
Math 200 - December 2011

Final Exam Solutions

1. Consider the function l@,y): s-t2+4v2.

(a) Draw a "contour map" of /, showing all types of level curves that occur.
(b) Find the equation of the tangent plane to the graph z: f (r,y) at the point where (r,y): (2,1).
(c) Find the tangent plane approximation to the value of /(1.99,1.01) using the tangent plane from

part (b).

Solution:
(a) Level curves for / are of the

since an exponential cannot
hyperbolas with vertices on
12 :4y2 + lyl: ]lrl, i.e.
at the origin.

form /(r, U) - e-"'+4s2 : Ct where C is a positive constant,
be negative. That is, -nz +4A, : lnC. For C * l, these are
theg-axis if C > l andonther-axis if.C <1. If.C:1,
y : *ir. These a,re two straight lines with slopes *] crossing

(b) Let F(*,A,2\: f lr,il - z. Then the graph of / is the level surface F(*,A,a) : 0. Since
f (2,7) - e-z'++(r)' : 1, we want to find the tangent plane at the point (2, 1,1). This is given
by the equation

VF(2,1,1).(z -2,A*t,z-1):9. (1)

We must compute the gradient,

Y F (r, u, z) : (HO, u), ff@,r), - 
r)

: (-2re-" +4Y', Bae-* *no', -l)

v F(2,1, 1) : (-4u-r'*n,ge-2'*4,-1) : (-4, g, -1) .

Hence,



Plugging this into (1),

(-4,8, -1). (, _ 2,A _ t,z _ t) : g
--+ _!(a _ 2) +8(y_ 1) _ (z _1) : 0q {s-8y+z:l

(c) Plugging in the point into the tangent prane and sorving for z, where z: f (r,y):
f(1.99,1.01) = 1 -4(1.99 - 2) +8(1.01 _ 1) : 1 +0.04+0.08 : 1.12.

2' Suppose z: f (x,y)-has continuous second-order partiar derivatives, and u - rcosr, a : rsint.Expressthe following partial derivatives iil; of r,t,;J;ril;iivatives of /.(") *
@gi

.).

Solution: Since z : f (r(r,t),A(r,t)): f (rcosf,rsint),
(u)

Note that since / has continuous partial second derivatives, we can say #*: #*.

X : H# . HX : -ff, "int + ff, "o,t,
by the chain rule.

t" 
3 Tlf?:J:,T*:1T#*::?:'I' derivative or the expression we round ror ff in pa"rt

;*:1.,,,.,,1:i*H[.{}?",:ilffi J:,TT#r ,ff ";iliff ,ffi tr,#:,*",:H,#;*:f..f :*
022 /02f0r A2f A,,\ 6^# : t*f 

. ffiX)rsinr- ffrcost + (#X. #H),"o,t - ffrsint: - l-#rsinr * ffi, *,)rsinr _ 
ff, "o,t

: C#*rsint * #' *"r)rcosr - ff,sint: 
#*,'1"' 

-'ffi*cos rsinr-f 
ff--"*,, - ff, "o"t - ffr sint

: 
;;fr,,sin2 , - ffi*sin(2r) * #*cos2 , _ ff, "o,t 

_ 
ffi *^,

A bee is flying alone the curve of intersection of the surfaces 3z * a2 + a2: 2 and z : tr2_ gr2 in thedirection for which 'J is increasi"g :ai'i*" t:2,the bee il; through the point (1,1,0) at speed 6.(a) Find the velocity (vector) of the bee at time t :2.



(b) ThetemperatureTatposition(r,A,z) attimetisgivenby?: ry*3r*2gt*2. Findtherate
of change of the temperature experienced by the bee at time f : 2.

Solution:
(a) Since the bee is flying along the curve of intersection of these two surfaces, his velocity vector

must be orthogonal to both of their normal vectors, which we compute as follows. Note that

Y (32 + 12 + oz) : (2r,2y,3).

Hence, at the point (1,1,0), the vector fi,1: (2(t),2(1),3) : (2,2,3) is normal to the surface
3z * 12 * A2 :2. Similarly,

Y (*' - U2 - z) : (2x, -2A, -7),
so the vector fi,z: (2(1),-2(1), -1) : (2,-2,-1) is normal to the surface z : fr2 - y2 at the
point (1, 1,0).

The cross product

fi1x fr,2 - (2,2,3) x (2, -2,-l)
: (2(-1) - (-2)(3),3(2) - (-1x2), 2(-2) - 2(2))
: (4,9, _g)

is orthogonal to both normal vectors, fi1 and d2. Since we are told that the bee's z-coordinate
is increasing, we can conclude that he is moving in the direction of -d1 xfrz - (-4,-8,8),
which is parallel to (-1, -2,2), which has length ,tr+T+Z:3. Let fi. be the corresponding
unit vectorl that is,

^ ( _].:2,2)- - 
1,_-, _o ,,n : pt, -261: 5(-r' -zt z)'

The magnitude of the bee's velocity is his speed, which is equal to 6 (as given in the problem).
Hence, the velocity vector is

6 : 6fi.: O]{-r, -2,2) : (-2, -4,4).

(b) Let T(t,r,A, z) : ry - 3r * 2yt * z.

We consider the bee's temperature as a function of time,

f (t) : T (t, r(t) , v(t) , z(t)) ,

where (z(t), y(t),2(t)) represents the position of the bee as a function of time. Our goal is to
compute f'(2). By the chain rule,

!tt+\_AT ,)Tdr ,)TdY ,)TdzJ \b)- at- a" dt- oa dt- a, dt

:2a * {u - tlff+ (r * ,t)H * #
At , : 2, we know that the position of the bee is (r, y, z) : (1,1,0) and in part (a), we found

-the 
velocity vector to be u- : (#, H, #) : (-2, -4,4). Hence,

f'(z) :2(1) + (1 - 3)(-2) + (1 + 2(2))(-4) * 4 : 2 + 4 - 20* 4 : -10
is the rate of change in temperature the bee experiences aL t :2.



4. Find the radius of the largest sphere centred at the origin that can be inscribed. i::-.:ce itha-t is, enclosed
inside) the ellipsoid

2(n + 7)2 + y' + 2(z - t)2 : g.

Solution: The radius of the largest sphere centred at the origin that can be inscribed imide the
given ellipsoid is equal to the minimum distance of all points on the ellipsoid from the origin. lVe
then look for the minimum value of the d.istance squared,

f (r,A, z) : u2 + Y2 + 22,

subject to the constraint that (r, g,z)lies on the ellipsoid; that is,

g(n,y, z) : 2(r + 1)2 + uz + 2(z - 1)2 : 8.

We use the method of Lagrange multipliers and look for solutions r,y,z and.,\ to the equations

Irf @,a,2): \Vs(r,y,z)

lo@'a' z) :8'
Since V/(r, a,z): (2:,2a.,22) and.Vg(*,y,2): (4(x*L),2y,4(z- 1)), V/(r,U,z): \yg(r,y,z)
is equivalent to the following system,

Adding the third equation to the first, we have

2(t I z): 4)'(r + z)

==+ (r * z) : D.(r + z)
:+ (2.\ - 1)(" * z) : g.

Either2^-7:0or fr+z:0.
consider first the case where 2^- L:0, that is, ,\: lf2. From the first equation,

'=^{:r.}*,,

a contradiction. we must conclude that 2^-l l 0 and therefore, r* z:0.
Plugging z : -n into the constraint,

2(r*1)2 +az +2(z-t)2:g
a )(s + 1)2 + y2 +2(_x _ 1)2 :8
a /,(s+1)2+y2:B (B)

Now, from the second equation in (2),

2A :2)y ===+ (^ - 1)y : 0

(2)

(Z*: A(r+1)
12a:zxv
l2z: a\Q - t)



and we must conclude that either y : 0 or ) : 1.

If g : g, (3) says

4(r+l)2-8:+ (r+t)2-Z + r*1:+t/i + r:+.tf2-1.

The z-coordinate is then given by
z:-fr:l-(+t/r).

We find that (c, U,z): (rt- 1,0,1- rt) ana (*,A,r): (-\f2- 1,0, t+rt) are both critical
points.

Finally, we must also consider the case A : 1. Flom the first equation in (2),

2r : 4(r + 1) ---+ r :2(r + 1) ---+ r : -2.
of course, z : -{f,: 2, and the y-coordinate can be obtained from the constraint,

2(-2 + t)' + y, + 2(2 - 1)2 : 8

+ 2+y2 +2:g
_ ^,2 =4
-g-1 y: {).

'We've found two more critical points, (-2,2,2) and (-2,-2,2).
We should also check for points where Yg(x,A, z) : (4(r * l),2y,AQ - \): 0. There is only one,
namely(-1,0,1). However,sinceg(-1,0,1):2(-f +1)2+02+2(l-1)r:0,thispointdoesnot
lie on the ellipsoid.

Comparing values of f at each of the critical points, we have

f (-2, t2,2) : (-D2 + (rD2 * 22 : L2,

f(rt- 1,0,1- {i):2(rt-D2
and

fCrt- 1, o, t + \/, : z(t + t/i)z

The smallest of all these is 2(r/, - 1)2. Therefore, the largest sphere centred upon the origin that
can be inscribed within the ellipsoid has radius \/r(r/, - 1) : 2 - rt.

5. (a) Consider the iterated integral

i. Draw the region of integration.
ii. Evaluate the integral.

(b) Evaluate the double integral

f f cos(rz) dr dy
J-+Jtr-o

{JuJaTF aa
D

over the region D: {(r,A)lr, +y2 <Z and 0 < A < r).



Solution:
(a) Let

, : fo [' cos(zs) d,x d,y.
J -4 J !/=i

i. Draw the region of integration.

u. Upon first glance, it seems impossible to find an antiderivative for cos(rs) (with respect
to r) in order to evaluate the inner integral. When faced this type of situation, our hrst
course ofaction is to reverse the order ofintegration; with some lutk, the resulting integral
will be easier to evaluate' Looking at the picture, the domain of integration can also be
expressed as

{(",y) : -r2 < A I 0,0 S r < 2}.
Hence,

, : [' fo cos(r3) dy dr
Jo J -,,

t2
: I cos(rs)glo_,, d,r

Jo

: [' "or1*")r2 
d,r

JO

lndeed, this integral is easy to evaluate using the substitution LL:fi}. Since du :gr2d,r,
^3a ^zI:: I cos(u)du

3Jo

L '23: i sin(u)lo

L,.: j(sin(23) - sin0)

1: .t sin(23).



(b) Let

r : JI ut/xz4 oo
where D : {(*,a)lx2 + y2 < zand o ( i 

= 
nThis can be done using Carteriu, .oorairrugood idea) .ho*, tiut rhe_region , ,;;;'::;-*"ff::,,11::?i " picture (which is arwavs astrongtv suggests that we .h;i;-;; por*""oorai".r"r. irr" r"-:::rfi:r"r-j::r:T.##

D : {(r,0)10 < r S 2, 0 < 0 < r/a}
Using y : rsin 0, 12 * U2 : 12 and. d,A: rd,rd.we get that the integral is

J:firsinhr(r)d,rd,0
D

: ["/n f: 
Jo / rssin 0 d,rdT

- [n/n ^ra 12: Jo "'nuTloot

:f"/n,ine(*_l*
: n(- 

"""e6/)
- 4(- cos(tr / 4) * cos 0)

:^(-**,) : 4-2\/i

6'LetBbethetriansr1111t-hv,ertices(o,2),(1,0),and(2,0).Leton*,.
v-coordinate of the cenrre of mass 

"f-8.'y", do noi ilo ;;t*;.densirv 
p(r,v): y2. Find y, the

Solution: The y_coordinate of the centre 
";;;;;0"* O,

s:#ffvo@,fiaa,
R

where M is the total mass,

We sketch the domain rB as follows:



We see that

Then

n : {{,,,l+ 1 r 1 2 - a, o s u <z} .

* : il p@,y)d,A: 
I,' l;" y2 d,rdy: l,' r,l'_l'-,l,oo: 

lo' o,)t, - y)dy

: 
* lo' rrr' - y\ aa : *l1r - lrl',: *li.* - i.l: + -, : T : ;

and

o: fi Jluo{*,s)aA:* /,' l;'f d,rdy:ll,'r,, 
,o or:Xlo't r, _an)ay

3 lan yu1' B /24 z5\ /:;LT - ?J. : il+ -+):, (, - ?) : ;

7. Evaluate the triple integral [!t r d,v, where -E is the region in the first octant bounded by the parabolic
cylinder U : r2and the pf#, A * z - 7, tr :0, and z : 0.

Solution: We can express the domain in the following form:

E : {(r,y,")10 <. z 1l - A, 12 1y --1,0 < r < 1}



The triple integral can then be rewritten as an iterated integral,

I$ . ou : 
Io' l_'" fo'-n 

* o, d,y d,r : 
lo' I,',r(7 - y) d,y d,r

: l,' * (, -*r)loo:=',*, *: 
fo' 

,(r - ; - rz +**) o.

: 
I,' (*"- rs + *o) o" : llo - )"^. #,,],

1

12

8. The body of a snowman is formed by the snowballs *2 + A, * z2 :12 (this is its body) and. 12 + y2 +(, - 4)2:4 (this is its head).

(a) Find the volume of the snowman by subtracting the intersection of the two snowballs from the sum
of the volumes of the snowballs. [Recall that the volume of a sphere of rad.ius r is f r3.]
We'll use spherical coordinates to compute the volume of the intersection.

(b) We can also calculate the volume of the snowman as a sum of the following triple integrals:
1.

p2 sin(g) dp d0 d,Sl,* l,* I'

l; l,* l,'*

2.

3.

I* l,* l;* r ctz d,'r d,o

p2 sin(g) dp d,0 rld

Circle the right answer from the underlined choices and fill in the blanks in the following descriptions
of the region of integration for each integral. [Note: We have translated the axes in Jrder to write
down some of the integrals above. The equations you specify should be those before thetranslation
is performed.]

i. The region of integration in (1) is a part of the snowman's body / head / body and head.It is the solid enclosed by the sphere / cone defined bv the ffin
and the sphere / cone defined tty ttle eqfiIlon .

ii.Theregionofintegrationin(2)isapartofthesnowmun,,bo@
Itisthesolidenclosedbythe'p!q91coned.efinedbythffi

iii' The region of integration in (3) is a part of the snowman's body / head / body and head.Itisthesolidenclosedbythespherefconedefinedbytheffi
and the splrere f cone defined byTEeGquatlon

T]*":: Jhe 
bodv of a snowman is formed. by the snowbatls 12 + y2 * z2 :12 (this is its body)

alad rz * a' + (, - D' : 4 (this is its head).



(a) The intersection of the two snowballs is the region .R defined b1'

R: {(*,y,2)lr2 +y2 + z2 <L2 and,12 +a, + (z -i,: < lj
(It would be helpful to draw a picture of this region.) We'll take ad\zn:,-ge :: :he svmmetry
by converting to cylindrical coord.inates.

The top boundary is given lylbhe equation *, +A2 * z2 :12; in cylin<Lical c,:,o:rtinates, this
is 12 + z2 :12, i.e. z: ./n=F.
The bottom boundary is 12 +A2 +(z-4Y_=4; in cylindrical coordinates. thi-s is r: - i,: - J)2 : 4.
Since z ( 4 in this region, z : 4 - \/T;7.
The ring which defines the outer edge is given by the intersection of the two spheres. 12 - z2 : 12
and 12+ ("-4': 4. Subtracting thesc two equations gives z2 -(r-4)': 8 *,hich is simplified
to 8z - 16:8, so that z:8. Then 12 +g: 12 and hence, , :15. '

Hence, the volume of intersection is

,*: 
JJJ 

t d,v : f" [* t*:Lr d,z dr d,o
R Jo Jo J+_.G:;,

rJ\ ,:r" Jn (t/rz-r, -a+ 1/a-rz)ra,

We make the substitution u: 12, so that d,u:2rd,r and.

vR: n lr' t'tu=a - 4+ \/4-a) du

: 
" l-2goz - 

u)s/z - 4u - 3e -,ar,r)',

: 
" (-3,r,2/2 - t2 -l{r1r,, +z"tr:a,r, +zuoV,)

:,, (-m - t2 -'r*'1t r. B)r/, * f)
:"(-T+16/5)

:T(-rr+12lB)
The total volume of the snowman is equal to the sum of the volumes of the two balls, minus
their intersection' 

v - !*t /n), + !r*{r/a), - v*

:!ngz3/2+8+19 -12\/5)
4: jzr(8 . zrt +8 + 19 - t2\/s)
4: 
;r(22 + t2\/5)

: 4n(9 + 4\/3)

i0



/
(b) We can also calculate the volume of the snowman as a sum of the following triple integrals:

1.

p2 sin(g) dp d,0 d,S

rdzdrd0

p2 sin(S) dp d0 dd

The region of integration in (1) is a part of the snowman,s head,.
It is the solid enclosed by the sphere defined by the equation 12 +A2 +(z- 4)2:4 and
the cone defined by the equation 12 +A2 :B(4- z)2

ii. The region of integration in (2) is a part of the snowm an's bod,y and, head,.

It is the solid enclosed by the cone d,eflned, by the "qrutio,r-iulzllf4 - z)2 and the
cone defined by the equation 12 +y2 : iz2

iii. The region of integration in (3) is a part of the snowman,s bod,y.

2.

3.

l,* l,* l,'

l,* I,* l;."

l; I,* l,'*

It is the solid enclosed by the sphere defined by the equation *, + A2 * z2 :12 and the
cone defined by the equation n2 +A2 : irr.
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