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Marks

[12] 1. Short Answer Questions. Put your answer in the box provided. Simplify your answer
as much as possible. Full marks will be awarded for a correct answer placed in the box,
you do not need to show work. However, for partial marks, you should show your work.
Each question is worth 3 points, but not all questions are of equal difficulty.

(a) Find a fundamental set of solutions of the following system of equations, and calculate
the Wronskian.
(301
x'(t) = (0 4> x(t)

Answer

By inspection the eigenvalues are 3 and 4 (real and distinct), with corresponding eigenvectors (1,0)

and (1,1). A fundamental set is then {(é) 3t (1) e**}. The Wronskian is
3t 4t
IVzdﬁ(% Z“)
=e™£0.

(b) Determine whether the origin is a saddle point, unstable node, or asymptotically
stable node of the following system of equations:

#@:(? %)ﬂw

Answer

The eigenvalues are immediately seen to be —2 and —6, which are distinct, real eigenvalues and
both negative. Therefore, the origin is an asymptotically stable node.

Continued on page 3
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(¢c) Suppose that the vibration of a mass on a spring is modeled by the equation
my” + vy + 3y = 0.

Find all values of m > 0 for which this system is underdamped.

Answer

The system is underdamped when the roots of the characteristic polynomial are nonreal, i.e. when
(by looking at the quadratic formula) we have b* — 4ac = 1 — 12m < 0 or equivalently

- 1
m> —
12

(the strict inequality is important here).

(d) Find the Laplace transform of the function g, where g(t) is defined by

oo {0 0<t<6,
9(t) = (t—4)2, 6<t.

Answer

First re-write g using step functions: g(t) = ue(t)(t — 4)2. We use the following formula from the
table: L{u.(t)f(t —c)}(s) = e “*L{f(t)}(s). Note that ¢ = 6, and f(t) =t + 2 (then f(t —6) =
t — 6+ 2 =1t — 4 and the expressions match). This means

LLg(0}Hs) = L{ug(t)(t — 4)2H(s)
— e O L{(t+2)%}(s)
— e O (L2} (s) + 4L{t}(5) + AL{1}(5))

_6—65 3+£+%
a s3 s2 0 s/

Continued on page 4
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Full-Solution Problems. In questions 2-5, justify your answers and show all your work. If a
box is provided, write your final answer there.

2. Using the Method of Undetermined Coefficients, find any particular solution of the following
equation:
Y’ — 2y +y=3e et

Any solution that does not use the Method of Undetermined Coefficients will

receive a mark of zero.
First, the characteristic polynomial of this equation is 72 —2r+1 = (r—1)2? so r = 1 is a repeated root,
so both e! and te! are solutions to the corresponding homogeneous equation. This means instead
of the usual guess of Ae or Ate! for the first term on the right hand side, we need to pick AtZe’.
Combined with the second term, this tells us our guess should be of the form: Y (t) = At?e! + Be3'.
We calculate dervatives and plug in: Y/ = 2Ate! +At?e! +3Be3!, Y = 2Ae! +-4 Ate! + At?e? +9Be3?,
and

3l +e3 =YY" —2Y'+Y
= 2Ae! + 4 Atet + At?e! +9Be3 — 4Ate! — 2At%e! — 6Bt + At?el + Be?t
= 2A4e! + 4Be3t.

Equating the coefficients, A = 3/2 and B = 1/4 so a particular solution can be

3 eSt
Y(t) = St2et + —.
(t) 5 e+ 1

Continued on page 5
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[12] 3. Find the general solution of the following equation using Variation of Parameters:

//+é/+z _lnit
y oy ey=

1 1
You may use the fact that { 7 t—z} is a fundamental set of solutions of the homogeneous
4 2
equation y” + Zy’ + 2y = 0.

Evaluate all integrals in your final answer.
Any solution that does not use Variation of Parameters will receive a mark of zero.

Divide the equation through by #? first to get y” + 4t~ 1y' + 2t72 = t3Int. Now we set y(t) =
w1 ()t~ 4+ ua(t)t=2. Then the system of equations to solve is

Wit bt = 0

uh (—t72) +ub(—2t73) =t 3 Int.

By the first equation, uj = —ubt™!, plugging into the second equation we get uht =3 — 2t=3u), =
t=31nt or
up = —Int
y ot
1 .
Int (Int)?

Thus, u; = [ Tdt = + ¢ and ug = — [Intdt = —tInt +t + co (use substitution for the
first, integration by parts for the second). Thus putting it all together:

(Int)? _Int

2t t

y(t) = cit ™t Feot ™2+

(there is actually a t~! term at the end, but it can be absorbed into the first ¢;¢~1 term).

Continued on page 6
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[12] 4. Find the solution of the following initial value problem using the Laplace transform:

dy
— =~y +2us(t), y(0) = 4.
dt
Here, u3(t) is the unit step function with step at ¢t = 3.
Any solution that does not use the Laplace transform will receive a mark of zero.
Re-write the equation to ¢y + y = 2us(¢) and Laplace transform both sides:

L{y'}(s) + L{y}(s) = 2L{us(t)}(s)

SL{}(s) — y(0) + L{y}(s) = 25—
LY+ 1) —a =25
e 38 4

L{y}(s) =2—

Then, using partial fractions,

2L~ {s(es_jsn } (t) = 2us(H) L™ {S(S:— ) } (t=3)

= 2uz(t)L? { - } (t—3)
= 2ugfe) (1 9.

®w | =
—

1
Since £7! {H} (t) = 4e~" directly from the table (a = —1), we obtain
s

y(t) = 2us(t) (1 — ef(f’*?‘)) + 4e7 1.

Continued on page 7
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5. Let a > 0 and f be a continuous function for which fooo f(x)dx is convergent, and define the
function g for any ¢ > 0 by
at
~ [ @)z
0

Also suppose that L{f(t)}(s) exists for all s > 0.

Then using the definition of the Laplace transform, show that for any s > 0 we have

LL9(0Hs) = LN,

(Hint: You may want to use integration by parts).
First we apply integration by parts (use the Chain Rule and Fundamental Theorem of Calculus to

get du) with
at
u= / f(x)dx, dv = e *'dt
0

—st

du = af(at)dt, v=-5
s
to get
A at
L{g(t)}(s) = lim (eSt/ f(x)dz) dt
A—o0 [
a (A ;
g 1 . —S .
Jim ] + . /0 e " f(at)dt
—sA
By the assumptions on f and since a, s > 0, we have limg_, o, | — / f(x)dx | =0, while

the expression is clearly zero when t = 0. By applying a subbtltutlon (and since a > 0) we then
see

lim / e ' f(at)dt = = lim e /D (1) dt
0

A—oo S S A—oo Jg

1 oo
== / e~ /Dt £ (1) dt
5Jo

= L)

as desired.
Alternatively, you can say for the last step, using the table

A 0o
lim a/ e S flat)dt = a/ e 5 f(at)dt
0 S Jo

a

- ;c{ﬂat)}(s)
=2 2L
LU

Cr\)—‘da\

The End



Be sure that this examination has 7 pages including this cover

The University of British Columbia

Sessional Examinations - Mar. 15, 2013

Mathematics 215
Elementary Differential Equations I

Closed book examination

Time: 50 minutes

Last Name: First Name:
Student Number: Instructor’s Name:
Signature: Section Number:

Rules governing examinations

1. Each candidate must be prepared to produce, upon request, a UBC-card for identification.

2. Candidates are not permitted to ask questions of the invigilators, except in cases of supposed
errors or ambiguities in examination questions.

3. No candidate shall be permitted to enter the examination room after the expiration of one half
hour, or to leave during the first half hour of the examination.

4. Candidates suspected of any of the following, or similar, dishonest practices shall be immedi-
ately dismissed from the examination and shall be liable to disciplinary action.

(a) Having at the place of writing any books, papers or memoranda, calculators, computers,
sound or image players/recorders/transmitters (including telephones), or other memory aid de-
vices, other than those authorized by the examiners.

(b) Speaking or communicating with other candidates.

(c) Purposely exposing written papers to the view of other candidates or imaging devices. The
plea of accident or forgetfulness shall not be received.

5. Candidates must not destroy or mutilate any examination material; must hand in all examination
papers; and must not take any examination material form the examination room without permission
of the invigilator.

6. Candidates must follow any additional examination rules or directions communicated by the

instructor or invigilator.

1 12
2 9
3 12
4 12
5 5
Total 50




