Chemistry 304 - Midterm Solutions - 2011

PART I: (15 marks total)

Indicate whether each of the following statements 1—4 is true or false and on the line underneath
write one sentence to justify your choice. There will be no penalties for incorrect answers. Each
correct answer with accompanying explanation is worth 3 marks.

1. For fixed N and V, the value of the canonical partition function () increases when 1" increases.
1) 2) False
Q=>,ePE asT 1,3, and e PE 150 Q1.

2. The entropy of 1mol of neon gas at T' = 298 K and P = latm is 232JK~!. Thus, a system
consisting of 5 neon atoms will have, under the same conditions, an entropy of 5(232/N4) J K1
(N4 is Avogadro’s number).

1) True 2)
Entropy is only defined for macroscopic systems. 5 atoms is too small to be macroscopic.

3. When the volume and number of particles are held fixed, the energies of the microstates of a
system decrease when the temperature is lowered.

1) True 2)
The energy of a microstate depends only on N and V and is independent of temperature.

4. Mixing together 100 mL of water with 100 mL of methanol produces a solution with a volume
of 200 mL.

1) True 2)
The partial molar volumes of water and methanol change with concentration so volume is not
conserved.

5. Briefly describe the two basic postulates of statistical mechanics.

Thermodynamic quantities correspond to ensemble averages over all the microstates in a sys-
tem. These averages are the same as those obtained by averaging quantities in time.

The probability the system is in a particular microstate depends only upon the energy of the
microstate, so that microstates with the same energy have equal probabilities.



PART II (10 marks total)

Starting with equations from the attached formula sheet, derive the following expressions clearly
indicating all steps in your reasoning;:

N (95 _Cp o (OHY B
i) (3T>P_ T and ii) <8P>T_V(1 aT) .

i) From dH = TdS + VdP one obtains by dividing by dT and taking P constant

0H oS
) =r(2) .
o ) p T ) p
Identifying the partial derivative of H with Cp then gives the final result
(25) -~
or), T
ii) From dH = T'dS + VdP one obtains by dividing by dP and taking 7" constant

oOH oS
(mJT—T<mJT*V‘

Using the Maxwell relation from dG = —SdT' + VdP gives

oS ov

— | =—| =) =-aV.

OP ) o) p
Combining this with the previous result gives

(gg)T —T(~aV)+V = V(1 —aT).

PART III (25 marks total)

Consider the apparatus to the right consisting of a cylinder fitted with a pis-
ton. The bottom of the cylinder contains 5 moles of solid copper shaped as a
cylindrical plug. Above the plug are 3 moles of SO, gas. Treat the gas with
the van der Waals equation of state with parameters a = 6.71 L2 atm mol 2
and b = 0.0579 Lmol~!. The entire apparatus is surrounded by high grade

thermal insulation. The gas and solid are initially equilibrated to a temper-
ature of 300 K. The initial volume of the gas is 70 L.

>
The following thermodynamic data may be useful (assume all except V,,,(Cu) &
remain constant under all conditions)
Cpum(SO2) = 40.3T K~ mol~!, Cp,pm(Cu) = 24.5J K~ mol~!, — ;
Cyv.m(SO2) = 31.2J K~ mol™!, a(Cu) =51 x 1076 K1, —Cuf

k(Cu) = 0.740 x 107 %atm ™!, V,,,(Cu)(T = 300K, 1 atm) = 7.11 cm?® mol .



1. In a reversible process, the piston is slowly pressed until the temperature of the gas reaches
1500 K. Assume SO, remains gaseous and does not decompose, and the copper plug doesn’t
change temperature or volume during this process. Calculate the final pressure of the gas
(Answer: 1697 atm). Calculate w (in kJ), AU (in kJ), and AS (in JK=!) for the gas for this
process. Recall for a van der Waals gas, (OU/V )1 = n%a/V?2.

The process is reversible and adiabatic (apparatus is surrounded by thermal insulation) so
dg=0,q=0, AS =0, and w = AU. Starting from the equation dw = dU and substituting
expressions for the pressure of a van der Waals gas and for dU gives

dw = dU
_PdV = CydT + (gg)T dv
N [anib _ ”;2“] dV = CydT + ”szdv
- V”]_%ibdv = CydT
dv Oy dT

V-nb nRT
Vé —nb CVm TQ
In =———In(—=
Vi—mnb R T

T —Cv,m/R
Vo —nb = (Vi — nb) (Tg) :
1

Substituting the values Cvy,, = 31.2JK 'mol™!, b = 0.0579Lmol~ !, 77 = 300K, T» =
1500K, n = 3mol, and V; = 70L gives Vo — nb = 0.1664L and V5 = 0.340L. Plugging this
volume into the van der Waals equation with 7' = 1500 K gives the final pressure of the gas to
be 1697 atm.

The value of AU is calculated using the general formula so that

n2a

dU = Oy dT + 5 dV
AU = Cy AT + n’a i—i
Y Vi Vo)

Substituting in the values Cyy = 3molx31.2J K1 mol~!, AT = 1200K, a = 6.71 L? atm mol 2,
Vi =70L and V5 = 0.340 L gives AU = 94.4kJ.

In summary: AS =0, w =AU = 94.4kJ.



2. After the compression in 1. the gas, at T = 1500K, and copper plug, at T' = 300K, are
allowed to equilibrate to the same temperature while the pressure is kept constant at 1697 atm.
Calculate the final equilibrated temperature (Answer: 896 K).

The process is isobaric so dgp = dH = CpdT and gp = CpAT. The heat lost by the gas is
gained by the solid copper. Casting this equation into mathematics and letting T" be the final
equilibrated temperature gives

qp(gas) = —qp(solid)

Cp(SOs)(T — 1500) = —Cp(Cu)(T — 300)
T[Cp(SO2) + Cp(C)] = 300[Cp(Cu) + 5Cp(SOs)]
Cp(Cu) + 5Cp(SO,)
Cp(SO2) + Cp(Cu)

T =300

Substituting the values Cp(Cu) = 5mol x 24.5JK~'mol~! = 122.5JK~! and Cp(SO,) =
3mol x 40.3J K 'mol™! = 120.9JK~! gives T = 896 K.

3. In 2. the temperature of the solid copper plug changed from 300 K to 896 K all at a constant
pressure of 1697 atm. Calculate w (in J), AV (in L), and AS (in JK~!) for the copper for
this process. Assume the heat was added reversibly to the copper.

In 1. we are told to assume the copper plug does not change volume when the pressure
increases from 1latm to 1697 atm, so the initial volume of the copper plug at T' = 300K
and P = 1697 atm is taken to be the same as it was at T' = 300K and P = 1atm, that is
Vi = nV,, = 5mol x 7.11cm®mol~! = 35.55cm?® = 0.03555L. The process of heating the
copper plug to T' = 896 K is isobaric so the equation of state dIlnV = adl — kdP gives

dInV = adT

In (E) = aAT

Vy = VieaT

Substituting the values o = 51 x 107 K~!, AT = 896 — 300 = 596 K, and V; = 0.03555L
gives Vo = 0.03665L so AV = 1.10 x 1073 L.

The external pressure is constant so the work is given by

w=—P. AV = —1697atm x 1.10 x 1073 L = —1.867Latm = —189J .

Because the process is isobaric and reversible, dg,e, = dgp = dH = CpdT’, so the entropy is

calculated as p T
q’rev

d = = _—

S T Cp T

T
AS = Cpln (;)

1

=5mol x 24.5JK 'mol™! x In <896K)

300K
=134JK'.



Bonus Question (5 marks total) Answering this question is optional.

Consider a system at fixed IV, V', and T with 3 different energy levels. The energies and degeneracies
of these levels are given in the table below, in which € = 4.0 x 1072 J. If you wish, you may use
the blank cells for intermediate calculations.

E; | Q(E;) e PE: Q(E;)e PP P,

0.5¢| 1 0.6065 0.6065 0.2101
1.5¢| 10 0.2231 2.231 0.7728
3.0e| 1 0.04979 0.04979 0.01725

1. How many microstates does the system possess?
Adding all the degeneracies gives the total number of states as 12.
2. Calculate the average energy of the system when 7" = 290 K.

At T = 290K, e = 1.0 so that the factors e #Fi are simplified and are listed in the table for
each energy. Adding the values of Q(FE;)e #Fi together gives Q = 2.887. This can be used
to evaluate the microstate probabilities, P; = Q(E;)e™PF: /Q, and are listed in the table. The
average energy is then

3
E =) E;P,=(05x02101+ 15 x0.7728 4+ 3.0 x 0.01725)¢ = 1.32¢ = 5.28 x 10~*' ]

i=1



