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Homework 4
Solutions to Instructor’s Questions

A1. If A is invertible, its rows must be linearly independent. This implies
that A cannot have any zero rows, and so there must be at least one nonzero
entry in every row. Similarly, if A is invertible, its columns must be linearly
independent, and so there must be at least one nonzero entry in every col-
umn. Therefore A must have at least n nonzero entries (placed such that
there is a nonzero entry in every row and column), and so the maximum
number of zeros cannot exceed n2 − n.

To show that the maximum number of zeros is not less than n2 − n, we
simply give an example of an invertible n × n matrix with exactly n2 − n
zeros, such as the n× n identity matrix.

A2. Let v1,v2, . . . ,vn denote the columns of A. Then

(ATA)ij = ri(A
T ) · cj(A)

= ci(A) · cj(A)

= vi · vj .

Now if i 6= j we have vi · vj = 0 since vi and vj are orthogonal.

On the other hand, i = j, we have vi · vj = vj · vj = ||vj ||2 = 1 since
vj is a unit vector.

Thus,

(ATA)ij =

{
1 if i = j

0 if i 6= j

and so ATA = I.
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