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Time: 2 hrs and 30 min

Problem | Points | max.
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INSTRUCTIONS

1. All writings must be on the booklet provided.

2. Each candidate should be prepared to produce, upon request, his/her Library/AMS card.

3. Read and observe the following rules:

No candidate shall be permitted to enter the examination room after the expiration of one—half
hour, or to leave during the first half-hour of the examination.

Candidates are not permitted to ask questions of the invigilators, except in cases of supposed
errors or ambiguities in examination questions.

Caution — Candidates guilty of any of the following, or similar, dishonest practices shall be
immediately dismissed from the examination and shall be liable to disciplinary action:

e Making use of any books, papers or memoranda, calculators, audio or visual cassette
players or other memory aid devices, other than as authorized by the examiners.

e Speaking or communicating with other candidates.

e Purposely exposing written papers to the view of other candidates.
The plea of accident or forgetfulness shall not be received.

. Show all your work. Justify your answers. Partial credit is possible for an answer, but only if
you show the intermediate steps in obtaining the answer.



Supporting Material

Notation
e 0(t) denotes the continuous-time unit impulse function.
e u(t) denotes the continuous-time unit step function.
e 0[n] denotes the discrete-time unit impulse function.

e u[n] denotes the discrete-time unit step function.

Formulas

e Continuous—time Fourier series
- i 7S
x(t) = Z ape™ e g =

k=—o00

/ x(t)e Iheot gy
T

N =

with wy = 27 /T (T Period).

e Discrete—time Fourier series
. 1 .
zln] = > apeon IS g = — x[n]e Thwon
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with wy = 27 /N (N: Period).
e Continuous—time Fourier transform
1 00 . 0o .
2(t) = 5- / X do Lo X(jw) = / 2(t)e i
T
e Discrete—time Fourier transform
1 o . 0 .
x[n]:2—/X(eJ“)eJ“”dw L X(e) = Y afnjeion
T
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Useful formulas

e = cos(t) + jsin(t)
cos(t) = % (ejt + e_jt)
sin(t) = 21] (ejt — e_jt)

cos’(t) = %(1 + cos(2t))

sinZ(t) — %(1 ~ cos(2t))



Problem 1 (18 marks)

In the following, we consider an “equalizer” with real-valued input signal z[n]. The equalizer S shown
below is the cascade of two discrete-time systems S; and S5.

The first system Sy is fully characterized by its impulse response

Ks

hifn) = > alk]d[n — k],

k=K1

where K; and K are constants with K; < 0 and K, > 0, and a[k] are the real-valued impulse
response coefficients.
The second system Sy is characterized by the input—output relation

z[n] = sign(y[n]),
where the signum function is defined as

. {+1 m >0
sign(m) =

-1 m<0 °
Consider first system S;.

a) Sketch hy[n] for the special case K1 = —1, Ky =1, and alk] =1 for =1 < k < 1.
Determine whether or not S; has the following properties. Justify all your answers.

b) linear

c) time invariant

d) causal

Now, consider the second system S;. Determine whether or not Sy has the following properties.
Justify all your answers.

e) linear
f) memoryless

Consider now the overall system S. Determine whether or not S has the following properties. Justify
all your answers.

g) linear
h) stable

i) Is the output of S affected if the order of S} and Sy is changed? Justify your answer.



Problem 2 (18 marks)

Consider the linear time—invariant (LTI) system S shown below.

el — 5 —yn]

A measurement campaign has shown that an input signal of the form

2[n] = 8] + adn — 1] + i(S[n _ 9

results in an output signal of the form

where @ and b are constants.

Calculate the frequency response H(e’“) of S.
[If you cannot solve this problem, use H(e/) = (e/* +b)/(e + a + ze77¥) in the following.
Note that this is not necessarily the correct answer.]

Calculate the impulse response h[n] of S for the special case a = —1 and b = 1.
Find the difference equation describing S for general a and b.
Draw a block diagram representation of S for general a and b.

For a = 0 and input signal z[n| = cos(mn/2) it can be shown that the output signal has the
form

y[n] = Cy cos(mn/2) + Cysin(mn/2).

Determine the constants C'; and (5 as functions of b.

For which values of a and b has the impulse response h[n| of S the properties

i hin] =1

and -
_Z_ (=1)" hin] = 0.

Note that it is not necessary to calculate h[n] itself to solve this problem.



Problem 3 (22 marks)

This problem consists of three independent subproblems.

Subproblem 3.1
Consider the continuous—time signal

_sin(2(t — 1))cos?(3nt)
2(t) = m(t—1)

a) Calculate the Fourier transform X (jw) of x(t).
b) Sketch | X (jw)].
[Note: | X (jw)| denotes the absolute value of X (jw).]

Subproblem 3.2

Calculate the Fourier transform X (jw) of the continuous—time signal z(¢) shown below.

1

-2 -1

Subproblem 3.3

From a continuous—time signal x(t) with Fourier transform X (jw) only its energy density spectrum

. 1—w! lw] <1
2 <
X (Gw)” = { 0 otherwise

is known.

a) Calculate the energy of x(t) given by
B, = / 2 (t)[2 dt.

b) Calculate the magnitude of

[e.e]

m = /x(t)dt.

—00



dz(t

c) The derivative of x(t) is denoted by y(t) = = ) Calculate the energy of y(t — 1) given by

By = [ lyt=1Par



Problem 4 (14 marks)

Consider the following block diagram.

z[n] ——a- O el [ (edw) W2l

The spectrum X (e/¥) of z[n] is defined by
X)) =7 — ||
for |w| < 7 and the frequency response H(e’*) is defined by

; 1 lw| < 7/4
Jwy —
(e )—{o 74 < || < 7

a) Sketch X (e’*) in the interval —27 < w < 2.

b) Sketch H;(e’*) in the interval —27 < w < 2.

)
)
)
)

(@]

What type of filter (low—pass, high—pass, or band—pass filter, etc.) corresponds to H;(e’)?

d) Determine the spectrum Wj(e’) of wi[n| as function of X (e/*) and sketch T;(e’*) in the

interval —27 < w < 2.

e) Determine the spectrum Ws(e/¥) of wsy[n] as function of X(e/*) and Hy(e’*) and sketch
Wo(e’) in the interval —27 < w < 2.

f) Determine the spectrum Y (e/*) of y[n] as function of X (¢/*) and H,(e’*) and sketch Y (e/*)
in the interval —27 < w < 27.

g) The resulting overall frequency response Hy(e?*) is defined as Hy(e?¥) = Y (e/*)/X (e).
Determine Ho(e’*) as function of H;(e’*) and sketch Hy(e’*) in the interval —27 < w < 2.

h) What type of filter (low—pass, high—pass, or band—pass filter, etc.) corresponds to Hy(e¥)?

i) How are the impulse responses hi[n] = F'{H(¢’“)} and ho[n] = F~H{Hy(e’*)} related?
[F~1{-} denotes inverse Fourier transform.]



Problem 5

(22 marks)

Note that subproblems a) and j)—k) are completely independent from subproblems b)—i)!

For implementation of a continuous—time filter with frequency response H.(jw) the structure shown

below is proposed.

Sampling and

Pre-processing

Conversion of

)| impulse train

" |to discrete-time|

sequence

Filtering with
Hd(ejﬂ)

Conversion of

»| discrete-time

sequence to
impulse train

Interpolation
and Post-
processing

First, we consider the “Sampling and Pre—processing” unit which is shown more in detail below.

xlt

Te(t) ———= xp(t)

Hy(jw)

p(t)

Since the bandwidth of z.(t) is not known, an ideal low—pass filter with frequency response H;(jw)
is used to avoid aliasing and to simplify any subsequent processing. The output z;(t) of the low—pass
filter is sampled by an impulse train p(t) = >°° __ 6(t — nT') with a sampling period of T' = 107°
seconds.

a) Determine the maximum cut—off frequency w; of H;(jw) if aliasing is to be avoided.

In the following, we assume that H;(jw) has a cut—off frequency of w; = 27 - 25 kHz and H,(0) = 1.
Furthermore, we assume that z.(t) has the spectrum shown below.

A )
XC(]W>

3

—25 25

[
Lol

—100 100 w/(2mkHz)

b) Sketch the spectrum X (jw) of x,(¢).

c) Sketch the spectrum X,,(jw) of the impulse train sampled signal z,(¢) in the interval —27 - 150
kHz < w < 27 - 150 kHz.



d) Sketch the spectrum X,(e7%) of the discrete—time sequence x4[n] in the interval —37 < Q < 3.

We first assume that the “Interpolation and Post—processing” unit is an ideal low—pass filter with
frequency response Hs(jw), cut—off frequency ws = 27 - 50 kHz, and H,(0) =T
The spectrum Y.(jw) of the output signal y.(t) is given by

oy J3w lw| < 27 - 25kHz
Yo(jw) = { 0 otherwise

e) Sketch the frequency response H.(jw) of the continuous—time system and mark the frequency
interval(s) where H.(jw) can be chosen arbitrarily.

f) How are 1 (t) and y.(t) related? Which time domain operation is implemented by the considered
continuous-time filter?

g) Sketch the spectrum Y),(jw) of y,(t) in the interval —27 - 150 kHz < w < 27 - 150 kHz.

h) Sketch the spectrum Y,(e’?) of the discrete—time output signal y4[n] in the interval —37 <
Q< 3r7.

i) Sketch the frequency response Hy(e/®?) of the discrete—time system in the interval —37 < Q <
3m. Mark the frequency interval(s) where H,(e’?) can be chosen arbitrarily.

In the following, we consider the “Interpolation and Post—processing” unit shown below.

Yp(t) — Hy(jw) [ Hy(jw) — ¥(t)

The first filter is a first—order hold whose impulse response h3(t) is shown below.

hs(t)

T | T Vt

=T T

Since interpolation with a first—order hold results in a distortion of the output signal, an anti-imaging
filter with frequency response Hy(jw) is used.

j) Calculate the frequency response Hj(jw) of the first—order hold.

k) Find the frequency response H,(jw) of the anti-imaging filter which results in ideal reconstruc-
tion. Note that in this case the cascade of first—order hold and anti—imaging filter is equivalent
to an ideal low—pass filter. In which frequency interval(s) can Hy(jw) be chosen arbitrarily?
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Problem 6 (26 marks)

A second year UBC student in the PIP program has to design a wireless communications system for
his project and seeks your advice. The spectrum X (jw) of the message signal x(¢) is shown below.

X(jw)
1

[
| I .

40 w/(27kHz)

—40

Which of the following analog modulation schemes would you recommend for modulation of x(t)?
Give special consideration to the practical feasibility of the demodulator considering the shape of
X (jw) and justify all your answers.

a) Double-sideband amplitude modulation (AM) with suppressed carrier

b) Double-sideband AM with carrier

d

)
)

c) Single-sideband AM
) Vestigial-sideband AM
)

e) Frequency modulation

The desired carrier frequency in the PIP project is w. = 27 - 200 kHz. The PIP student has only a
function generator which generates the waveform m(¢) shown below

Am(t)

. |

-T T/2 |T
—1 —

and a non—ideal band—pass filter with frequency response H (jw) at his disposal.

H (jw)
1

LNyl /o N

—200 0 150 160 200 240 250 w/(2rkHz)
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The PIP student builds a modulator using the structure shown below but is not sure if his design
works and how he should choose the period T' of m(t).

o(t) =@ Dnl H(jo) ()

?

m(t)

f) Determine the Fourier series coefficients a; of m(t).
g) Give the spectrum M (jw) of m(t).
h) Determine the spectrum Z(jw) of z(t) as a function of X (jw).

i) Sketch |Z(jw)| and the magnitude |Y (jw)| of the spectrum of the modulated signal y(t) in the
interval —27 - 700 kHz < w < 27 - 700 kHz for the special case 7' =5 - 10~¢ seconds.

[Note: |Z(jw)| is the absolute value of Z(jw).]
j) What type of modulation is realized by the chosen structure?

k) Determine all values of 7" which can be used for modulation of x(t). Justify your answer.



