MATH 1402A Practice Term test #2 13 October 2013

Non-programmable calculators are permitted. Thesiteclosed book.
Supply your answers on this sheet, but TA’s have extra paper if you need it.

PLEASE PRINT

First name Last name Student number

Please show your work where appropriate!

1. Find the minimum Total Cost, given the followindarmation:
TC is given byTC =128 +32K , and is subject to the constraint Q, = 256=32K ** L™
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2. Letx®+ y3 = 4xy . Determinedy/dx at the point (2, 2).
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3.

Let: z= f(x,y)=x*-2xy* and y=g(x) =2x-5. Finddz/dx , the total derivativeysing the 2
methodsin reviewed in class (i.e. direct substitution or the formula for tloeat derivative)

Method 1: Direct Substitution (zis a function of botlx andy, buty is itself a function ok. The
variablez can therefore be expressed as a sole functigrmdl the derivativezidx determined.

z=f(xy)=x*-2xy* and y=g(x) =2x-5
0 z=h(x) = x* = 2x(2x -5} = x* = 2x(4x? - 20x + 25) = X° —8x° + 40x* —50x =

0 z=h(x) = -7x° + 40x* —50x and D%:—Zb(2+80x—50
X

Method 2: Total derivative formula: use the following formula to compute/dx:
dz_oz +£ﬂ (The first and second terms are called the dinedtiadirect effects
dx ox o9y dx

respectively.

z=f(x,y)=x-2xy* and y=g(x)=2x-5

Use: dz _oz 0z dy ,with:£=3x2—2y2, £=—4xy, andﬂ=
dx ox o9y dx 0X oy dx
- dz _ 0z N 0z dy = 3% - 2y% ~ 8xy
dx ox 0y dx
dz 2 2 2 2
Dd—:Sx -2y~ —8xy =3x" — 2(2x—-5)" -8x(2x—-5) =
X

- =3X% — 2(4X* — 20X + 25) —16x° + 40x = 3x* —8x” + 40x — 50— 16x" + 40x

DE =-21x* +80x -50
dx
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4, Let z= f(x, y) =2x* + 2xy — y* +10x — 7y + 20. Use the differential zito estimate the change

in z (i.e. AzZ) when moving fromx, y) = (2, 2) to (2.05, 1.9). Compare the result vifith actual
value ofAz

We consider (2, 2) to be the “reference poing, Yo), with dx = 0.05 and g=-0.1.
The total differential is given by:

dz= 9z dx + oz dy
X oy
And we write:
0z
9Z _ 4x+2y+10 o = 4(2) + 2(2) +10= 22
0 x.y)=(2.2)
0z
Gy XAy TT 9z =20)-202)-7=-7
y oy x.y)=(2.2)
Such that:
0z 0z
dz=—dx+—dy=dz=22(005) +(-7)(-01) =18
0X oy

Theactual change in z is given by:

Az=f (20519) - f (2,2), with:
f(20519)= 2(205°? + 2(205)(L9) — (1.9)? + 10(205) - 7(19) + 20= 39785

and
f(22)=2(2)%+ 2(2)(2) - (2)* +10(2) - 7(2) + 20=38

Such thatAz=f (20519) - f (2,2) = 39785-38= 1785... so & is not thabad an estimate...
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5. Using the same function as in the previous exerdisermine thex{, yo, z,) coordinates of any
stationary point and determine whether they arenanmam, maximum or saddle point.

z=f(x,y)=2x% + 2xy - y? +10x - 7y + 20

(%:Oj@(4x+2y+1020) (g—izoj@(zx—Zy—ho)

4x+2y+10=0 =-
{ Xxrey }«:» {X %} Stationnary pointat :(%,, ¥, ) = (= %, 4)..,max, min., saddle??

2x-2y-7=0 y=-4
0’z _ 0’z _ o L .
Fwal 4 and oy =-2 Second derivativesof oppositesign...saddle point..

2, = T (%, Yo) = 2(=%)" + 2(=%,)(-4) = (-4)" +10(- ;) = 7(-4) + 20= 315

(Xo» Yor Z,) = (- % 7 4315)isasaddle point

6. Let Q= f(K,L)=4K’ L”be the rule for a production function, whéteorresponds tmput

capital, L corresponds tput labour andQ corresponds toutput production.
AssumingQ = Qo = 8:

DetermineMRS using the ANY METHOD
If Q=Q0=8, then the isoquant of the Production functioa @urve describing the
relationship betweeK andL. dK/dL is determined directly from this equation.
Alternatively, we can use the formu&/dL = —, /fx, wheref_ andfx correspond to
dQ/dL anddQ/dK respectivelyMRS s the absolute value dK/dL.

Method 1:

Q=f(K,L)=4K" L and Q=Q,=8=4K" L

B=ak’ %)« (k¥ 5 =2) = (K* =20%) « (k =16L2) = [K :1—6j

L2
Hence:
K =232 g MR =32
. L L

Method 2: dK/dL = —f/fk

Q=f(K,L)=4K" L

f, =2K/% L7 and f, =K L%
Y%k

ndK__ KL oK but:Q=8 - K=1—S5

. f, K7 L% L L

()
2
Hence: d—K:—2£:—2 L :—332and MRS:3—32
dL L L L L
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{. Let:z=f (x, y) = 3x* +4y?, subject to the following constrain®x—6-y =0

Determine its coordinateg( Yo, Z,) Of the stationary point (it's actually a minimur)SE
Lagrange Multipliers.

Ac‘&%) Loenie otl 5 melhods

METHOD 1: Direct substitution

z=f(xy)=3x*+4y’and 2x-6-y=0 = y=g(x) =2x—6
Oz=f(xYy)=f(xg(x)=h(x)=3x*+ 42x - 6)* = 3x* + 4(4x* — 24x + 36) =19x* - 96x +156

%=O = 38Xx—96 = x=4—8= 253
dx 19

48 18
y=2x-6= y|x=% :2(1—9j—6:—1—9= -095

I _ _ _(48Y . [ 18) _
2=2X"+4y° = 7, = Z'(x,y):(xo,yo) - Z|(x,y)=( 253-005) 2(?9) +4( 1_9j ~ 164

U (X Y0, 2Z) = (253 095164)istheoptimum

METHOD 2: Setting dy/dx from z=f(x, y) equal to dy/dx (=2) gotten from the constraint.

z=f(x,y) =32 +4y’ = % Y must equal theslopeof theconstraint, whichisequal to 2...
X

X

=L zpxand f,=Z =gy=0-x=2- -X=2 x=-2y g
X oy

But:y=2x-6 @)

2eguations, 2unknowns:

B
{X_ §y}:> y=2(-§yj—6© y=-1—§y—6@ y=-i—g:ﬂ x=—§y=-g(-i—§j=f—§
y=2X-6

o _ _(48Y’ 18
Finally:z, = Z|(x,y):(x0,y0) - Z|(x,y)=( 253-095) Z(Ej +4(_Ej =164

O (X0, Y0:2,) = (253 095164)istheoptimum
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METHOD 3: Using the Langrangian!

z=f(xy)=3x*+4y?and y=2x-6 = 2x-6-y=0(= g(x,y) =0)
LANGRANGIAN :

V =f(XYy)+A(g(x,y)) =3x* +4y* + A(2x—-6-Yy) =3x* +4y* + 2Ax— 61 - y/

V =h(x,y,A),soweneed 3 partial derivativesset tozero:

oV
—— =0 2x-6-y=0 = y=2Xx-6 1
3 y y @
N _0 o 6x+21=0 )
ox
YN 0. 8y-4=0 &)
oy

Use(2)and (3)toeliminateA :

{(2) becomes :21 = —GX} 8

=—= 4
(3) becomes:24 =16y X 3y )

Use (D) and (4) and proceed asinmethod 2...

8. Given the following information, set up the Lagrimgexpression needed to maximize Utility:
U =X?"° andB, =120=4X +3Y

DO NOT SOLVE THE SYSTEM, simply write out the Lagrangiexpression!

Objective function:U = f(X,Y) = X?Y?
CONSTRAINT :B, =120=4X +3Y = 4X +3Y -120=0(= g(X,Y) =0)

LAGRANGIAN :
V = 1(X,Y)+A(g(X,Y))

V = XY+ A(4X +3Y -120) = X2Y® +4AX +31Y 12U



