Linear Programming

Problem :

Suppose that England, France, and Spain produce all the wheat, barley, and oats in the world. The world demand for wheat requires 125 million acres of land devoted to wheat production. Similarly, 60 million acres of land are required for barley and 75 million acres of land are required for oats. The total amount of land available for these purposes in England, France, and Spain is 70 million acres, 110 million acres, and 80 million acres, respectively. The number of hours of labor needed in England, France, and Spain, respectively, to produce an acre of wheat is 18, 13, and 16; to produce an acre of barley is 15, 12, and 12; and to produce an acre of oats is 12, 10, and 16. The labor cost per hour in England, France, and Spain, respectively, for producing wheat is $9.00, $7.20, and $9.90; for producing barley is $8.10, $9.00, and $8.40; and for producing oats is $6.90, $7.50, and $6.30. The problem is to allocate land use in each country so as to meet the world food requirements and minimize the total labor cost. Formulate and solve a spreadsheet model for this problem.

Solution :

Let xij be the number of acres of i produced by country j (in mil. of acres)

          i: w – wheat  
j: e - England


   b - barley
             f - France


   o - oats
   
   s - Spain

objective function:

Min cost = [18 * $9.00]Xwe + [13 * $7.20]Xwf + [16 * $9.90]Xws 

+ [15 * $8.10]Xbe + [12 * $9.00]Xbf + [12 * $8.40]Xbs 

+ [12 * $6.90]Xoe + [10 * $7.50]Xof + [16 * $6.30]Xos
s.t.

Xwe + Xwf + Xws = 125 [world demand for wheat]

Xbe + Xbf + Xbs = 60 [world demand for barley]

Xoe + Xof + Xos = 75 [world demand for oats]

Xwe + Xbe + Xoe = 70 [land available in England]

Xwf + Xbf + Xof = 110 [land available in France]

Xws + Xbs + Xos = 80 [land available in Spain]

Xij >= 0 for all i, j

NOTE:  Total Demand = 125 + 60 + 75 = 260

   Total Supply = 70 + 110 + 80 = 260

Thus this is a balanced Transportation Problem, all the constraints will be equality.
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Labor Hours / Acre

Wheat

Barley

Oats

England

18

15

12

France

13

12

10

Spain

16

12

16

Labor Cost / Hour

Wheat

Barley

Oats

England

$9.00

$8.10

$6.90

France

$7.20

$9.00

$7.50

Spain

$9.90

$8.40

$6.30

Cost/Acre

Wheat

Barley

Oats

England

$162.00

$121.50

$82.80

France

$93.60

$108.00

$75.00

Spain

$158.40

$100.80

$100.80

Land Allocation (millions of acres)

Wheat

Barley

Oats

Total

Supply

England

0

0

70

70

=

70

France

110

0

0

110

=

110

Spain

15

60

5

80

=

80

Total

125

60

75

=

=

=

Total Cost ($millions)

Demand

125

60

75

25,020


Problem : 

The Build-Em-Fast Company has agreed to supply its best customer with three widgets during each of the next three weeks, even though producing them will require some overtime work. The relevant production data are as follows:

                                                        Maximum Production

	Week
	Regular Time
	Overtime
	Production Cost per unit (regular time)

	1
	2
	2
	$300

	2
	3
	2
	$500

	3
	1
	2
	$400


The cost per unit produced with overtime for each week is $100 more than for regular time. The cost of storage is $50 per unit for each week it is stored. There is already an inventory of two widgets on hand currently, but the company does not want to retain any widgets in inventory after the three weeks.

Management wants to know how many units should be produced in each week to minimize the total cost of meeting the delivery schedule. Formulate and solve a spreadsheet model for this problem.

Solution :

Let  Xij be the amount of widgets produced in regular time in week i shipped in week j



i = 1, 2, 3

j = 1, 2, 3 

Let Yij be the amount of widgets produced in overtime in week i shipped in week j



i = 1, 2, 3

j = 1, 2, 3

Let Zi be the amount of widgets in storage at the beginning of week 1 shipped in week i



i = 1, 2, 3

objective function:

Min cost = 300X11 + 350X12 + 400X13 + 500X22 + 550X23 + 400X33 

+ 400Y11 + 450Y12 + 500Y13 + 600Y22 + 650Y23 + 500Y33 + 0Z1 + 50Z2 + 100Z3
s.t.

X11 + X12 + X13 ≤ 2 [max production reg. time week 1]

X22 + X23 ≤ 3 [max production reg. time week 2]

X33 ≤ 1 [max production reg. time week 3]

Y11 + Y12 + Y13 ≤ 2 [max production overtime week 1]

Y22 + Y23 ≤ 2 [max production overtime week 2]

Y33 ≤ 2 [max production overtime week 3]

Z1 + Z2 + Z3 = 2 

X11 + Y11 + Z1 = 3 [demand for week 1]

X12 + X22 + Y12 + Y22 + Z2 = 3 [demand for week 2]

X13 + X23 + X33 + Y13 + Y23 + Y33 + Z3 = 3 [demand for week 3]

Xij ≥ 0, Yij ≥ 0, Zi ≥ 0 
for all i, j
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Production Cost

Regular

Overtime

Week

1

$300

$400

Produced

2

$500

$600

3

$400

$500

Storage Cost / Week

$50

Unit Cost

Month Shipped (Product 1)

1

2

3

Start

$0

$50

$100

RT1

$300

$350

$400

Month

OT1

$400

$450

$500

Produced

RT2

Š

$500

$550

OT2

Š

$600

$650

RT3

Š

Š

$400

OT3

Š

Š

$500

Shipments

Week Shipped

1

2

3

Total Shipped

Capacity

Start

2

0

0

2

=

2

RT1

0

2

0

2

<=

2

Month

OT1

1

1

0

2

<=

2

Produced

RT2

0

0

0

0

<=

3

OT2

0

0

0

0

<=

2

RT3

0

0

1

1

<=

1

OT3

0

0

2

2

<=

2

Total Received

3

3

3

=

=

=

Total Cost

Demand

3

3

3

$2,950


Problem :

The coach of an age group swim team needs to assign swimmers to a 200-yard medley relay team to send to the Junior Olympics. Since most of his best swimmers are very fast in more than one stroke, it is not clear which swimmer should be assigned to each of the four strokes. The five fastest swimmers and the best times (in seconds) they have achieved in each of the strokes (for 50 yards) are :

	Stroke
	Carl
	Chris
	David
	Tony
	Ken

	Backstroke
	37.7
	32.9
	33.8
	37.0
	35.4

	Breaststroke
	43.4
	33.1
	42.2
	34.7
	41.8

	Butterfly
	33.3
	28.5
	38.9
	30.4
	33.6

	Freestyle
	29.2
	26.4
	29.6
	28.5
	31.1


The coach wishes to determine how to assign four swimmers to the four different strokes to minimize the sum of the corresponding best times. Formulate and solve this problem on a spreadsheet.

Solution :
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Best Time

Backstroke

Breaststroke

Butterfly

Freestyle

Carl

37.7

43.4

33.3

29.2

Chris

32.9

33.1

28.5

26.4

David

33.8

42.2

38.9

29.6

Tony

37.0

34.7

30.4

28.5

Ken

35.4

41.8

33.6

31.1

Assignments

Total

Backstroke

Breaststroke

Butterfly

Freestyle

Assignments

Supply

Carl

0

0

0

1

1

<=

1

Chris

0

0

1

0

1

<=

1

David

1

0

0

0

1

<=

1

Tony

0

1

0

0

1

<=

1

Ken

0

0

0

0

0

<=

1

Total Assigned

1

1

1

1

=

=

=

=

Total Time

Demand

1

1

1

1

126.2

Stroke

Stroke


 Sensitivy Anaylsis

A company produces tools at two plants and sells them to three customers. The cost of producing 1000 tools at a plant and shipping them to a customer is given in Table below: 

                                  Customer1        Customer2         Customer3 
          Plant 1                 $60                      $30                    $160 

          Plant 2                $130                     $70                    $170 

Customers 1 and 3 pay $200 per thousand tools; customer 2 pays $150 per thousand tools. To produce 1000 tools at plant 1, 200 hours of labor are needed, while 300 hours are needed at plant 2. A total of 5500 hours of labor are available for use at the two plants. Additional labor hours can be purchased at $20 per labor hour. Plant 1 can produce up to 10,000 tools and plant 2, up to 12,000 tools. Demand by each customer is assumed unlimited.

If we let Xij = number of tools (in thousands) produced at plant i and shipped to customer j, and L = number of additional hour purchased. 

The problem when formulated as an LP and solved is as follows: 

Max. Z = 140 X11 + 120 X12 + 40 X13 + 70 X21 + 80 X22 + 30 X23 - 20 L 

Subject to 

C1 :    1X11 + 1X12 + 1X13 ≤ 10 

C2 :    1X21 + 1X22 + 1X23 ≤ 12 

C3 :    200X11 + 200X12 + 200X13 + 300X21 + 300X22 + 300X23 - 1 L ≤ 5500
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a) If it costs $70 to produce 1000 tools at plant 1 and ship them to customer 1, what would be the new solution to the problem and the profit?  
This corresponds to a decrease in the objective function coefficient of X11 from $140 (= 200 – 60) to $130 (=200 – 70). A decrease of $10 is within the allowable decrease of 20 thus the optimal solution will not change however the profit will decrease. 
The optimal decision calls for the production of 10,000 tools at plant 1 and shipped to customer 1 (X11 = 10) and the production of 11,670 tools at plant 2 and shipped to customer 2 (X22 = 11.67). The profit will decrease by $100 and will be $2,233.33 (= 130(10) + 80(11.67)) 
b) If the price of an additional hour of labor were reduced to $4, would the company purchase any additional labor?  
This corresponds to a change in the objective function coefficient of the decision variable L. The objective function coefficient originally at -20 is now at -4. That represents an INCREASE of 16. An increase of 16 units is within the allowable increase of 19.73, thus the optimal solution will not change (L = 0) and the company will not purchase any additional hour of labor. 
c) A consultant offers to increase plant 1’s production capacity by 5000 tools for a cost of $400. Should the company take the offer?  

This corresponds to an increase of 5 to the right hand side of the first constraint, C1. Since this increase is within the allowable increase 17.5 the value of the shadow price of 86.67 will remain valid. 
The maximum price that the company is willing to pay for 1000 tools is $86.67. However the consultant is offering the 1000 tools at a price of $80(= 400/5). Thus the company should take the offer (they will be gaining $6.67 per 1000 tools for a total of $33.35 for the additional 5000 tools) 
Alternative solution: A capacity increase of 5000 tools will increase profit by: 5*86.67 = .433.35, which is greater than the cost of $400 (a profit of 33.35). Thus the company should take the offer.

d) If the company were given 5 extra hours of labor, what would the profit become?  

This corresponds to an increase of 5 hours to the right hand of the third constraint, C3. Since this increase is within the allowable increase of 100, the value of the shadow price of 0.27 will remain valid. The profit will increase by: (5)*(0.27) = $1.35. The new profit: 2,333.33 + 1.35 = $2,334.68 

BIP

Question 1

Let Xi = number of units to produce on machine i (i=1,2,3,4) 
      Yi = 1 if machine i is used, 0 otherwise (i=1,2,3,4) 
Min Z = 500Y1 + 800Y2 + 200Y3 + 50Y4 + 2X1 + .5X2 + 3X3 + 5X4 
subject to: 


X1 + X2 + X3 + X4 ≥ 1650 


X1 ( 300Y1 


X1 ( 1500Y1 


X2 ( 500Y2 


X2 ( 1200Y2 


X3 ( 100Y3 


X3 ( 800Y3 


X4 ( 99999Y4 


 Y2 ( X1/1000 



Y3 ( X1/1000 

X1, X2, X3, X4 ( 0 



Y1, Y2, Y3, Y4 = 0 or 1
Question 2

Min Z = 100Yp + 85Yd + 50Yj 
S.T : 
          P + D + J = 60 
          P ≤ 15 + 15Yp 
          D ≤ 15 + 15Yd 
          J ≤ 15 + 15Yj 
          Yp + Yd + Yj = 1      
          P,D,J, Yp, d,j ≥ 0 
Question 3

Xi = 1 if investment alternative i is selected; 0 otherwise 
WHERE i = 1, 2, 3, 4, 5, and 6 
O.F : Max. Z = $4,000X1 + 6,000X2 + 10,500X3 +
                          4,000X4 + 8,000X5 + 3,000X6 
S.T: 
$3,000X1+2,500X2+6,000X3+2,000X4+5,000X5+1,000X6 ≤ 10,500 (year 1, capital) 
$1,000X1+3,500X2+4,000X3+1,500X4+1,000X5+500X6 ≤ 7,000 (year 2, capital) 
$4,000X1+3,500X2+5,000X3+1,800X4+4,000X5+900X6 ≤ 8,750 (year 3, capital) 
X1 + X2 ≤ 1 (Mutually exclusive constraint) 
X3 –X4 = 0 
X6 ≤ X2 + X5 
Xi = 0 or 1 for all i = 1, 2, 3, 4, 5, and 6

Question 4

The Team size = X1 + X2 + X3 
The following two constraints will guarantee that the team size will be 3, 5 or 7. 
X1 + X2 + X3 = 3Y1 + 5Y2 + 7Y3 
Y1 + Y2 + Y3 = 1 

