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Instructions:

(a) You have 80 minutes to complete this exam.
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(d) All work to be considered for grading should be written in the space provided. The

reverse side of pages is for scrap work. If you find that you need extra space in order to
answer a particular question, you should continue on the reverse side of the page and
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Student # MAT 1302D Second Midterm Exam – Solutions

1. [5 points] Calculate the determinant of the matrix A =









1 0 4 −2
2 5 −3 0
3 0 −1 2
1 1 1 −1









.

Solution: Since the second column contains two zeros, it is easier to use the cofactor ex-
pansion down the second column.
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∣
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∣

∣
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∣
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∣

∣
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∣
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∣
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∣

∣

∣

∣

4 −2
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∣

= 1(1− 2)− 3(−4 + 2) + 1(8− 2) = −1 + 6 + 6 = 11
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∣

∣

∣

∣

∣

1 4 −2
2 −3 0
3 −1 2

∣

∣

∣
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∣
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∣

∣

∣
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∣

∣

∣

∣

4 −2
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∣

∣

∣

∣

+ 3

∣

∣

∣

∣

4 −2
−3 0

∣

∣

∣

∣

= 1(−6)− 2(8− 2) + 3(−6) = −6 − 12− 18 = −36
∣

∣

∣

∣

∣

∣

∣

∣

1 0 4 −2
2 5 −3 0
3 0 −1 2
1 1 1 −1

∣

∣

∣

∣

∣

∣

∣

∣

= 5(11)− 36 = 55− 36 = 19
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2. [5 points] Is the matrix B =









1 −1 2 1
1 0 2 1
−1 1 1 −2
1 −1 2 2









invertible? If so, then find B−1.

Solution:









1 −1 2 1 1 0 0 0
1 0 2 1 0 1 0 0
−1 1 1 −2 0 0 1 0
1 −1 2 2 0 0 0 1









R2 → R2 −R1

R3 → R3 +R1

R4 → R4 −R1

−−−−−−−−−−−−→









1 −1 2 1 1 0 0 0
0 1 0 0 −1 1 0 0
0 0 3 −1 1 0 1 0
0 0 0 1 −1 0 0 1









R3 →
1

3
R3

−−−−−−−−→









1 −1 2 1 1 0 0 0
0 1 0 0 −1 1 0 0
0 0 1 −

1

3

1

3
0 1

3
0

0 0 0 1 −1 0 0 1









R1 → R1 − R4

R3 → R3 +
1

3
R4

−−−−−−−−−−−−−→









1 −1 2 0 2 0 0 −1
0 1 0 0 −1 1 0 0
0 0 1 0 0 0 1

3

1

3

0 0 0 1 −1 0 0 1









R1 → R1 − 2R3
−−−−−−−−−−−−→









1 −1 0 0 2 0 −
2

3
−

5

3

0 1 0 0 −1 1 0 0
0 0 1 0 0 0 1

3

1

3

0 0 0 1 −1 0 0 1









R1 → R1 +R2
−−−−−−−−−−−→









1 0 0 0 1 1 −
2

3
−

5

3

0 1 0 0 −1 1 0 0
0 0 1 0 0 0 1

3

1

3

0 0 0 1 −1 0 0 1









it follows that B is invertible and B−1 =









1 1 −
2

3
−

5

3

−1 1 0 0
0 0 1

3

1

3

−1 0 0 1








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3. (a) [1 point] Let A and B be 4 × 4 matrices. You don’t know what A and B are but you
know that detA = −2 and detB = 3. Calculate det(ATB−2ABT ).

Solution: We have detAT = detA = −2, detBT = detB = 3, and detB−1 =
1

detB
=

1

3
.

Therefore :

det(ATB−2ABT ) = detAT
· detB−1

· detB−1
· detA · detBT = (−2)(

1

3
)(
1

3
)(−2)(3) =

4

3

(b) [2 points] Let C and D be 5 × 5 matrices. You don’t know what C and D are, but you
know that

CTDC−1 =













−2 0 0 0 0
3 −1 0 0 0
1 0 4 0 0
2 −5 3 −1 0
1 3 0 −4 −2













.

Calculate detD.

Solution: We calculate the determinant of both sides. For the left hand side we have :

det(CT detD detC−1) = detCT
· detD · detC−1 = detC · detD · detC−1 = detD

For the right hand side, the matrix is upper triangular and hence its determinant is the
product of diagonal entries, which is 16.

Therefore detD = 16.

Page 4 of 8



Student # MAT 1302D Second Midterm Exam – Solutions

4. Let A =





1 −2 0 −1 3 −1
2 −4 1 0 5 3
−1 2 1 2 −2 4



.

(a) [3 points] Find a basis for ColA.

Solution: We row reduce the matrix to find its echelon form :





1 −2 0 −1 3 −1
2 −4 1 0 5 3
−1 2 1 2 −2 4





R2 → R2 − 2R1

R3 → R3 +R1

−−−−−−−−−−−−−→





1 −2 0 −1 3 −1
0 0 1 2 −1 5
0 0 1 1 1 3





R3 → R3 − R2
−−−−−−−−−−−→





1 −2 0 −1 3 −1
0 0 1 2 −1 5
0 0 0 −1 2 −2





Since the first, third and fourth columns are pivot columns, we find the following basis
for ColA :











1
2
−1



 ,





0
1
1



 ,





−1
0
2











(b) [1 point] Determine the rank of A.

Solution: rankA = number of elements of a basis of ColA = 3.

(c) [1 point] Determine the nullity of A. (Recall that the nullity of A is dimNulA.)

Solution: By the Rank Theorem,

dimNulA = number of columns of A− rankA = 6− 3 = 3.
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5. Determine which of the following sets are subspaces of Rn for the given n. In each case, you
should justify your answer.

(a) [1 point] H =











x

−2x
x





∣

∣

∣

∣

∣

x > 0







, for n = 3.

Solution: Not a subspace. For example ,

a =





1
−2
1



 is in H but (−1)a =





−1
2
−1



 is not in H .

(b) [1 point] H =











x− y

2x− y

−2y





∣

∣

∣

∣

∣

x, y are arbitrary scalars







, for n = 3.

Solution: It is a subspace. Indeed we have





x− y

2x− y

−2y



 = x





1
2
0



+ y





−1
−1
−2





and since x and y are arbitrary, H is equal to Span











1
2
0



 ,





−1
−1
−2











(Geometrically, H is a plane in R
3 which passes through the origin.)

(c) [1 point] H =























x− 2y + 3
−x+ 2y + 3z

−1
−z + y









∣

∣

∣

∣

∣

x, y, z are arbitrary scalars















, for n = 4.

Solution: Not a subspace, because clearly the vector









0
0
0
0









is not in H .
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6. An economy has two sectors: Manufacturing and Service. In order to produce one unit of
output, Manufacturing requires .4 units from its own sector and .5 units from Service. On the
other hand, Service requires .2 units from its own sector and .6 units from Manufacturing to
produce one unit of output.

(a) [1 point] Write down the consumption matrix C for this economy.

Solution:

If Manufacturing is the first sector and Service is the second sector, then C =

[

.4 .6

.5 .2

]

(b) [1 point] Determine the intermediate demands if Service decides to produce 40 units
and Manufacturing decides to produce 50 units.

Solution:
The intermediate demand will be

40

[

.6

.2

]

+ 50

[

.4

.5

]

=

[

44
33

]

which means 44 units from Manufacturing and 33 units from Service.

(c) [2 points] Determine the production levels required to meet a final demand of 27 units
from Manufacturing and 90 units from Service.

Solution: We should solve the Leontief equation (I − C)x =

[

27
90

]

. We have

I− C =

[

.6 −.6
−.5 .8

]

=⇒ (I− C)−1 =
1

.18

[

.8 .6

.5 .6

]

=

[

80

18

60

18

50

18

60

18

]

=⇒ x = (I− C)−1

[

27
90

]

=

[

80

18

60

18

50

18

60

18

]

[

27
90

]

=

[

120 + 300
75 + 300

]

=

[

420
375

]
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7. Let A =









1 −2 2 0 −5
1 −2 2 2 −7
−2 4 −4 0 10
1 −2 2 1 −6









(a) [4 points] Find a basis for NulA.

Solution:









1 −2 2 0 −5 0
1 −2 2 2 −7 0
−2 4 −4 0 10 0
1 −2 2 1 −6 0









R2 → R2 −R1

R3 → R3 + 2R1

R4 → R4 −R1

−−−−−−−−−−−−−→









1 −2 2 0 −5 0
0 0 0 2 −2 0
0 0 0 0 0 0
0 0 0 1 −1 0









R2 →
1

2
R2

−−−−−−−−→









1 −2 2 0 −5 0
0 0 0 1 −1 0
0 0 0 0 0 0
0 0 0 1 −1 0









R4 → R4 − R2
−−−−−−−−−−−→









1 −2 2 0 −5 0
0 0 0 1 −1 0
0 0 0 0 0 0
0 0 0 0 0 0









x1, x4 : basic
x2, x3, x5 : free

=⇒

{

x1 = 2x2 − 2x3 + 5x5

x4 = x5

=⇒













x1

x2

x3

x4

x5













=













2x2 − 2x3 + 5x5

x2

x3

x5

x5













= x2













2
1
0
0
0













+ x3













−2
0
1
0
0













+ x5













5
0
0
1
1













And we find the following basis for NulA :


































2
1
0
0
0













,













−2
0
1
0
0













,













5
0
0
1
1



































(b) [1 point] Determine the rank of A.

Solution: By the Rank Theorem,

rankA = number of columns of A − dimNulA = 5− 3 = 2
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