MATH 3705 Final Examination
April 2004
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(e) None of the above.
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(e) None of the above.
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3. LN —— 1 =
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e) None of the above.
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4. LT ——— 1 =
{s2+23+10}

(a) e *cos(3t)
(b) e 'sin(3t)

(c) e 'cos(3t) — e *sin(3t)
(d) e *[cos(3t) — %sin(i%t)]

(e) None of the above.

5. The general solution of the differential equation 2x2%y” — 5zy’ + 3y = 0, valid for z # 0, is
given by

(a) eilzl®+cola|?

(b) |x|*[er + coln |z|]

1 1
(c) |zf? [cl cos (§In|xl> + co8in (5111 ]a:|)}

(d) 01]1’|% + colz In |z
(e) None of the above.

6. The general solution of the differential equation x?y” + 22y’ + iy = 0, valid for z # 0, is given

by

(a) |z|™ [01 Cos <§ln|x|> + ¢y sin (?ln@])]

(b) erla| ™ + cala] 7
(c) clz| ™2 + cola| 2
() |23 (c1 + cxnz])

(e) None of the above.



7. The general solution of the differential equation z%y” + xy’ + (72? — 4)y = 0, valid for z > 0,
is given by

(a) Cljg(\/?l’) + CQJ_Q(ﬁx)
(b) Cljﬁ(QiL') + CQJ_\/?(2£L’)
(¢) ab(VTx) + Yo (VT x)

(d) eaid 7(22) + Y #(22)

(e) None of the above.

8. Let f(z) = { ;: (1) i i ; ; } on [0,2]. At x =79, the Fourier sine series of f converges to
(a) 2
(b) 3
(c) 0
(d) -3

(e) None of the above.

9. The differential equation y” — 2y’ + zy + Ay = 0, when placed in the Sturm-Liouville form
(py') — qy + Ary = 0, has the weight function r(z) =

a) —re

b) ze %
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(c) e
(
(

®

d) z

e) None of the above.



10. Given the Bessel identity 2-L [27J,(az)] = 2" J,_1(az), v >0, a # 0, f03 ztJ;(2z) dx =

(a) 3[81J2(6) — 27J5(6)]
(b) 81J5(6) — 27.J5(6)
(¢) 27J5(6) — 81J5(6)
(d) %7x(6)
(e) None of the above.
11. Fle Zo-letsly =

(a) ﬁ

9 —3i(A-2)
(b) 14+ A2
26731'()\72)
©) T —oe
1+(A—2)
26731')\
(d) —F~ 5w
1+ ()\ + 2)

(e) None of the above.

12. F{ze 3} =

(&) L
(b) %Aef%
(©) e

(d) %)\6”2

(e) None of the above.
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13 Fl{——— b=
{ 1+ (A + 3)2}
(a) 163ix—|x—2|

1 ..
(b) 5637,(:16—2)—\:Ac|

1 3i(z+2)—|z+2|
(c) 5e
1

(d) 5631'(:&72)7\1572|
(e) None of the above.

14. F e M} =

(a) 21z

a —
(1 + x2)?
—2iz

(1 + z2)?

T

(1 + 22?)

T

(1 + 22?)

(e) None of the above.



15.

16.

17.

18.

19.

20.

Employ the Laplace transform to solve the initial-value problem
y' =4y + 13y =6(t - 3), y(0) =1, ¥'(0) =5.

Find one (non-zero) series solution y; of the differential equation zy” + 2xy’ + 2y = 0, valid
for x > 0 near xq = 0. Express the solution as an elementary function.

<
Find the Fourier cosine series of f(z) = { g’ (1) - i 2 ; } on [0, 2].

The solution of the heat equation wu,, = %ut, 0 < x < L, which satisfies the boundary
conditions u,(0,t) = u,(L,t) = 0, has the form

2,22

u(z,t) = ?O + Z Qy, COS (%) e 12 .
n=1

Find the solution of u,, = %ut, 0 < x < m, which satisfies the boundary conditions
u.(0,t) = uy(m,t) = 0 and the initial condition u(x,0) = 3 cos(2z) — 2 cos(5z). Write down
the complete solution u(z,t).

The solution of Laplace’s equation u,, + %ur + T%u@(; = 0 inside the circle r = a has the form

e}

+ Z " [ay, cos(nd) + by, sin(nd)].
Find the solution of Laplace’s equation inside the circle r = 2, which satisfies the boundary
condition u(2,0) = 2 + sin(260) — cos(d). Write down the complete solution u(r, ).

Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem
y"+ Ay =0, y(0) =0, (1) =0.



Table of Laplace Transforms

F(s) = £Lf(1)} = /0 T F®etdt, 5> 0

IF'(p+1)
gptl
a
52 + a2
s
s2 + a?

L{ef(t)} =F(s—a), s>a

|
L{t'} = p>—1, and L{t"} = % if n > 0 is an integer

L{sin(at)} =

L{cos(at)} =

L{u(t —a)f(t—a)} =e *F(s), s>a>0

LU @) = s"L{F )} = 5" F(0) = 5" f/(0) = -+ = s (0) = f070(0), n >0

n 4"
ds™

L{t"f(1)} = (~1)"F"(s) = (-1)

L{@} _ /:OF(J;)d:E
c {/Otf(:n) d:c} _ éF(s)

L{f@t) xg()} =L {/O ft —x)g(x) dﬂf} = F(5)G(s), where G(s) = L{g(1)}

L{O0(t—a)} =€ a>0

F(s), n>0

1 w
L{f(t)} = [y /0 e *' f(t) dt whenever f is periodic with period w




Summary of Fourier Series

1. The Fourier sine series of a function f defined on [0, L] is given by

Zb sm(mm /f sm )d:L’ n>1.

2. The Fourier cosine series of a function f defined on [0, L] is given by
%—l—;ancos(?) / f(z cos )da: n > 0.

3. The full Fourier series of a function f defined on [—L, L] is given by

% + i [ancos (?) + b, sin (%)] ,
/f cos )d:L’ n >0, /f sm )dZL’ n > 1.

4. The full Fourier series of a function f defined on [0,2L] is given by

+Zl [ancos< )+b sin (nza:ﬂ?
/ f(z cos )d:L’ n >0, / f(z sm )dx n > 1.

5. The Fourier series of an w-periodic function f on R = (—o00, 00) is given by

> > 2nmx 2nmx
+ a,, COS + b, sin :—0+ lancos( ) +bnsin< )] ,
215 s () s (55)] - 345 :
2L ) 2
a, = %/0 f(z)cos (%) dx = %/0 f(z) cos ( n:}rx) dx
a+w
— %/ f(z) cos <27Zm> dr, n >0,
2L w 2
b, = % i f(z)sin (?) dr = %/o f(z)sin < 717;3;) dz
a+w
— %/ f(z)sin (2sz) de, n>1,

where L = % and « is any real number.




Table of Fourier Transforms
F{f(z / f(z e dx
—1 —i\T
FHFO)) = 2W/ F() e dx

Flu(x —a) —u(zx —b)} = % (e — e a<b

2
14 A2

F{6(x —a)} =™

Flell} =

Fle f(z)} = f(A +a)
F{f(x —a)} =™ f(N)
F{f'(x)} = —iAf(N)

df

Flaf(e)} = —ig

Fftan) = o7 (3) a0

Fle ) = %e’i_t, t>0

fﬂfnmw}zf{/mfwmu—@w}=fumuxmeauw=f@@»



