Solutions to Assignment 7

Applied Linear Algebra
Math 232 (Fall 2012)

Section 4.4
1. (a) The matrix A = [i g] has nontrivial fixed points since det({ — A) = i? —(1):‘ =0. The fixed points

are the solutions of the system (I — A)x = 0, which can be expressed in vector form as x = t[i]

where —oo < £ < 0.

(b) The matrix B = [(: ;] has nontrivial fixed points since det(l — B) = )_i —}' =0. The fixed

points are the solutions of the system (I — B)x = 0, which can be expressed in vector form as

X = t[i] where —oc <t < 0.

4011 5 1
3. We have Ax= |2 3 2] [2] N [10] = 5x; thus x = H is an eigenvector of A corresponding to the
10411 5 1

eigenvalue A = 3.

[A=3
[ -8 A
Thus A = 3 and A = ~1 are eigenvalues of A4; each has algebraic multiplicity 1.

5. (a)} The characteristic equation of A = [: Sj is det{A\] - A) = il{ ={A=3)(A+1)=0.

(b) The characteristic equation is i'\ :410 N i o = (A=10)(A+2)+36=(A—4)2=0. Thus A=4
is the only eigenvalue; it has algebraic multiplicity 2.

(c) The characteristic equation is i'\ —12 \ v | =(A—=2)2=0. Thus A = 2 is the only eigenvalue; it
1 oA-2

has algebraic multiplicity 2.

A-4 0 -1
7. (a) The characteristicequationis| 2 A-1 0 |=M =62 +1IA-6=(A-1)(A-2)(A-3)=
2 0 A-1
0. Thus A =1, A = 2, and A = 3 are eigenvalues; each has algebraic multiplicity 1.

A=4 5 3
(b) The characteristic equationis | =2 A-1 1 |=A -4 2 +4A=AA-2)?=0. Thus A=0

-% 3 A+1
and A = 2 are eigenvalues; A = 0 has algebraic multiplicity 1, and A = 2 has multiplicity 2.

>N

A-3 —4 1
(c) The characteristic equationis| 1 A+2 —1| = A3 = A2 —=8X+12=(A+3)(A - 2)? =0. Thus
-3 -9 A

A= -3 and )\ = 2 are eigenvalues; A = —3 has multiplicity 1, and A = 2 has multiplicity 2.
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9. (a) The eigenspace corresponding to A = 3 is found by solving the system [_O 0] [:} = [g] This

13.

14.

21.

(b)

yields the general solution o = t, y = 2¢; thus the eigenspace consists of all vectors of the form
[;] = t[;] Geometrically, this is the line y = 2z in the zy-plane.

The eigenspace corresponding to A = —1 is found by solving the system [_4 0] [z] = [0]. This
ylelds the general solution z = 0, y = &; thus the eigenspace consists of all vectors of the form

: = t[ Geometrically, this is the line z = 0 (y-axis).

The eigenspace corresponding to A = 4 is found by solving the system [_6 9] [x] = [0] This
ylelds the general solution z = 3¢, y = 2t; thus the eigenspace consist of all vectors of the form

Z = t[ Geometrically, this is the line y =

(¢} The eigenspace corresponding to A = 2 is found by sclving the system [ rl; g} H - lg] This
vields the general solution z = 0, y = #; thus the eigenspace consists of all vectors of the form
[;] = I } Geometrically, this is the line z = 0.

(a) The characteristic polynomial is p(A) = (A + 1)(A = 5). The eigenvalues are A = —1 and A = 5.

(b) The characteristic polynomial is p(A) = (A — 3)(A — 7)(A — 1). The eigenvaluesare A =3, A =7,
and A = 1.

(c) The characteristic polynomial is p(\) = (A + 3)%(A = 1)(A — 3). The cigenvalues are A = —3
(with multiplicity 2), A = 1, and A = 1.

o 0 0 0 2 0 0 0

) o2 0 ¢ I I S R
Two examples are A = 0 0 2 o and B = 2 1 -1 0
00 0 -1 -3 0 -1 2

The eigenvalues are A = 0 and A = 5, with associated eigenvectors

[-2

] and [1] respectively. Thus the eigenspaces correspond to the

1
perpendicular lines y = —-.z and y = 2z.
The invariant lines, if any, correspond to eigenspaces of the matrix.
(a) The eigenvalues are A = 2 and A = 3, with associated eigenvectors | ] and H espectively. Thus
the lines y = 2z and y = z are invariant under the given matrix. ) -
(b) This matrix has no real eigenvalues, so there are no invariant lines.
{¢) The only eigenvalue is A = 2 (multiplicity 2), with associated eigenvector [6] Thus the line

y = 0 is invariant under the given matrix.



25. The characteristic polynomial of A is p(A) = A? — (b + 3)A + (3b — 2a), so A has the stated eigenvalues
if and only if p(2) = p(5) = 0. This leads to the equations

—2a+b=2
a+b=5

from which we conclude that a =1 and b = 4.

27. If A? = I, then A(x + Ax) = Ax 4+ A%x = Ax + x = x + Ax; thus y = x + Ax is an eigenvector of A
corresponding to A = 1. Similarly, z = x — Ax is an eigenvector of A corresponding to A = —1.

D1. (a) The characteristic polynomial p(\) has degree 6; thus A is a 6 x 6 matrix.
(b) Yes. From Theorem 4.4.12, we have det(A) = (1)(3)%(4)® = 576 # 0; thus A is invertible.

D3. Using Formula (22), the characteristic polynomial of A4 is p(A) = A% —4)\ +4 = (A —2)%. Thus
A = 2 is the only eigenvalue of A (it has multiplicity 2).

D4. The eigenvalues of A (with multiplicity) are 3, 3, and -2, -2, =2. Thus, from Theorem 4.4.12, we
have det(4) = (3)(3)(—2)(-2)(-2) = -T2 and tr(A) =3+3-2-2-2=0.

D6. The characteristic polynomial of A factors as p(A) = (A — 1)(A + 2)%; thus the eigenvalues of A are
A=1and A = —2. It follows from Theorem 4.4.6 that the eigenvalues of A% are A = (1)> =1 and
A=(-2P2 =4

Section 5.1

1. (a) and (c) are stochastic matrices. (b) and (d) are not stochastic.

5. (a) The entries of P are positive; thus P is a regular stochastic matrix.
(b) All positive powers of P have a zero in the upper right corner; thus P is not regular,

1
(c) The entries of P? = [ i] are all positive; thus P is regular.
5

Gl B2

1 -1 9
2 73 @ 0
9. The system (I — P)q = 0 can be written as |~§ } -1 [qz] = H which has general solution
-4 o fflal b
Q= %t, g2 = %t, qs = t. For q to be a probability vector, we must have 1 = q; + g2 +q3 = Lt or

t = 3. Thus the steady-state vector is q =

Sho Zle Dl
[ F— ]
;

11. (a) The probability of transition from state 1 to state 1.
(b) The probability of transition from state 2 to state 1.
(¢) The probability of transition from state 1 to state 2 is p; = 0.8.
-
, 0.5 0.2 0.1] fo5] _ [oas] .
{d) The initial state vector is x(0) = [0;} and so x(1) = [0.8 0.9] [0.5] = [0.85]' Thus, after

the first transition, the probability of the system being in state 2 at the next observation is
0.85.



15. This process can be described by a Markov chain with transition matrix P= [

0.5 0.03
] and

0.05 0.97|’

initial vector x(0) = g'; which represents the percentage of the total population of 125,000 that
initially lives in the city (80% of total) and in the suburbs (20% of the total).

766 . o
(a) The state vector x(1) is x(1) = Px(0) = [2'23 4] which, upon multiplying by 125,000, cor-

(b)

Similarly, x(2) = Px(1) = [0'73472] which corresponds

d lati i 95750
responds to populations o 292 0.26528

e

t [2;?:3], ete. Proceeding in this fashion, one constructs the following table showing the

populations of the city and its suburbs over a five-year period:
Year 1 2 3 B 5
City 95750 91840 88243 84933 81889
Suburbs 29250 33160 36757 40067 43111

. 0.05 —-0.03
The system (I — P)g =0 can be written as [_0.05 0.03] [ZZ] = [g] which has general so-

lution ¢ = g—t, g2 = t. For q to be a probability vector, we must have 1 =¢q; + ¢ = %t, or

3
. s 0.375 .
L= %. Thus the steady-state vector is g = [:] = {0 525] which corresponds to populations
§ :
of 46875
78125|"

D2. MP=M=[11 - 1]

Section 6.1

1. (a) Ta:R? — R® domain = R?, codomain = R*
(b) T4 : R®— R?; domain = R°, codomain = R?
(¢) T4 :R*— R% domain = R® codomain = R

3. The domain of 7' is R2, the codomain of T is R®, and T(1,-2) = (-1,2,3).

comBII-0 e[l



7. (a) We have T4(x) = b if and only if x is a solution of the linear system

1 2 0 T 1
- 3| |z2| = | -1
2 5 =3| |x3 3

1 0 6 -1
0 1-3 1
0 0 0 0

and it follows that the system has the general solution x; = —1-6t, zp =1+3¢, 23 =t

-1 —61 1
Thus any vector of the form x = [ 1} + t[ 3J will have the property that Ta(x) = [—l].
0 1 3

9. (a), (c), and (d) are linear transformations. (b) is not linear; neither homogeneous nor additive.
3 -1

17. [T) = [T(e1) T(ed)] = |2 3
4 0

3 5 -1
21. (a) The standard matrix of the transformation is [T] = [4 -1 1].
3 2 -1

(b) If x = (—1,2,4) then, using the equations, we have

T(x) = (3(—1) +5(2) = (4),4(=1) = (2) +(4),3(-1) +2(2) - (4)) = (3, -2, -3)

On the other hand, using the matrix, we have

-1 3 5 -1][-1 3
Tx)=T|| 2[|=[4 -1 1|| 2| =[-2
4 3 2 -1/ 4 -3




-1 3
35. (a) Tale1) =c1(A) = [ 2] Ta(ez) = cz(A) = H Ta(es) = c3(A) = [ 2}
4

(b) TA(el +e; +e3) = TA(el) +TA(62) +TA(e3} = [—;] + F] s [ 0] — F}
- 6

0 0
(c) Ta(Tes) = TTales) =7[ 2] = [ 14]

-21

39. T(z,y) = (—z,0); thus [T] = [_(l] g].

D7. Since T is linear, we have T(Xq + tv) = T'(xo) + tT(v). Thus, if T(v) # 0, the image of the line
X = Xg + tv is the line y = yo + tw where yg = T'(xo) and w = T'(v). If T(v) = 0, then the image
of X = xp + tv is the point yo = T(xg).



Homework 7
Solutions to Instructor’s Questions

Al. Let v=(1,1,...,1) in R™ Then
Av=ci(A)+ c2(A) 4+ -+ cn(A) = (s,8,...,8) = sv
since the sum of every row is s. Therefore, s is an eigenvalue of A.

A2.

A is an eigenvalue of A < det(A] — A) =0

& det[(\ — A)T] =0
& det[A)T — AT =0
& det(M — AT) =0

& A is an eigenvalue of AT

A3. Suppose that all of the column sums of A equal s. This implies that
all of the row sums of AT equal s. By the result from Exercise A1, it follows
that s is an eigenvalue of AT. By the result from Exercise A2, s is also an
eigenvalue of A.
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