1. For the complex function
1
F(s) = -----------—--
s2+bs+12
a) which of the following values result in complex poles: b= 1 or b=20?
b) For the value of b that results in complex poles, obtain the inverse Laplace
transform.
Whenb=10
1

FGS)=———"—
(s) s? +10s+17

0= -10++/100-68

2
The poles are real numbers.
Whenb =2
1
F(s)=
®) s? +2s+17
_ —2+4-68
2
The poles are complex numbers.
So
1
F(s)=————
®) s? +2s5+17
B 1
(s+1)7? +4°
1 4

T4 (s+1)2 447
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2. For the mechanical system shown below F(t) is the external force applied. For the
case of viscous friction coefficient b, between the mass m and the ground, at the moment
of application of the force F, its point of application has zero initial conditions, while
initial conditions are

x(0) =0.2 [m] %(0)=0.02 [m/s]

a) Obtain X(s) for a impulse force input F=6 §(t), and m=1 [Kg], b =0.2 [N/ms™]
k=9[N/m]
b) What is the damping ratio, the natural frequency and the damped natural
frequency of oscillation in Hz?
¢) Calculate steady state value of x(t) using final value theorem.

X
F
m b
w
@ __________________________________________________________________________________________
F —kx=mx
+F=35(t), m=1 k=4
X+ 4x =35 (1)
Take Laplace transform on both sides.
s2X (s) — sX(0) — X(0) + 4X (s) =3
-+ x(0)=0.1; x(0)=0.01
- 82X (s)—0.1s—0.01+4X(s) =3
3.01+0.1s
LX) =———
) s’ +4
b)
=4 w=2 f22 -1 _0318(H2)
2r 7
c)
2
SF(s) = 0.1s 2+ 3.01s
s°+4

p, = 2j; P, :_Zj
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C(s) G,G,G; +G,G;H,

R(S) 1+G,H,+G,G,H,+G,H,H, +GG,G, +GG,H,




4. For the mechanical system shown below F [N] is the external force applied and x [m] is the position
variable of the mass M. For the case of no friction, M=8[Kg] k=4 [N/m], b =6 [Ns/m] and zero initial
conditions,

A) obtain the transfer function T(s)=x(s)/F(s) from the Laplace transform of the Newton second law.
B) obtain the state space representation of the system assuming that the output is the displacement x.

C) derive the formula for the transfer function from the state space representation matrices A, B and C.
Obtain the transfer function T(s)=x(s)/F(s) using the results of B.

--- X F

MX +bx +kx = F
Take Laplace transform on both sides
X(s) 1 B 1
F(s) Ms®+bs+k 4s°+3b+2

. bk
X+ —X+—X=F
M M

X+0.75%+0.5x=F

B sl b
ot ol

X = AX + BO

(©)

y=CXx+Du

G(s)=C(sl —A)'B+D
1

s*+0.755+0.5

G(s) =




5. For the mechanical system shown below 0 is the angular displacement of a disk with
moment of inertia J connected to a fixed frame by two torsional springs with the
coefficients k and K. Between the disk and the fixed frame there is viscous friction with
the coefficient B. Obtain 0 (s), given initial conditions 6(0)=0 and dO(t)/dt=0.1 [rad/s] for
t=0.

JO+BO+(k+K)P=0
Take Laplace Transform on both sides
J [52 —s0(0)— 9‘(0)] +B[s0(s) - 0(0) ]+ (k + K)O(S)
(Js* +Bs+k +K)®(s) =0.1Js+0.5] +0.1B
0.5J

O(s) =
(s) Js? +Bs+k+K




6. For the mechanical system shown there is a friction viscous coefficient B
between the mass m and the ground. At the moment of application of the force F, its
point of application has zero initial conditions and. The damper has the friction
viscous coefficient b

Obtain the response x(s) for a init impulse force input F.

_’X
F
m ﬁ/\ﬁ\ﬁ_u b 1
B—W
e
A R —I} _;Y3
A g . F
RATATAY
k
mx, K(x,—x,)
m
fexy k(x,—x,)
my, +kog —K (%, —%) =k (% =% )=0 1)
K(%—x%)=c(%—%) 2)
C(¥ —X%,) +k(x,—x)=F 3
Sub. (2) into (1) m&, +kx, —{c (%, —%,)+K (%, —x )} =0 (4)
Sub. (3) into (4) mx, +kx, —F =0

L.T.
m[SZX (s)—sx(0) —X(O)]+ kX (s) = F(s)

[ms2 + k] X (s) = F(s)+0.01Ims +0.1m
Since it is a transfer function, all initial conditions are zero



/. Simple pendulum shown has the length L, mass M, and the viscous friction
coefficient bt [N/ms™] of the pendulum bearing. Obtain the linearized model for the
case of motion with small angle 0 displacement with regard to the vertical.

O b0
M =mL?d +b.6+mgLsin6 =0
The linearized model for 4 is:
mL*6 +b,0+mgLO =0

5 o
mL 6 mg



damper coefficient bt obtain

A
) — N | br

8. For the geared system shown, with torsional spring coefficient krand rotational

kr
T 0
d> 1
v
a) the non-geared equivalent
b) the transfer function 0(s)/T(s)
(@)
T \51\ 1 d
1 | i i gﬂ ..JTE %
J tj Vil kp 5
' T
dz
dy g,
2 2
6, = g, 6,
2
d
T, = F1?1
T, =F2$ NI RN T, :ﬁT1
2 1 dZ dl
F=F,
J@/
) -
AN
1O +T, =T

1)



AN (8, - &)

728,

3,0, +k; (6,-6,)-T,=0
d2

=T, :d—Tl = 3,0, +k: (6,-6,)

1
dl

T,=-L
1 d2

[Jzéz + kT (92 _‘93)]
Sub. (2) into (1):

. d ..
3.6, +d—1[J2492 +k (6,-6,)]= {Jl +[

2

2
d . d
d—i] 32]6?1+d—2kT(02—03)T

2
Let J, = Jl{%j J,

We obtain:

2
.. d d
J.0, +k; (d_j 6, —k; d—ies =T
The non-geared equivalent system is shown as:

N
\51\ A y
g _pa!

(b)

From the non-geared equivalent system:
2
3.6, +k; [iJ el—ieg =T
d, d,

2 4 ) o)k [
J.S$°0(s) +k; (d_j O(s) kT(d

2

Laplace Transform

j@(s) =T(s)

2

)

©)



2
d, - d d
SLg k|| =L | 6,--Lg, |=0
de2 3 Tl:[dzj 1 d2 3]

Laplace Transform

br iS®3(3)_kT (%j ®1(5)+ kT %G)s(s) =0

d2 2 2
= (bTS + kT )®3 (s)= kT [%j ®1(S)
dl kT —
20,00~ s 1 ©O-TO
_ brs+k;
(brs+kT)[Jl+(glJ J2132+{31] b ks
©,(8) _ 1
T 2 2 2
©) Jesz{dlj kT‘m L
d, d, ) bs+k;
brs+k;

dl 2 2 dl 2
(st+kT)!J1+(dzj J2]s J{dz} b ks



9. For the liquid level system shown below obtain the transfer function gi(s)/qo(s).

—
____Cs_
]: Ha+hs R3 Qo+
—
RO, =h—-h,=RQ(S)=H.,(S)—H,(S) ceveiiiin. (1)
R0, =h, > R,Q,(S)=H,(S) ceveveveriiiiian ()
RQu(S)=H5(S) e 3)
Clc(jj—r}:qi —0, = CsH,(S)=Q,(S) —Qu(S) cvvvvvininiiiinn 4)
C, dd—? =0,—q, > C,5H,(S) =Q,(S) —Q,(S) s ervrereiiiinn. (5)
C, % =0,— 0, = C;5H,(S) =Q,(S) —Qy(S) -evvvnininininnnis (6)
From (1) (2) (4) (5):
Q(s)=[ RCR,C,s* +(RC, +R,C, +R,C, )5 +1]Qy(S) ... (7)
From (3) and (6)
R,C.8Q,(8) =Q,(S) —Qu((S) -vvvvviiiiiiiieae (8)

Combine (7) and (8),

gi ((Z)) N ( R,Cys +1) ( R1C1R20232 + ( RC, +R,C, + RZCl)S +1) """ ©)




10. For the hydraulic servo system for speed control, obtain
a) the block diagram for the part of the system between the input e(s) and output y(s)
b) find the transfer function y(s)/e(s)

| —
'l O1l under
'E — pressure
= ==
’——/1___ )

Engine

—>lg

example A-4-11 in the text book.




11. For the system shown, where U is the DC voltage supplied to the DC rotor, R is
rotor resistance , L is rotor inductance, N and S are the permanent magnets of the stator
(rotor inductance is negligible). Jm and J_are moments of inertias. Obtain the transfer

function Om(s)/U(s).

U-Ri-e, =0=U -Ri—k#@, =0
ki-J.6 =0

Take Laplace Transform, we have

U(s)—RI(s)—ks®,,(s)=0
k1(s)—J.,5°0@,(s)=0
Combine the two equations,
U(s)-R Jlfz ©_(s)—ksO_(s) :U(s)—[R%sz +k,sj®m(s) 0
On(s) _ 1 _ ktt
U@) g ks RJ.s” +kks

t
If k, =k, =k
We have
0,(s) _ k

U(s) ’
R{Jm +[dlj lesz +k’s
d2




12. For the underdamped system shown below, find kt, bt and J to yield maximum
overshoot of 0.4 and a settling time for 2% criterium of 4 seconds for a unit step input
torque T(t). The steady state position of the disk is 0.1 [rad].

Kt

br

(Js? +bs +k)a=T
T/a=1/( Js? +bs +K)= (1/3)(1/(s? +(b/J)s +k/J)
T(s)= (1/3)(1/(s? +(0/3)s +k/I)(1/s)
Steady state error to T(s)=1/s
a(inf)=lims.o s (1/3)(1/(s® +(b/3)s +k/I)(1/s)=lims-o(1/3)(1/(s? +(b/d)s +k/I)=1/k =0.1
k=10 [N/m]

2Lwn =b/J on =Vk/J ¢ =b/J2wn = b/(I2Nk/T) = b/(2Vk])

exp{-n{ N(1-{?)}=0.4 -l N(1-6?)=In 0.4=-0.92

¢ N(1-0%)= -0.92/3.14=-0.29 {=-0.29V(1-¢%)

% = 0.29% (1-£?)=0.085-0.085 (2 1.085 £?=0.085

£ =0.28= b/(2VkJ)

41( ¢ on)=4 { on=1 on =1/ {=1/0.28=3.57
on=3.57=k/I= \1/J J=3.572

J=12.7 [Nm?]

£ =0.28= b/(2VkJ)= b/(2V10 *12.7)=b/(2%22.76)=b/44.51 b=0.28*44.51

b=12.74 [Nm s /rad ]

HINTS exp{-n N(1-(A)}, n/[onV(1-63), 4(E on), s? +2(mns+amn 2




