Lecture 12: Determinants and Cofactors

1 Determinants of 2 x 2 Matrices

Recall from Lecture 8, that a 2 x 2 matrix A =
(a b) is invertible if ad —bc # 0, in which case
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If ad — bc = 0, the matrix is not invertible

We called ad— bc the determinant of A, writ-
ten det(A) of ab

cd
nostic:
o If det(A) # 0, then A is invertible with in-

verse as given above

o [f det(A) = 0,then A is singular (non-invertible)

. and so we have the diag-




2 Determinants of 3 x 3 Matrices

It turns out that the notion of determinant can
be defined for larger SQUARE matrices. So, for
instance, the determinant of a 3 X 3 matrix
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3 Determinants of Larger Matrices

This pattern of using products of all (wrapping-
around) diagonal stripes does NOT carry over
to 4 x 4 and larger matrices.

For these we use a method called cofactor ex-
pansion, which is somewhat complicated. Our
plan of attack.

1. Define the 25th minor of an n X n matrix
2. Define the 77th cofactor of an n X n matrix
3. Describe cofactor expansion along a row

4. Describe cofactor expansion along a column



4 Minors

If Ais an n x n matrix, the ¢7th minor of
A, often written M;;, is the determinant of the
(n —1) X (n — 1) matrix that remains when we
strike out the ¢th row and 7 column from A

Example: The 2, 3-minor Mo3 of

(1030\
—4 0 0 1].
A= 6 1 o _of™

\ 00 -1 3




5 Cofactors

If Als an n X n matrix, the ¢jth cofactor of
A, often written Cj;, is (—1)""7 times the jth
minor of A, that is Cj; = (—1)""/M;;

Example: The 2, 3-cotactor Co3 of
(1 0 3 0

40 0 1|
A=l 61 0o —2f®
\ 00 -1 3



6 Cofactor Expansion along a Row

Now you can get the determinant of an n X n
matrix A by picking any row of the matrix (say
the ith row) and taking the following sum in-
volving the entries of the ¢th row and the cofac-
tors indexed by that row.

det(A) = a;1C;1 + aipCio + - - - + a;nCipy.

1 0 3 o\
| —4 0 0 1
For example if A = 6 1 0 —ol Ve
0 0 —1 3

can use the cofactor expansion of the second
TOW:






7 Cofactor Expansion along a Column

You can also get the determinant by picking any
column (say the jth column) and and taking
the analogous sum that involves entries of the 7
column and the corresponding cofactors

det(A) = CLUCU -+ CLQjOQj + - ananj.

(1030\

-4 0 0 1
0 —2

For example if A = 61
\ 00 -1 3







8 Consequences for Diagonal and Triangular Matrices

Now we see that it is really easy to evaluate de-
terminants of diagonal and triangular matrices.



