. {4 bonus marks}) Make sure you finish and check the rest of the paper before
trying this. Bonus marks are much harder to earn.

Let A be a symmetric n X n matrix.
a) Prove that (Au)- v = u- (Au') for all u, o’ € R*.  (Hene 4" ctornts rmdlet proelod )
LA w, st A wndllon oo colin welonr  Jlon
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Now let vy € R™ be an eigenvector of A with cigenvalue A, and set W = {w € R™ | w- vy = 0}.

b) Prove that if w € W, then Aw € W.
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