Fos 134A  Final: Selustrens

1. For a non-homogeneous system of 20 equations in 19 unknowns, answer the following three

questions:

o Can the system be inconsistent?

o Can the system have infinitely many solutions? €S
o Can the system have only one solution? yes

A. Yes, Yes, No.
B. No, No, Yes.
C. Yes, No, Yes.
D. No, Yes, Yes.

@Yes, Yes, Yes.

F. No, No, No.
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3. LetB=|0 1 1 |. Then the second row of B! is:
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D.[1 -1 0]
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F. None of the above

4. Ifvi =(1,3,4),v2 = (2,6,8),v3 = (4,1,5) and vy = (—2,5,3), which of the following is a
basis for U = span{v1, va, v3, v4}7?
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5. Let A= [a ‘5‘] Find all (a, ) for which A% = 0.
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F. There is no such (a,b). b= « ovaz=-2, b= A

6. Let Mys denote, as usual the vector space of real 2 x 2 matrices and let J = [(1) Bl] . The

dimension of C = {A € My | JA = AJ} is:
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7. The matrix A = [188 :?] is diagonalizable. Which of the following could be P~1AP for

some invertible matrix P?
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8. Which of the following are subspaces of M327?
(1) The set of all symmetric 2 X 2 matrices (i.e. when A = A*). v (1) { [ ] l a,é:&d X
s . . . w _ At -
(2) The set of all anti-symmetric 2 x 2 matrices (i.e. when A AY) (2) CB g.'] l ach j,
(3) The set of all invertible 2 x 2 matrices M e Ceepur

{4) The set of all 2 x 2 matrices with trace 0. (Recall that the trace of [3 3] is a+d.) v~
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9. Let FR} = {f | f: R — R} be the vector space of all real-valued funtions of a real
variable. It is known that {sinz,cosz} is linearly independent in F[R], and that sin(z + a) =
coszsina +sinzcosa, for all z,a € R.

‘What are the dimensions of

V = span{sinz, cos z,sin(z + 1)} and W =span{2sinz,3cosz}?
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10. Suppose A is an n X n matrix. Among the following statements, which one is not equiva-
lent to the others? -

A. A is invertible,

{ B. Az = (0 has a non-trivial solution z € R". I {/) ~/‘¢'-( M«.m;j‘ w’f L?WW\M
néD —“flx o

C. Az = b has a unique solution z € R" for every & € R™. !

L]

D. The determinant of A is not zero.
E. A is row-equivalent to the identity matrix.
F. The rank of A is n.



11. (Ia,) Consider the linear system

z + z = -1

2r — y = 2
y + 2z = -4

ax + ¢y + 4 = 0

Find all ¢ and € so that this system has

(i) a unique solution,
(ii) infinitely many solutions, and
(i) no solutions.
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11. (b) Consider the network of streets and intersections below, known as a ‘roundabout’. The
arrows indicate the direction of traflic flow along the one-way streets, and the numbers refer to
the exact number of cars observed to enter or leave the intersections during one minute. Each x;
denotes the unknown number of cars which passed along the indicated streets during the same

period.

Write down a system of equations, together with all constraints, that will determine all
possible traffic lows. DO NOT SOLVE THIS SYSTEM.
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12, LetU={(z,9,2) €eR3 |2+ 2y +2=0}.

a) Find a basis of U and give the dimension of U.

b} Find an orthogonal basis of U.

¢} Find the best approximation to (1, 1,0) by vectors in U.
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a) Find the characteristic polynomial det(A — «I) of A, and deduce that the eigenvalues of A
are 1 and 3.

b) Find a basis of F; = {z € R3 | Az = z}.
b) Find a basis of F3 = {x € R® | Az = 3x}.

d) Find an invertible matrix P such that P~'AP = D is diagoné,l, and give this diagonal matrix
D. Explain why your choice of P is invertible.
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14. Let u = (1,0,1) and define a linear transformation S : R®* — R? by

S(v)=ux¥, veR3,

where “X” denotes the cross product.
z ~y
a) Show that S(|y|)=|z -2
Z Y
b) Find the standard matrix of §.
¢) Find a basis for im S and describe it geometrically.

d) Find dimker S.
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15. State whether the following are true or false If true, explain why, if false give an explicit
counter-example to illustrate. :

a) A basis of a finite-dimensional vector space is a spanning set which has the largest number
of elements possible.
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b} Every diagonalizable n X n matrix is invertible.
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15¢) If v € R™ satisfies v - w for all w € R®, then v = 0.
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15d) Let T : R* — R be a linear transformation such that ker T = {0}. If {v1, s, va} is linearly
independent in R?, then {T(v1), T(vz), T(vs)} is linearly independent in RS,
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15¢) (Bonus: 1.5 marks) If 0 is the only elgenvalue of a 2 x 2 matrix A, then A = 0.
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