Math 200 - December 2011
Final Exam Solutions

1. Consider the function f(z,y) = e=="+4v*,
(a) Draw a “contour map” of f, showing all types of level curves that occur.
g
(b) Find the equation of the tangent plane to the graph z = f(z,y) at the point where (z,y) = (2,1).

(c) Find the tangent plane approximation to the value of f(1.99,1.01) using the tangent plane from
part (b).

Solution:

(a) Level curves for f are of the form f(z, y) = e~ H4 = C, where C is a positive constant,
since an exponential cannot be negative. That is, —z2 + 4y? = InC. For C # 1, these are
hyperbolas with vertices on the y-axis if C > 1 and on the z-axis if C < 1. If G =1,
=42 = |yl = i]az[, ie. y= :t:%m. These are two straight lines with slopes :i:i crossing
at the origin.

(b) Let F(z,y,2) = f(x,y) — 2. Then the graph of f is the level surface F(z,y,z) = 0. Since
£(2,1) = e2°+41)® = 1, we want to find the tangent plane at the point (2,1,1). This is given
by the equation

VF(2,L,1) - (x-2,y—1,z-1)=0. (1)

We must compute the gradient,
af of
F == - L
V@5 = (5w, P, -1)
= (—2.’56‘“‘2"'4?’2, 8ye‘$2+4y2, —1) .
Hence,

VF(2,1,1) = (—46"22+4,88“22+4, —1) = (—4,8,-1).




Plugging this into (1), 7

(—4,8,—1)-(:c—2,y—1,z—1)=0
= —4(3:—2)-}-8(3/—1)—(2—1):0
= 4z —-8y+z=1

(c) Plugging in the point into the tangent plane and solving for z, where » = flz,y) :

F(1.99,1.01) ~ 1 - 4(1.99 - 2) 4+ 8(1.01 — 1) =1+0.04+0.08 = 1.12.

2. Suppose z = f(z,y) has continuous second-order partial derivatives, and z = rcos t, y = rsint. Express
the following partial derivatives in terms of 7 t, and partial derivatives of I

(2) &

2z
(b) &

Solution: Since z = f(@(r,t),y(r,t)) = f(rcost,rsint),

(a)

0z Of ox ofdy _ of . of
Ot Bzt " Byor | g Snt+ g reost,

by the chain rule.

(b) To find %, Wwe must take another partial derivative of the expression we found for g—f in part

(a). However, it is important here to note that %ﬁ and %ﬁ are actually functions of z and Y,
which themselves are each functions of r and ¢. Keeping tﬁis in mind, we apply the chain and
product rules repeatedly to obtain
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= gT:J;rQ sin?# — 28?1:8yr2 costsint + %{13 cos?t — g—ircost — g—grsint

0%f ,

2 2
= g—xj;rz sin?¢ — 8aar(§fyr2 sin(2t) + a—yEr cos?t — g%r cost — g—grsint

. . 0 . . 2 2
Note that since f has continuous partial second derivatives, we can say a%aiy 2L

= Byoz

3. A bee is flying along the curve of intersection of the surfaces 3z + 2 + ¥y =2and z = g2 — y? in the
direction for which z is increasing. At time ¢ — 2, the bee passes through the point (1,1,0) at speed 6.




(b) The temperature T' at position (z,y, 2) at time ¢ is given by T = zy — 3z + 2yt + z. Find the rate
of change of the temperature experienced by the bee at time ¢ = 2.

Solution:
(a) Since the bee is flying along the curve of intersection of these two surfaces, his velocity vector
must be orthogonal to both of their normal vectors, which we compute as follows. Note that
V(3z + 22 + ¢*) = (22, 2y, 3).
Hence, at the point (1,1,0), the vector 71 = (2(1),2(1),3) = (2,2, 3) is normal to the surface
3z + 22 4- 4% = 2. Similarly,
v(mz - y2 - Z) = (21’, —22;’, _1)7
so the vector Al = (2(1),—2(1), —1) = (2, -2, —1) is normal to the surface z = 22 — y? at the
point (1,1,0).
The cross product
il X e = (2,2,3) x (2,-2,-1)
= (2(-1) = (-2)(3),3(2) — (-1)(2),2(-2) — 2(2))
= (4,8,-8)
is orthogonal to both normal vectors, 71 and 7i,. Since we are told that the bee’s z-coordinate

is increasing, we can conclude that he is moving in the direction of —7; X 7is = (—4,—8,8),

which is parallel to (—1, —2,2), which has length v/1+4 + 4 = 3. Let 7 be the corresponding
unit vector; that is,

. (—1,-2,2) 1
=" = =(-1,-2,2).
r= 12 8 )
The magnitude of the bee’s velocity is his speed, which is equal to 6 (as given in the problem).
Hence, the velocity vector is
1

7= 6= 063(~1,-2,2) = (~2,~4,4).

(b) Let T(t,z,y, 2) = zy — 3z + 2yt + z.
We consider the bee’s temperature as a function of time,
f@) =T(,x(t),y(), 2(£)),

where (z(t), y(t), 2(t)) represents the position of the bee as a function of time. Our goal is to
compute f'(2). By the chain rule,

oT 0T dz OTdy 0Tdz

! s T e S a4 o
f(t)_6t+8xdt+6ydt+8zdt
dz dy dz
=2y+(y— 3)dt+( +2t)dt+d

AE t = 2, we know that the position of the bee is (z,y, 2) = (1,1,0) and in part (a), we found
the velocity vector to be ¥ = (%%, %}ti, %) = (—2,—4,4). Hence,
F2)=20)+1-3)(-2)+(1+2(2)(-4)+4=2+4-20+4=-10

is the rate of change in temperature the bee experiences at t = 2.




4. Find the radius of the largest sphere centred at the origin that can be inscribed inside (that is, enclosed

inside) the ellipsoid
2@+ 12 +y* +2(z-1)2=8.

Solution: The radius of the largest sphere centred at the origin that can be inscribed inside the
given ellipsoid is equal to the minimum distance of all points on the ellipsoid from the origin. We
then look for the minimum value of the distance squared,

f(@y,2) =2+ + 22,
subject to the constraint that (z,y, 2) lies on the ellipsoid; that is,
9(z,y,2) =2z + 1) + 32 +2(z —1)2 = 8.
We use the method of Lagrange multipliers and look for solutions z,y,2 and A to the equations

Vf(z,y,2) = AVy(z,y, 2)
9(z,y,2) =8.

Since Vf(%', Y, Z) = (2113, 2y, 2z) and Vg(.'lf, Y, Z) = (4(:[" + 1)7 2y,4(2 - 1))a vf(xa Y, Z) = )\Vg(a;, Y, Z)
is equivalent to the following system,

2z =4z +1)
2y = 2y (2)
22 = 4\(z — 1)

Adding the third equation to the first, we have
2(x+2) =4z +2)
= (z+2) =2X\(z +2)
= (2A-1)(z+2)=0.
Either 2A -1 =0orz 4+ 2 =0.
Consider first the case where 2\ — 1 = 0, that is, A = 1/2. From the first equation,
2 =4z + 1)

= 2z =2(z+1)
= 0=1,

a contradiction. We must conclude that 2\ — 1 5 0 and therefore, x + 2 = 0.
Plugging 2z = —z into the constraint,
2z+1)+3y2+2(z—-1)2 =8
= 2c+ 1) +y?+2(-2-1)2%=8
= 4(x+1)?+92 =8 3)

Now, from the second equation in (2),

2y=2\y = (A—1)y=0




5.

and we must conclude that either y =0 or A = 1.
If y=0, (3) says

4z+1)P=8 = (z+1)?=2 = z+1=4+V2 = z=4v2 1.

The z-coordinate is then given by

z=—z=1-(+V2).
We find that (z,y,2) = (V2 —1,0,1 — v/2) and (2,9,2) = (—v2 — 1,0,1 + v/2) are both critical
points.

Finally, we must also consider the case A = 1. From the first equation in (2),
2r=4(z+1) = z=2(z+1) = z=-2.
Of course, z = —z = 2, and the y-coordinate can be obtained from the constraint,

2(-2+1)+y*+2(2-1)%2 =8
= 2+3°+2=38

= y2=4

= y =2

We’ve found two more critical points, (—2,2,2) and (-2, —2,2).

We should also check for points where Vg(z,y,2) = (4(z + 1), 2y,4(z — 1)) = 0. There is only one,
namely (—1,0,1). However, since g(—1,0,1) = 2(~1 4 1)? + 02 + 2(1 — 1)2 = 0, this point does not
lie on the ellipsoid.

Comparing values of f at each of the critical points, we have

f(=2,£2,2) = (-2)% 4+ (£2)% + 22 = 12,
F(V2-1,0,1-v2) =2(v2 - 1)?
and

F(=v2-1,0,1+v2) = 2(1 + v2)?

The smallest of all these is 2(v/2 — 1)2. Therefore, the largest sphere centred upon the origin that
can be inscribed within the ellipsoid has radius v2(v2 — 1) = 2 — /2.

(a) Consider the iterated integral

0,2
/ / cos(z3) dz dy
-4Jv=y
i. Draw the region of integration.
ii. Evaluate the integral.
(b) Evaluate the double integral
ffy\/xQ +y2 dA
D

over the region D = {(z,y)|z®> + y?> < 2 and 0 < y < z}.




Solution:
(a) Let

0,2
I =/ / cos(z®) dz dy.
-4J/=y

i. Draw the region of integration.

ii. Upon first glance, it scems impossible to find an antiderivative for cos(z3) (with respect
to z) in order to evaluate the inner integral. When faced this type of situation, our first
course of action is to reverse the order of integration; with some luck, the resulting integral
will be easier to evaluate. Looking at the picture, the domain of integration can also be
expressed as

{(z,y): —2? <y < 0,0<z <2}

2 10
I=// cos(z®) dy dz
0 J—z2
2

=/ cos(x3)y|(iz2 dz
0

Hence,

2
=/ cos(z*)z? dz
0

Indeed, this integral is easy to evaluate using the substitution v = 3. Since du = 3z2dz,

1%
I= 5/ cos(u) du
0

23

= sin(u) .

= =(sin(2®) - sin0)

— Qo]

= = sin(23).

w




(b) Let

J:ffy\/w2+y2 dA
D

where D = {(z,3) |22 1 42 < 9 anq 0<y<a}.
This can be done usin

D={(r,«9)]057‘52,0§6’57r/4}

Ji= ffrsin Or(r) drde

D
T/4 p2
= / / r3sin @ drdg
0 0

/4 42
=/ sinﬁx—) d9
0 2 |y

/4
=/ sinﬁ(E- )dﬁ
0 4
=4(*coselg/4>

= 4(~cos(m/4) + cos 0)

6. Let R be the triangle with vertices (0,2),(1,0), and (2,0). Let R have dens;
Yy-coordinate of the centre of mass of R. You do not need to find 7.

Solution: The Y-coordinate of the centre of mass is defined by

_ 1
g= M}f!w(% y) dA,
where M is the total mass,

M=ffp(w, y)dA.
R

We sketch the domain R ag follows:

Using y = rsin 0, 22 4+ 32 = 2 and d4 = rdrdf we et that the integral is
gY Y g

t £(2,y) = y2. Find 7, the




We see that .
R={(ﬂc,y)’—g—ysxﬁ2—y,05ys2}-
Then

T=2—y

22—y2 2
M= [[oaas= [ [ y2away- Aym

Z=2_;a

and

R 0
I A 242_5_32_?3_9
412 5], 4\2 35)° /- 8

2 21
dy= [ y 5(2—y)dy
0

23 1,0% 12, 1.,] 28 8—6 2
- —_ - = e —2——2 =——2=———=-—
{3” 4yJO 2[3 1 B 3 3

3 2
= Z/ (2y° —y*) dy
0

7. Evaluate the triple integral [[[ z dV, where E is the region in the first octant bounded by the parabolic
E

cylinder y = 22 and the planes y +2z=1,2 =0, and z = 0.

Solution: We can express the domain in the following form:

E={(m,y,z)l05z51—y,x2SySLOSxSU




The triple integral can then be rewritten as an iterated integral,

1 pl pley 1,1
fff:v de/ / / xdzdyda:=/ / z(1l—y)dydz
% 0 Ja2 Jo 0 Ja2
1 y=1 1
1
=/ w(y—ly2> dw=/m<1—l-x2+—az4>dx
b 2 Fios A 2 2
11 1 1 1 1 4]
_ i._.3,. 15 |t 14 1 g
—/0 (2;1: a:-|—2oc>dw [4:3 1° +12mL

1
12

8. The body of a snowman is formed by the snowballs #2 + 32 + 22 = 12 (this is its body) and z2 +y2 +

(2 — 4)? = 4 (this is its head).

(a) Find the volume of the snowman by subtracting the intersection of the two snowballs from the sum
of the volumes of the snowballs. [Recall that the volume of a sphere of radius r is 4773

We’ll use spherical coordinates to compute the volume of the intersection.

(b) We can also calculate the volume of the snowman as a sum of the following triple integrals:

L = om 2
/ / / p? sin(¢) dp d d¢

0 0 0

2.
2 V3 4-%
/ / / r dz dr df
0 0 3r

3.

/: /Ozn /Oz\/g PP sin(d) dp o do

Circle the right answer from the underlined choices and fill in the blanks in the following descriptions
of the region of integration for each integral. [Note: We have translated the axes in order to write
down some of the integrals above. The equations you specify should be those before the translation
is performed.]

i. The region of integration in (1) is a part of the snowman’s body / head / body and head.
It is the solid enclosed by the sphere / cone defined by the equation
and the sphere / cone defined by the equation

ii. The region of integration in (2) is a part of the snowman’s body / head / body and head.
It is the solid enclosed by the sphere / cone defined by the equation
and the sphere / cone defined by the equation

iii. The region of integration in (3) is a part of the snowman’s body / head / body and head.
It is the solid enclosed by the sphere / cone defined by the equation
and the sphere / cone defined by the equation

Solution: The body of a snowman is formed by the snowballs 22 + y2 + 22 = 12 (this is its body)
and 22 + y? + (2 — 4)? = 4 (this is its head).




(a) The intersection of the two snowballs is the region R defined by

R={(z,y,2)|z? +3® + 2> < 12 and 2?2+ 4+ (z-4)>2 <4
(It would be helpful to draw a picture of this region.) We’ll take advantage of the symmetry
by converting to cylindrical coordinates.
The top bounda.ry is given by the equation z2 + y2 + 22 = 12; in cylindrical coordinates, this
isr?4+22=12,ie z=+12 —r2.
The bottom boundary is 224y +(z—4)? = 4; in cylindrical coordinates, this is 1>~ (z—4)2 = 4.
Since z < 4 in this region, z = 4 — /4 — 2,
The 11ng which defines the outer edge is given by the intersection of the two spheres, 2 +2% = 12

and r?+ (2 —4)% = 4. Subtracting these two equations gives 22 — (z —4)2? = 8 which is :mehﬁed
to 82 — 16 = 8, so that 2 = 3. Then 72 + 9 = 12 and hence, r = /3.

Hence, the volume of intersection is

27 Vi2=r2
Vg = 1dV = / / / 1rdzdrdf
R = ff iy rdzdr
=27T/ (\/12—T2—4+\/4—7‘2>rdr
0

We make the substitution u = r2, so that du = 2rdr and
3

VR:ﬂ'/ (\/12—u—4+\/4—u) du
0

2 2 8
=1 [——(12 —_ u)3/2 — 4y — 5(4 = ’U,)3/2jl
0

= (-5 -12-Zapr+ 2aop 4 Japr)
= ( —12——+ (22 )3/2+?)

( -?? 16\/—)
o ( 19+12\/_)

The total volume of the snowman is equal to the sum of the volumes of the two balls, minus
their intersection.

V= gw(\/ﬁf + %W(\/ZI)3 Vg
= §W(123/2 +8+19 - 12v3)

- gﬂ(8~3\/§+8+19—12\/§)

- §W(27+ 12/3)

= 47 (9 + 4V/3)

10




(b) We
1.

i

ii.

iii.

can also calculate the volume of the snowman as a sum of the following triple integrals:

= 2w 2
/ / / p?sin(¢) dp dé de
0 0 0
27 V3 4-
/ / / Y r dz dr d8
0 0 3r

/: /Ozn /02\/§ P sin() dp df di

. The region of integration in (1) is a part of the snowman’s head.
It is the solid enclosed by the sphere defined by the equation 2 + % + (2 — 4)% = 4 and
the cone defined by the equation z? + y? = 3(4 — 2)2.

The region of integration in (2) is a part of the snowman’s body and head.
It is the solid enclosed by the cone defined by the equation z? + 2 = 3(4 — 2)2 and the
cone defined by the equation z? + y? = 122,

The region of integration in (3) is a part of the snowman’s body.
It is the solid enclosed by the sphere defined by the equation z2 + y2 + 22 = 12 and the
cone defined by the equation 2% + g2 = %zz.
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