Lecture 7: Matrix Operations

1 Matrix Notation

An m X n matriz is an array of numbers with
m rows and n columns.

al’l CL1’2 “ . aljn
_CLmJ a/m72 “ .. a/m’n_

or more compactly
A= [aij]mxfn or A= [a,w]

Sometimes we also use (A);; to mean the same
as a;j, for example if

B=(57)

then (B)g =



A matrix with only one row (m = 1) is a row
vector

(CL171 a2 ... aljn)
and a matrix with only one column (n = 1) is
a column vector

ai .
as

| my,1
and a matrix with the same number of rows

and columns (m = n) is known as a square
matrix.

For example, B above is a 2 X 2 square matrix



2 Equality of Matrices

We say that two matrices A and B are equal
if they have the same number of rows, the same
number of columns, and their respective entries
are the same

1) Gio)
(1) G
(1) G



3 Sum of Matrices

If A and B are both m xn matrices, we can add
them by adding their elements component-wise,
e.g

34 -1 (120
00 6/ o 6-2)7

You can not add two matrices unless they have
both the same numbers of rows and the same
number of columns!

4 Negation of Matrices

The negative of an m X n matrix is the ma-
trix of the same size whose entries have all been
negated

-(32) -



5 Difference of Matrices

If A and B are both m X n matrices, we can
subtract one from the other them by subtracting
their elements component-wise, e.g.,

NE

You can not subtract one matrix from another
unless they have both the same numbers of rows
and the same number of columns!

6 Multiplication of a Matrix by a Scalar

Just multiply each component by the scalar.
The resulting matrix is the same size as the orig-
inal

+(173)



7 Rows of a Matrix

a171 CLLQ « . azljn
a a ... @
an | e o
_CLmJ a/m72 “ .. a/m’n_

We write ri(A) to mean the first row of A

ri(A) = (am ar ... al,n)

and more generally r;(A) means the ith row

r;(A) = ( )

For example, it

then



So we can think of a matrix as being a stack of
TOWS

8 Columns of a Matrix

We write ¢(A) to mean the first column of A,

(a1

cy(A) = | “!

i1/

and more generally ¢;(A) means the jth column

()

c;(A) =




For example, it

then
c1(A) =

And we can see the matrix as being built from
a bunch of columns




9 Product of a Matrix and a Column Vector

Recall that we write the linear system

a1 1T+ a1 9r9+ -+ aj prn = by
a9 1T1 + 2919 + -+ + a9 py = by

A 121 + A 229+« - - + ATy = b,

as the augmented matrix

( a1l a1 o alp b1\
as1 a9 -+ agn | b
\ Am.1 Am2 - amn bm)

Note that if we define

/a1,1 a - a1,n\
A _ 012’]_ a/2.72 e o o a/27n

\am,l m,2 - am,n)



and define

( 2\

o0

Then the equations

( g;\

b/

1121 + A1 22 + -+ + A1 nTn = b1
a9 101 + a2 2w + -+ - + a9 pTy = by

A, 121 + A 229+« - - + ATy = b,

can be written as

which we now write as

( ri(A)

ro(A)

\ rm:(A>

(1)

L2

)

e

\b/



or, since the stack of the rows of A is just A
Ax=Db

In fact, we will now make a definition of the
product of a matrix and a column vec-
tor that makes this notation mean what we
want.

If Aisthe m X n matrix

( ai] a1 a1,n\
g — a2:,1 a2:,2 X a2:7n |
\ Um,1 Am2 - am,n)

and x 1s the n x 1 column vector

( 2\
\2n)

we define Ax to be the m X 1 column vector

(i) x

Ax = r2(

\rm(A) x




Note that the sizes of the matrix and the column
vector must be compatible, otherwise we can
not compute these dot products

1 2
Example: | 0 —2 (11) =



We can also see Ax as a linear combination of
the columns of A (where the coefficient applied
to the jth column is x)

( ai] a2 - al,n\ (5131\
T2

ag] a9 -+ agp
\am,l Am2 - am,n) \CCn/

( 1121 + a1 29 + -+ + a1 pTn \
a9 11 + A2 2%9 + **+ + A9 nTn

Ax

\am,11’1 T A 2T+t am,nfvn/



10 Product of Two Matrices

If Aisthe m X n matrix

[ ain aig - a1,n\
A — a1 a2 -+ A2n
\ Um,1 Am2 - am,n)
and B 1s the n X p matrix
( bi1 bio - b1,p\
B—| b21 b2z o bapf
\ but b2 o bug)
then AB is the m X p matrix
ri(A)-ci(B) r1i(A)-ca(B) -+ 11(A) cy(B)
ap— | A -alB) r(d)-c(B) - ry(A)-c)(B)
tulA)-eu(B) Tu(d)-eB) - ra(A)-c,(B)

That is the 75 entry of AB is the dot product
of the 7th row of A with the 5 column of B:

(AB);; = r;(A) - c;(B)






Note that there is a size compatibility require-
ment for matrix multiplication:

If we consider B as a bunch of columns

B:

then note that the kth column AB is just Acy.(B)



We saw on slide 13 that if x is a column vector,
then Ax is a linear combination of columns of

A
[f we think of x = cz(B), the kth column of

AB is a linear combination of columns of A
Ck(AB> — ACk<B>
= c1(A)byg + ca(A)bgy + - - - + cn(A)byg

[t is also true that each row of AB is a linear
combination of rows of B:

ri(AB) =r;(A)B
= a;1r1(B) + ajora(B) + - - - + a;,rn(B)



11 Some algebraic rules for matrix Multiplication

If Aisanm X n matrix and x and y are n x 1
column vectors and c is a scalar, then

o A(cx) = cAx
o A(x+y)=Ax+ Ay



12 Transpose of a Matrix

If Aisthe m X n matrix

( ai] a1y a1,n\
g — a2:,1 a2:,2 X a2:7n |
\ Um,1 Am2 - am,n)

then the transpose of A, is the n X m matrix
we get from A by exchanging row indices with
column indices: i.e., (AT)]-Z- = (A);;

/ ajl asy - am,1\
AT _ a1:,2 a2:,2 X &@,2 |
\ Aln AaA2n *°° am,n)

So the jth row of AL is obtained from jth col-
umn of A

and the 7th column of A7 is obtained from the
1th row of A

T
1 —4 3
Example: <4 0 1) =



If we have a comma-delimited vector, say x =
(1,2,3), and we want to use it in a matrix for-
mula, we generally think of it as being a column
vector by default. That is, if we write Ax, we
are thinking of x as

1
X = |2
3
If we want to take the inner product with y =
(—1,0, 3), we can accomplish this using the trans-
pose.

—1
X'y = (1 2 3) 0
3
= ()(=1) +(2)(0) + (3)(3)
=3
:XTy

Or, equally well,
1
y-X = (—1 0 3) 2
3



If, on the other hand, you try to calculate

|
xyl = (2] (=10 3)
3
More generally if x = (x1,29,...,2,) and y =

(Y1, Y2, - - ., yn), then xy! =

This is the outer product of x and y



13 Trace of a Square Matrix

If A isthe n X n square matrix

( ajl arn - a1,n\
a a o o o a
A = 2’1 272 2.777’ ’
\ ap,1 Ap2 - *- an,n)

then the trace of A, written tr(A) is defined
to be the sum of the elements on the diagonal

tr<A> =aj]1+ag2+t - -+ dann

Example: tr (_12 _03> =

Look at the outer product XyT on the previous
slide, and note that
tr(xy’) = 1y1 + -+ + Toyn
= XTy.



