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Question 1 
a) Derive the differential equation of motion in terms of the variable x for the system shown in the 

figure.  Neglect the mass of the link AB and assume small oscillations.   
b) What is the equivalent mass of the system? 
c) What is the damping ratio for the system? 
d) What is the natural frequency of the system? 
e) Will the system shown in the figure oscillate at the natural frequency or at another frequency? 

Explain briefly. 
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Equivalent mass is given by 
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Natural frequency of the system is given by 2 2 2
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The system here is damped so will not oscillate at the natural frequency. If the system is underdamped, 
it will oscillate at the damped frequency given by 21d nω ω ζ= −  .  If it is critically damped or 
overdamped, there will be no oscillators but an exponential decay in the displacement. 

 
Question 2  
The figure shows a system being driven by base excitation through a damping element.  Assume that 
the base displacement is sinusoidal: y(t)=Ysin(ωt). 

a) Derive the equation of motion for this system. 
b) Derive the expression for X, the steady-state amplitude of the motion of the mass m.  

Express your answer in terms of the damping ratio ζ  and the frequency ratio nr ω ω=  
where nω  is the natural frequency of the system. 
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c) Derive the expression for Ft, the steady-state amplitude of the force transmitted to the fixed 
support (the wall at top).  Express your answer in terms of ζ and nr ω ω= , as for (b). 

d) Find the Displacement Transmissibility and the Force Transmissibility for this system. 
 

 

 

Displacement transmissibility is given by 
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The force transmissibility is given by 
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Question 3 
In an effort to understand weird observed behaviour in a mechanical component, the design team 
resorts to modelling the component using a simple 1 DoF model that has negative damping.  Their 
modelling efforts produce the following equation of motion: 
 
 0x x x− + =    
 

a) Find the response of the system assuming initial conditions of 0 1x =  and 0 0v = .  
b) Sketch the response of the system you obtained in part (a).   
c) The team concludes that the vibrations of the mechanical component are undesirably large, 

which may cause damage.  Which of the following techniques can be used, with confidence, to 
reduce the motion of the component? Choose ALL that apply and explain briefly your reasoning.  

A. Reduce the mass of the component  
B. Increase the mass of the component  
C. Reduce the stiffness of the component 
D. Increase the stiffness of the component 
E.  Add an external damper to the component 

 

 



MCG 4308  Mechanical Vibration Analysis 
 

 

MCG 4308  Midterm Examination Page 5 of 7 

 
The plot from MAPLE is given by 

 
In this particular problem, the solution blows up much more rapidly than it is oscillating, so you won’t 
see a lot of “wiggles” within the expnential blowing up. 
 
However, a typical “sketch” for this kind of solution (exponential GROWTH and sinusoidal 
oscillations) would be 
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From an energy point of view, (positive, normal) damping removes energy from the system so must 
always be stable.  Thus, using the same point of view, positive damping can be considered to be 
something that always ADDS energy to the system.  From that point of view, changing the mass or 
stiffness of the system will not solve the problem because energy is always being added.  Hence, the 
only possivle solutions is (E) with the goal to add sufficient external damping to the system to yield a 
NET positive damping term in the dynamics of the system (which can be seen from the equation of 
motion).  At worst, we can add sufficient damping to the system so that the “damping” term 
(coefficient of x ) is effectively zero which will yield a regular oscillating system.  
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Potentially Useful formulae 

Quadratic formula: roots of 2ax bx c+ + are given by 
2 4

2
b b ac

a
− ± −  

{ } { }

0

0

1

0 0

0

cos( ) sin( )

sin( ) Im cos( ) Re
2 2

1( ) with ( ) 2

( ) cos( ) sin( )
2

2 ( )

2 2( )cos

f f

i

iu iu iu iu
iu iu

T
in t in t

n n f
n

n f n f
n

T

T

n n

e i
e e e eu e u e

i

f t c e c f t e dt T
T

af t a n t b n t

a f t dt
T

n ta f t dt b
T T

θ

ω ω

θ θ

ω π

ω ω

π

− −

∞
−

=−∞

∞

=

= +

− +
= = = =

= = =

 = + + 

=

 = = 
 

∑ ∫

∑

∫

∫ 0

3

2 4

7

6

5

sin  for all 
3! 5! 7!

cos 1  for all 
2! 4!

2 2(

!

)sin

6

T

x x xx x x

x x xx x

n tf t dt
T T

π

= − + −

 
 
 

+

= − + − +

∫





  


	Question 1
	Damping ratio is given by
	Natural frequency of the system is given by
	The system here is damped so will not oscillate at the natural frequency. If the system is underdamped, it will oscillate at the damped frequency given by  .  If it is critically damped or overdamped, there will be no oscillators but an exponential de...
	Displacement transmissibility is given by
	The force transmissibility is given by
	Potentially Useful formulae


