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fix) = S5x°+2%° + 3x
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rower ruice

We can use the definition of the derivative to find the derivative of a function.

Ezample . /
Find the derivative of y = \/L— and use this to find the equation of the tangent line to the curve at z = 4.
Solution: Set f(z) = and compute the difference quotient:
Ay _ flz+h) - i)
Az h
1 _ 1
_ Vvz+h NS
h
vVr—+vz+h

The standard thing to do to simplify an expression with a difference of radicals is to rationalize, so we try that.

Multiply by Vetyeih,

Ve+Vat+h'
Ay 1 z—(x+h)
Az hyz Varh (Vatvath
1 —h

TRVEVETE R VETh
- T T

and we see that this function is continuous at h = 0, so the limit exists:

flz+h) - f(z)

’ T
fz) = fimy 3
= lim -1
0 JZ -z LR (VE + VZ T h)
{f% . _ —1
% i, = 93/2
__L 3

2



Now, at z = 4 the derivative is

1 1.1 1

/ 2__4—3/22___:__

F) = 5@ = —5() = -1

which is the slope of the tangent line to y = % at (4, 3). Thus the equation of the tangent line is

-1

= — b
Y 6 T+
where b is obtained by plugging in the point (4,3): b= 1 + Tlg4 = %—; giving final answer
1 N 3
=——x+ -.
V=160
We have seen that
ixz =2z
dx
and d )
22 T -3/2
dz” 2’
In fact, the following power rule is true.
Power rule: for any n € R, %xn =ng" L,
5 .
- Wt
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d
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It works:even when the power is in disguise:
d d 1



. Let f and g be differentiable functions on a common domain  Then —
e for any constant c, .
2 (ef(x)) = e f(2)
® and i J p
2 (@) + 9(a)) = = (@) + g(a)
It follows that (f — g)' = ' — ¢’ as well.

The reason this happens is that it’s true for the difference quotient:

f@+h) = cfz) _ feth) - f(z)
h h

and
(F+9)e+h)—(f+9)@) [fla+h)+g(@+h)- flz)—g(=) zéf_+§
h h Ax Az’

Since it’s true of every difference quotient, it is also true of the limit.

3-4

Ezample
d 7 3 . d 7 d 3 d
dx(4a: 2z° — 1) = In (4z") o (2z7) dac(l)
d - d 4
=4 — -2 _
4 o e 0
= 282% — 622
Deriyative of ¢’ ' e 8.5

E Suppose'a > 0 and consider the function f(z) = a®. Its derivative has an interesting property.

Af _ fl+h)—[=) :a”“fh—am g0 <ah—1)

Az h h h

Taking the limit as A — 0, we have
h
/ zyp & 1 z gt
f(z) = a® lim —— =a®f(0)
That is to say, the rate of change of this function is proportional to the value of the function.
This is a really odd property; let’s interpret it from an example.

Example . Suppose we have a population of bacteria, which doubles in population every hour. If our initial
population is 1g, then after ¢ hours the population is
p(t)y=2"

grams. What is the rate of change? The population doubles every hour; so the rte of change depends on the size
of the population. If you have a population of 2! at time #, then at ¢+ 1 the population has doubled to 2t*1, giving
an average rate of change of 2t¥1 — 2t = 28(2 — 1) = 2¢ (divided by 1).



o¢

But this is NOT the instantaneous rate of change (since the graph is not a straight line from (¢,2%) to (¢ +
1,2t+1)); we've deduced above that the instantaneous rate of change is

P () = 2'p'(0)
whatever p'(0) is (a number).

Graphically: it says the slope of the function o is proportional to its height at every point.
By sketching the graphs of various exponential functions, we deduce that there is a unique a such that the
derivative of a® at x = 0 is equal to 1. This number is

e
and it is around 2.71828183.
Ezample 3—%
d z+3 2 d z+3 d 2
- - - — (5
dm(e 57°) dw(e ) dw(m)
. d z 3 d 2
-d;:-(e e’)—5 P
= e3—(—1—e”’ — 10z
dzx
= e%e® — 10z
= et — 10z
Product rule s "8
. Let f and g be differentiable functions on a common domain Then the product function fg
is also differentiable, and its derivative is given by
€4
R d
% ' | 7 ([ (@)9(2)) = f(2)g'(2) + f'(2)9(x).

. We work on the difference quotient and apply a brilliant trick:

i L@ W@+ h) — f@)g@) _ | flz+hgle+h) = Sz + gl + £z + ha(a) - f(z)g(a)

h—0 h h—0 h
i o ORI Z0E) | SN fla)
= f(z)g'(z) + f'(z)g(x)

since upon taking the limit as h — 0, we see that f(z + h) — f(z), and the difference quotients go to the

v

derivatives. So the limit exists and fg is differentiable with the stated derivative.




Ezxample
d 2.z 2 d z d 2 T 2 T (.2
a—;(x )=z P + 5l | =2t + 2ze® = e*(z° + 2x)
x
The rule extends to products of 3 and more terms, via

(fgh)'(z) = f(@)(gh)'(z) + ['(z)(gh)(z)
= f(z)(g9(2)M(z) + ¢'(2)h(z)) + f'(x)g(x)h(z)
= f(2)g(@)W(z) + f(2)g (@) (z) + f'(x)g(x)(x)
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d 4/3 1/3\ .z d 1/3 x
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=3z +1)e® + z1/3e* + %w’z/?’(w + 1)e”
=g 2" (a:(x +1)+z+ %(m + 1))

2,7 1
_ % +32+3

x2/3
which you mlght also snnphfy further
The quotlent rule 3 "4&
Let f and g be differentiable functions on a common domain . Then the quotient function 5 15

dzﬁerﬂntzable everywhere that g(x) # 0, and its derivative is given by
a4 <f(x)> _ 9@)f'(z) - f(z)g'(x)
oy 9(z) g(z)?

Note that u,nhke the product rule, which was symmetric in f and g, this rule is certainly NOT symmetric!
" Even the order of the terms in the numerator is vitally important.

Let’s work on the difference quotient; we use the same clever trick as in the product rule.

1 (f(w+h) _ f(w)> _ % (f(w+h)g($) - f(w)g(fﬂ+h)>

sath) o) 9@l + h)
_1(ﬂw+MM@—f@M@%+ﬂ@ﬂ@ff@M@+hU
h g(x)g(zx + h)
B HEED = JE) o yala+ )= gl
mmmm+m<“> h f@* )

Taking the limit as h — 0, we derive the familiar formula.

Example
da 2 (e+1)(2z)—22(1) 22°+2z-2 2?42
dec+1~  (@+1? = (@+1)?  (@+1)?
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