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Your answers must be stated in a clear and logical form in order to
receive full marks. Heference any thecrems or rules used by their
name, or the appropriate acronym.

Note:
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above, indicating your instructor's
name by a checkmark in the appro- 1 g
priate box. ce
' s .
2. Place your initials and Id No. at the . = 10
top right corner of each page. 3 12
3. Tear off the blank last page of the
test to use for rough work. 4 15
4. Any 40 marks worth of questions Total 0+5
constitutes a complete test. Excess -

merks will be treated as bonus.
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L. Use graphical operations to sketch a qualitative graph of each function. Explain clearly how you
obtain your graph, and indicate asympiotes and intercepts, if they occur.

[4] E!.) yp=2—-e7F

Alqj
_;K
l4] b} y = }-t T
. y=jtan{z -9
\4
-—‘vz : '“-/z i +K.
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[2] 2. &) {i) Statethe condition on a function f which guarantees thet it has an inverse on an interval
T of the real numbers.

(ii) Explain how you know from its graph that the function f(z) = 1 + z° satisfies the
conditjon in (i) for all z € R.

5] b) If f(z) =1+ ° find f~(z) and sketch ¢ = f~!{z) and y = f(z) on the given axes.

-1 5

L5 ()= (e -1)]

(3 ¢) The graph below is the graph of the reupraca.l of a function of the form az® -+ bz?,

Find a and b.
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[7] 3. a) (i) Sketch the graphs of y =|sin2z | and the graph of y =Inz + 1 on the given axes.

£

¥
x

ot -

(ii) Use your graph in (i} to find a value of a such that the interval [0, o] contains the single
real = satisfying |sin2z| = lnz + 1.

Lo, )

(3] b} The radioactive isotope Carbon-14, which is present in all living things, is often used to
detect the age of archeological artifacts, e.g., charcoal from an ancient campfire, Assuming
the wood was burned at ¢ = 0, the smount C'(f) of Carbon-14 undergoes exponential decay

C(t) = C(]E“kt,

where Cjy is the amount present at t = 0, (i.e., in the living tree) and & > 0 is determined
by the half-life T3,

(i) Explain the mesning of half-life T}, and show that & = 1’%?-.
h

(it) If & charcoal sample has 10 % of the amount of Carbon-14 i.n living wood, and T}, = 5730
years for Carbon-14, determine the age of the sample.

Lt 219,035 @)
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4. Label each statement ss TRUE or FALSE in the blank provided. {Use the space between questions
to justify for your answer. (Guesses will not be graded.)

{2} a) If flz) =T — 1 and g{z) = 27, then the domain of (go f){z) s R.

[ Fabao]
, 1
3 by ——__  The function f{z}= pry has range (0,1).
) us
2 c) The inequality {2z — 3} < 7 has solution -1 < 2 < 5. Y‘ T 3
(Fedaed
3] d) ———  The equation {¢%)? = 2 4 ¢ has two real solutions.
LFatnel
i ) The expression ln(e® - e*/*) ~ log,(4°) hes value % for any z > 0.

CTeusd

3] f) —— If f is an even function then f(| z |} = f(z) for any z in the domain of f.

Ltrax)



Faculty of Mathematics
University of Waterloo

Math 137
Term Test 2 - Fall Term 2005

T :

Time: 700- 830 pm. oo s ™ Dater October 24, 2005.

AIDS: ‘PINK TIE' CALCULATORS ONLY

Fomily Name: Initials: _

1.D. Number: Signature:

Check the box next to your section:

M Section 01 €. B. Chua 1i:30 a.m.

O Section 02 D. McKinnon 12:30 p.m.
3 Section 03 A. Nayak 1:30 p.m.

3 Section04 X Lin  2:30pm.

3 Section05 C. Small 1:30 p.m.

3 Section 068 R, Khandekar 9:30 a.m.
0 Section 07 B. Marshman 10:30 a.m.
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constitutes a complete test. Excess
marks will be treated as bonus.
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(5] 1.

a) Use graphical operations to sketch a graph of y = [2arctan(r — 1)|. Explain clearly how you
obtain your graph, and indicate asymptotes and intercepts if they oceur.

4y

b) Based on the graph below and known properties of the functions sec and arcsin, decide

whether
i 3

[
|
]
I

—

Y

1Y,

P

(i) y; = secz snd y, = arcsin (gr),
OR

{ii} ¥z = arcsinz and g, = sec (g—z)

a
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a) Evaluate each limit, or show that it does not exist. Indicate limit rules used (e.g., Limit
Sumn Raule (LSR), Limit Product Rule (LPR), etc.)

.. Z2~8z-4
(i) lim —————

6] 2.

vy 1. LADT
) iy =3

(6] b) Find the domain D(f) for each of the following functions, and then determine whether f
is continuous at each point of D(f). Indicate any theorems or rules used (e.g. Squecze
Theorem, Continuity Sum Rule (CSR), Continuity Composite Rule (CCR), etc.)

(i) f(z} =Mn(4 - 2%

[51

L-ol

L (-2.)

. .ol
(i) f(z) = ! z? sm(;) for z#0
0 for z=0
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[4] 3. a) (i) Find f/(2) for the function f(z) = z¥%¢" —ey/zat z = 1.

[4]

4]

{ii} Find the equation of the tangent line to y = f(z) at =1 for f as in (i).

[Bs -l-:—e (’X-—Ol.

b) Use the definition of f’(a)} to show whether f/(0) exists or not for the function f{z) = =z|z|.

¢} At right is a graph of the altitude s(t} of
8 hot air balloon during a flight. Sketch
a greph of its vertical velocity v = g% on
the given axes. Describe what is happen-
ing physically to the balloon's altitude and
velocity at the times ¢, and t;.

S

fexis Jrs')
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[10] 4. In each of the following, circle the correct answer. (No justification is required.)

2 _
a) The functions f(z) = H and g(z) = £ + 3 are the same functions.

(i} True (i} False

[N

b) sec(arcsinz) is equal to

(M) % (i) 11_32 () VI=H.
ey Iff(w) =23+ —2, then f-}(0}isequalto i“ )]
() —% () -1 (i) 1.
]
d) Jm gvetan="-2) i equal to
G 1 (i) e3 (i) e 2.

e) (sinx) (sin2z) + (cos ) {cos2z) = cosz for all z.

(i) True (i) False

f) The function f(z) = aresin(z® — 1) is continuous at z = —~1.

) True () Pase
g} The function f{x) = { z+1 for z>1

32 for z<1

{i} has a jump discontinuity at z = 1, {ii) is continuous for all .

h} If l’-{% F(z) = 0, and g(z) is defined for all z near O (but not necessarily at z = 0), then
lim f{z)g(z) = 0.

(i) Always. (i) Sometimes. &i‘)‘l

i) For f(z) = ¥4, the domain of f'(z) is {z}z > 0} .
() True (i) False
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test to use for rough work. 4 7
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(14 1. &) For f(z) = 2" + In(cosz), find f/(0)

L1

b) Find the equation of the tangent line at the point (0, —1} to the curve defined implicitly by
Zy +3* = arctanz — 1.

¢) Evaluate each limit, Justify vour methad:

(i) lim

tang + 2% -
z—0 sin’ z

117

() lim (1+ Ly

te*]

d) Tf h{z) = arcsinz + /2% — 1, for {nfhat vahies of  does h'(z) exist?

{honell
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[9] 2. Consider the function f({z) = ir’+z—1.

a) Using a suitable theorem, show that f{¢) = 0 for some ¢ in [0, 1].

b) Use the method of bisection to estimate ¢ with an error of at most 0.25.

3l

¢) Find the linear {tangent line) spproximation Lo(z) for f(z) at x = 0 and hence estimate

£(011),

(~ -o0.%9]

d) Explain how you know that f has an inverse f~! on R. Using the Inverse Function Derivative
Theorem (INVDR) or any other method, find the slope of the tangent line to y = § ~l(z) at
r=—1

13
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MaTH 137

(10} 3. Consider the function f(z) = zv/2— zZ.

a) Siate the domain D of f.

b) Find all critical numbers {points) of f in D.

b
]
it
ey
L]

¢} Find the intervals on which f is increasing, and on which f is deereasing.

d) Find the intervals on which the gra
22(z? - 3)
om0 - )

ph of-y = f(z) is concave up and concave down.

L A owdn (O, \rz‘l
wo  (-3,0)Y]

¢} Use the results of a)-d) to sketch the graph of ¥ = f{z) on the given axes, indicating any -
local extremes. : o

h
W

f} Describe the shape of the resulting figure if you add to your sketch the graph of y = — f{z).
Write the equation of the complete curve in the form y? = h(z) for suitable A.

Lz
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[7] 4. You wish to design a garden in the shape of & cireular sector having radius z and central angle
8 (in radius), as shown. The plantings you have in mind require an area of A = 64 m®. Space
restrictions and design considerations require the radius z to be no more than 10 m and no less
than 2m.

a) Show that, given A = 64m? the total
perimeter of the garden is

P=2z:+-1—i—8-m, where 2 < 2 < 10

1
NOTE: For the segment shown, the area is 5326 and the arc length is zd.

b) Find the minimum length of fencing required to go around the perimeter of the garden.
Justify your method.

L 3'2N.1



