Lecture 4: Linear Systems

1 Linear Equations

A linear equation in unknowns x{, 9, ..., Tn
is an equation that can be put in the form

where a1, ao, ..., an and b are constants.

The unknowns can not appear with any powers
(other than the first power), nor any functions
like square root or sine or cosine applied to them



For example if z,y, z are the unknowns and
a,b, c,d are constants

20 —3y+7z2=4
20 +172=4
r+y+z2—2=0
ar +by +cz=4d
am+by2+cz:d
ax+b2y+cz:d
ae’ +by+cz=d
zsin(a) + by + cz = d

Yy +by+cz=d



2 Homogeneous Linear Equations

A linear equation in x1, 29, ..., Ty is said to be
homogeneous if it only has terms of the form
a;x; and no purely constant term.

For example, if x, vy, z are unknowns

20 —3y+7z=14
20 =3y +72=0
r+2—1=0

x+y=0



3 Linear Systems

A collection of linear equations is called a lin-
ear system

y+z=29
20+ 3y +2=10

And a collection of linear equations, all of which
are homogeneous, is called a homogeneous
linear system

y+z=10
20+ 3y +2=0



4 Solutions

A solution to a linear system is an assignment
of values to the unknowns that satisfies all the
equations.

are both solutions of
Y+ 2z=0>5
—r+3y+z2=0



Note that a homogeneous linear system like
y+z=10
20+ 3y +2=10
always has at least one obvious solution, namely
(x,y,2) =(0,0,0).

This system also has other solutions like



5 Consistency

A system with at least one solution is called
consistent

A system with no solutions at all is called in-
consistent, for example
r+y+z=0
20+ 2y + 22 =1



6 The Augmented Matrix

We use matrices to represent linear systems. If
the unknowns are x1, x9, . . ., x, write the linear
system in the form

aj 1T+ a1 9r9+ - +aj prn = by
a9 101 + 2919 + -+ + a9 py = b9

A, 121 + Ay 222 + - - + A nTn = bm,
where the a; ;’s and b;’s are constants.

Then the augmented matrix is

(a1,1 aio -+ alp b1\
asl a9 -+ agn | by

\am,l Am,2 *** Ammn bm)



For example

y+z=2>9
—r+3y+z=0

In matrix form is

( )



Solving a system At each step, modify one equa-
tion and keep all the others

The wrong way:
x — 5y =2
20 4+ Dy =95
r+y=1



The right way and the matrix way:
x — 5y =2
20 4+ Dy =95
r+y=1



7 Elementary row operations:

1. Multiply an equation by a nonzero scalar.
2. Exchange the order of two equations.

3. Add a multiple of one equation to another.
(Or, equivalently, subtract a multiple of one
equation from another.)

These are used because they don’t change the
solutions.



8 Solution Sets

The solution set of a linear system is the set
of all solutions.
20 4+ Dy =95
r+y=1



by — 3z =3
—2y+z2=—1



brx — 3y =4
—2x+y=—1



