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Solution to Final Examination

MAT1322-3X, Summer 2013
Part I.  Multiple-Choice Questions (3 × 8 = 24 marks) 

1.  Consider improper integral 
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.  Which one of the following statements is true?

(A)  It diverges because 
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 when x is close to 0, and 
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 diverges.
(B)  It converges because 
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 when x is close to 0, and 
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 converges. 
(C)  It diverges because 
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 when x is close to 0, and 
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 diverges. 
(D)  It diverges because 
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(E)  It converges because 
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(F)  It converges because 
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Answer.  (F) Note that, when x is close to 0, x2 is much smaller than 
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.  Hence, The behavior of this integral is similar to 
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, which is convergent.  Hence, we have to find a function 

y = g(x) such that 
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 converges.  The only possible choices left are (E) and (F).   Since 
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 diverges, (E) is excluded.  Then the only possibility left is (F).
2.  The area of the region above the graph of y = x2 and under the graph of y = 8 ( x2 in the first quadrant is

(A)  
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(B)  
[image: image20.wmf]35

3

;
(C)  
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(D)  
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Solution.  (A) Let x2 = 8 ( x2.  2x2 = 8, x = 2. The area is
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. 
3.  Consider a barn as shown in the following figure:

The base is a rectangle of dimensions 20 meters by 12 meters, the ridge of the roof is 15 meters long, and the height is 10 meters.  Find the volume of the barn.  Recall that a horizontal cross section h meters above the ground is also a rectangle of dimensions 
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(A)  1200 m3;


(B)  1000 m3;


(C)  1100 m3; 



(D)  1050 m3;


(E)  1150 m3;


(F)  1250 m3.

Solution.  (C)  The area of a cross section h meters above the ground is 
A(h) = 
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.  Hence V = 
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= 1100 m3.

4.  A swimming pool 25 meters long, 10 meters wide and 2 meters deep is partially filled with water.  The water surface is 0.5 meters under the ground level.  Find the work, in Joules, needed to pump out all water in the pool to the ground level. (The density of water is  kg/m3, and the acceleration of gravity is g m / sec2).

(A)  500g Joules;


(B)  468.75g Joules;

(C)  482.75g Joules;

(D)  522.5g Joules;


(E)  423.5g Joules;

(F)  475.25g Joules.


Solution. (B)  Consider a layer of water h meters under the ground with thickness dh. The volume of this layer is dV = 250dh.  The weight of this layer, in Newtons, is dw = gdV= 250gdh.  The work needed to pump this layer of water to the ground level is dW = 250ghdh.  Then the total work needed is 

W =
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= 468.75g Joules.

5.  Suppose a piece of metal with temperature 180(C is brought into a room of temperature 20(C at 2:00 pm.  At 2:20 pm, its temperature is 100(C.  When would the temperature of this piece of metal be reduced to 40(C?

(A)  2:40 pm;


(B)  2:45 pm; 


(C)  2:50 pm;



(D)  2:55 pm;


(E)  3:00 pm;


(F)  3:05 pm;



Solution.  (E)  Newton's law of cooling says that T(t) ( Te = (T0 ( Te)e(kt.  By the given condition, we have

100 ( 20 = (180 ( 20)e(20k, 80 = 160e(20k.  k = 
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Now, 40 ( 20 = 20 = 160e(kt.  kt = ln 
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 = 3ln 2.  t = 3ln 2 / k = 60 minutes = 1 hour.  The temperature of this piece of metal will be reduced to 40(C at 3:00 pm. 
An easier way is to go from 80 = 160e(20k.  Then e20k = 2.  We want to find t such that 20 = 160e(kt, or ekt = 8 = 23 = (e20k)3 = e60k.  Hence, t = 60.

6.  The sum of the series 
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(A)  
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Solution.  (D) This is a geometric series with common ratio r = (2 / 25.  The first term is 2.  The sum is S = 
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7.  Consider a two-variable function z = f (x, y) defined implicitly by the equation 

x2y ( yz2 + 4xz = 1.  The equation of the tangent plane of the graph of this equation at the point 
(2, 3, (1) is

(A)  8x + 3y + 14z = 11;
(B)  6x + 3y + 14z = 7;
(C)  8x + 2y + 14z = 8;
(D)  8x + 3y + 12z = 13;
(E)  8x + 3y ( 14z = 39;
(F)  8x + 2y ( 14z = 36. 
Solution. (A)  Let F(x¸y, z) = x2y ( yz2 + 4xz ( 1.  Fx = 2xy + 4z, Fy = x2 ( z2, Fz = (2yz + 4x.

At the point (2, 3, (1), Fx = 8, Fy = 3, Fz = 14.  zx = (8 / 14 = (4 / 7, zy = (3 / 14.
The equation of the tangent plane is

z = 
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8.  The direction derivative of a two-variable function z = x2y ( 2xy2 + 3x ( 4y at point (2, 1) in the direction given by the vector v = (4, 3) is
(A)  (4;
(B)  (
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(C)  
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(D)  (
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(F)  4.

Solution.  (B)  (a)  zx = 2xy ( 2y2 + 3, zy = x2 ( 4xy ( 4.  At point (2, 1), zx = 5, zy = (8.

The unit vector in the direction of v is u = 
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Dv z = grad z ∙ u = 
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Part II.  Long Answer Questions  (26 marks)

1.  (4 marks)  Consider a plate in x-y plane bounded by the graph of y = 
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, and the x-axis, 0 ( x ( 1.  Find the center of mass of this plate if it has the uniform unit density.
Solution.  A = 
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2.  (5 marks)  Consider differential equation y' = (3 + y)(1 ( y).

(a)  Find the equilibrium solution(s).

(b)  Solve this equation with initial condition y(0) = 0.
Solution.   (a)  The equilibrium solutions are y = 1, and y = (3.
(b)  Use partial fraction.  
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, where K1 = e4C > 0.  Remove the absolute value sign and include the equilibrium solution y = 0.  We may write 
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, where K = ±K1 or 0 is an arbitrary constant.  By the initial condition, K = 3.  3 + y = 3(1 ( y)e4t.  y(1 + 3e4t) = 3(e4t ( 1).  Hence, the solution to this initial-value problem is 
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3.  (6 marks)  (a)  Consider series 
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 ( 1.549768, give an upper bound and a lower bound of the sum s of the series.  
(b)  Consider series 
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.  If the partial sum s10 = 
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 ( 0.817962, give an upper bound and a lower bound of the sum s.
(Use at least six digits after the decimal point in your calculation).
Solution.  The sum s is between s10 + 
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Since 
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= 1 / 11 ( 0.090909, 
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Finally, we have 1.549768 + 0.090909 ( s ( 1.549768 + 0.1, or 1.640677 < s < 1.649768.

(b)  Since the next term a11 is positive, s10 is an underestimate.  It gives a lower bound of s.  The error is bounded by the absolute value of the next term  | a11 | = 1 / 112 ( 0.008264.  A lower bound is s10 + a11 ( 0.826226.  I.e., 0.817962 < s < 0.826226. 
4.  (6 marks)  Consider power series 
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.  Determine
(a) for which value(s) of x is this series absolutely convergent?

(b)  for which value(s) of x is this series convergent but not absolutely convergent?
(c)  for which value(s) of x is this series divergent?
Justify all your conclusions.

Solution.  The center of the series is x = (1.  The radius of convergence is
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Hence, this series is absolutely convergent in interval ((1 ( 2, (1 + 2) = ((3, 1), and it is divergent in (((, (3) and (1, ().
When x = 1, the series becomes 
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.  Since 
[image: image72.wmf]222

111

2

13

n

nnn

³=

++

, and the series 
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 diverges, this series diverges.
When x = (3, the series becomes 
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.  By alternating series test, this series converges.  Since series 
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 diverges, this series is convergent but not absolutely convergent at x = (3.
Summarizing:  
This series is absolutely convergent in ((3, 1); it is convergent but not absolutely convergent at x = (3; it is divergent in (((, (3) and [1, ().
5.  (5 marks)  Consider a function of x defined by a definite integral with x as the upper bound:

f (x) = 
[image: image76.wmf]0
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(a)  If f (x) = c0 + c1x + c2x2 + c3x3 + c4x4 + c5x5 + … , find cn, n = 0, 1, 2, ,3 ,4, 5.  (Use fractions to show the exact value but not decimal approximations).
(b)  What is f (5)(0), i.e., the fifth derivative of this function at x = 0?

Recall that the Maclaurin series of the cosine function is cos x = 
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Solution.  (a)  From the Maclaurin series of the cosine function, we have
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c0 = 0, c1 = 1, c2 = 
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