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Homework 2
Solutions to Instructor’s Questions

A1. Refer to Figure 2.1.2 of Anton & Busby.

(a) First of all, we should start with a consistent linear system. Let p =
(x0, y0, z0) be a solution to the system and let n1, n2, and n3 be normal
vectors for the three planes. Then the solution set is the set of all solutions
r = (x, y, z) satisfying

n1 · (r− p) = 0 (1)

n2 · (r− p) = 0 (2)

n3 · (r− p) = 0 (3)

To avoid the situation with three coincident planes, we should have at
least one pair of non-parallel normal vectors, say, n1 and n2.

In order for the solution set to be a line rather than a point, the direction
vector, v, for the line should be orthogonal to each of the normal vectors
for the three planes. This implies that the vectors n1, n2, and n3 should be
coplanar (they lie in the plane orthogonal to v), and so we should take n3

to be a linear combination of n1 and n2,

n3 = a1n1 + a2n2

(If either a1 = 0 or a2 = 0, two of the planes are coincident.)
We can generate one example setting p = (0, 0, 0), n1 = (1, 0, 0), n2 =

(0, 1, 0), and n3 = n1 + n2 = (1, 1, 0):

x = 0

y = 0

x + y = 0

These planes intersect in the line (x, y, z) = (0, 0, t).

(b) Continuing the discussion from part (a), if we want the solution set to
be a single point then we should choose the third plane to have a normal
vector n3 that does not lie in the same plane as n1 and n2. This will ensure
that the the third plane will intersect the line of intersection of the first and
second plane in a single point. Thus we choose n3 such that n3 cannot be
expressed as a linear combination of n1 and n2.
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We can generate one example setting p = (0, 0, 0), n1 = (1, 0, 0), n2 =
(0, 1, 0), and n3 = (0, 0, 1):

x = 0 (yz-plane)

y = 0 (xz-plane)

z = 0 (xy-plane)

(c) Perhaps the most straightforward way of constructing three planes with
no common intersection is to construct at least one pair of distinct parallel
planes.

Here is one example with three distinct parallel planes:

x + 2y + 3z = −1

x + 2y + 3z = 0

x + 2y + 3z = 1

Note that these planes are parallel since n = (1, 2, 3) is a normal vector
to all of them.

Can you find an example of three planes with no common intersection
where no two of the planes are parallel?

A2. (a) First note that an inhomogeneous system may be inconsistent, in
which case there are 0 solutions. Now consider the case where the system
is consistent. Since there are more variables than equations the total num-
ber of variables exceeds the number of pivot variables (there is at most one
pivot variable for each equation). This implies that in this case there is at
least one free variable, giving rise to infinitely many solutions. There are no
other possibilities. Therefore an inhomogenous linear system with more vari-
ables than equations can have either 0 solutions or infinitely many solutions.

(b) Again, an inhomogenous system may be inconsistent, in which case there
are 0 solutions. Now consider the case where the system is consistent. If
there are no free variables then the system has a unique solution. On the
other hand, it is also possible that the system may have free variables, since
row reducing the augmented matrix can lead to zero rows. In the latter case
there are infinitely many solutions. There are no other possibilities. Thus
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an inhomogenous linear system with more equations than variables can have
0, 1, or infinitely many solutions.
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