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1. L{e2t cos(3t)} = (a)
s− 2

(s− 2)2 + 9 (b)
s+ 2

(s+ 2)2 + 9
(c)

s− 3
(s− 3)2 + 4 (d)

s− 2
s2 + 9

(e) None of these

2. L{t cos(2t)} = (a)
4− s2

(s2 + 4)2
(b)

4s

(s2 + 4)2
(c)

−4s
(s2 + 4)2

(d)
s2 − 4
(s2 + 4)2

(e) None of these
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3. L−1

{
s+ 3

s2 − 6s+ 18
}
= (a) e3t[cos(3t) + 6 sin(3t)] (b) e3t[cos(3t) + 2 sin(3t)]

(c) e3t[cos(3t) + sin(3t)] (d) e−3t[cos(2t) + 2 sin(3t)] (e) None of these

4. L−1

{
(4s+ 7)e−2s

s2 + s− 6
}
= (a) u(t− 2) [e−3t + 3e2t

]
(b) u(t− 2) [e3t + 3e−2t

]
(c) u(t− 2) [e3(t−2) + 3e−2(t−2)

]
(d) u(t− 2) [e−3(t−2) + 3e2(t−2)

]
(e) None of these
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5. If y(t) denotes the solution of the initial-value problem

y′′ − 2y′ + 5y = 2δ(t− 2), y(0) = 1, y′(0) = 3,

then Y (s) = L{y(t)} = (a)
s+ 3

(s− 1)2 + 4 (b)
s+ 5 + 2e−2s

s2 − 2s+ 5 (c)
s+ 1 + 2e−2s

s2 − 2s+ 5
(d)

s− 1 + 2e−2s

(s− 1)2 + 4 (e) None of these

6. If Y (s) = L{y(t)} = 2s+ 1

s2 + s− 2, then y(t) = (a)
1

3
(et − e−2t) (b) e−t + e2t

(c) 2e−
1
2
t cos

(
3

2
t

)
(d) et + e−2t (e) None of these
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7. The general solution of the differential equation 4x2y′′ + 8xy′ + y = 0, valid for x �= 0,
is given by

(a) c1|x|− 1
2 + c2|x|− 1

2 (b) |x|− 1
2 (c1 + c2 ln |x|) (c) c1|x|−1+2

√
3 + c2|x|−1−2

√
3

(d) |x|−1[c1 cos(2
√
3 ln |x|) + c2 sin(2

√
3 ln |x|)] (e) None of these

8. The general solution of the differential equation x2y′′+5xy′+13y = 0, valid for x �= 0,
is given by

(a) |x|− 5
2

[
c1 cos

(
3
√
3

2
ln |x|

)
+ c2 sin

(
3
√
3

2
ln |x|

)]
(b) e−2x[c1 cos(3x) + c2 sin(3x)]

(c) c1|x|+ c2|x|−5 (d) |x|−2 [c1 cos (3 ln |x|) + c2 sin (3 ln |x|)] (e) None of these
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9. The coefficient recursion relation of the solution y1 =
∞∑

n=0

anx
n+1 of the differential

equation x2y′′ + (x2 − x)y′ + y = 0 is

(a) an+1 =
(n+ 1)an

n2
(b) an+1 =

n2an

n+ 1
(c) an+1 =

an

n + 1
(d) an+1 =

−an

n+ 1

(e) None of these

10. The solution of the coefficient recursion relation an+1 =
2an

(n+ 1)2
, n ≥ 0, is an =

(a)
2na0

(n!)2
(b)

2a0

(n + 1)2
(c)

2na0

(n + 1)!
(d)

2na0

[(n + 1)!]2
(e) None of these
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11. One solution y1 of the differential equation x
2y′′ + (x2 + 3x)y′ + y = 0 has the form

(a)
∞∑

n=0

anx
n (b)

∞∑
n=0

anx
n+1 (c)

∞∑
n=0

anx
n− 1

2 (d)
∞∑

n=0

anx
n−1 (e) None of these

12. The general solution of the differential equation x2y′′ + xy′ + (3x2 − 4)y = 0, valid for
x > 0, is given by

(a) c1J2(
√
3x) + c2J−2(

√
3 x) (b) c1J√3(2x) + c2J−√

3(2x)

(c) c1J2(
√
3 x) + c2Y2(

√
3x) (d) c1J√3(2x) + c2Y√3(2x) (e) None of these
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13. At x = 59, the Fourier sine series of f(x) =

{
2, 0 ≤ x < 1
4, 1 ≤ x ≤ 3

}
on [0, 3] converges to

(a) 3 (b) −3 (c) 4 (d) −4 (e) −2

14. Let f(x) =

{
x, 0 ≤ x ≤ 1

−x, −1 ≤ x ≤ 0

}
, and f(x + 2) = f(x) for all x. The Fourier series

of f is
a0

2
+

∞∑
n=1

[an cos(nπx) + bn sin(nπx)],

where

(a) a0 = 1, an =
2

n2π2
[(−1)n − 1], bn = −2(−1)n

nπ
, n ≥ 1

(b) a0 =
1

2
, an =

1

n2π2
[(−1)n − 1], bn = (−1)n−1

nπ
, n ≥ 1

(c) an = 0, n ≥ 0, bn = −2(−1)n
nπ

, n ≥ 1

(d) an = 0, n ≥ 0, bn = 2(−1)n
nπ

, n ≥ 1

(e) a0 = 1, an =
2

n2π2
[(−1)n − 1], bn = 0, n ≥ 1
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15. The solution of the heat equation uxx = ut, 0 < x < 1, t > 0, which satisfies the
boundary conditions u(0, t) = u(1, t) = 0 and the initial condition u(x, 0) = x, is

u(x, t) =

∞∑
n=1

bn sin(nπx)e
−n2π2t,

where bn =

(a)
−2(−1)n

nπ
(b)

2(−1)n
nπ

(c)
−2(−1)n
n2π2

(d)
−2(−1)n
n2π2

(e) None of these
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16. The solution of the wave equation uxx =
1

4
utt, 0 < x < 3, t > 0, which satisfies the

boundary conditions u(0, t) = 0 and u(3, t) = 0, and the initial conditions u(x, 0) = 0
and ut(x, 0) = 2 sin(πx)− 3 sin(2πx), is

u(x, t) =
∞∑

n=1

sin
(nπx
3

)[
an cos

(
2nπt

3

)
+ bn sin

(
2nπt

3

)]
,

where

(a) a1 = 2, a2 = −3, an = 0 otherwise, bn = 0 for all n ≥ 1

(b) a3 = 2, a6 = −3, an = 0 otherwise, bn = 0 for all n ≥ 1

(c) b1 = 2, b2 = −3, bn = 0 otherwise, an = 0 for all n ≥ 1

(d) b3 = 2, b6 = −3, bn = 0 otherwise, an = 0 for all n ≥ 1

(e) b3 =
1

π
, b6 =

−3
4π
, bn = 0 otherwise, an = 0 for all n ≥ 1
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17. The solution u(x, y) of Laplace’s equation uxx + uyy = 0 within the rectangular region
0 < x < 3, 0 < y < 2, subject to the boundary conditions u(0, y) = 0, u(3, y) = 0,
u(x, 0) = 3x− x2, u(x, 2) = 0, has the form

(a) u(x, y) =

∞∑
n=1

an sinh
(nπy
3

)
sin
(nπx
3

)
(b) u(x, y) =

∞∑
n=1

an sinh

[
nπ(2− y)

3

]
sin
(nπx
3

)
(c) u(x, y) =

∞∑
n=1

an sinh
(nπx
2

)
sin
(nπy
2

)
(d) u(x, y) =

∞∑
n=1

an sinh

[
nπ(3− x)

2

]
sin
(nπy
2

)
(e) u(x, y) = αx+ βy + γxy + δ
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18. The bounded solution of Laplace’s equation urr +
1

r
ur +

1

r2
uθθ = 0 outside the circle

r = 3, which satisfies the boundary condition u(3, θ) = 3 + 2 sin(2θ)− cos(3θ), is

u(r, θ) =
a0

2
+

∞∑
n=1

r−n[an cos(nθ) + bn sin(nθ)],

where

(a) a0 = 6, a3 = −27, b2 = 18, an = bn = 0 otherwise

(b) a0 = 6, a3 = −1, b2 = 2, an = bn = 0 otherwise

(c) a0 = 6, a3 =
−1
27
, b2 =

2

9
, an = bn = 0 otherwise

(d) a0 = 6, a2 =
2

9
, b3 =

−1
27
, an = bn = 0 otherwise

(e) a0 = 6, a2 = 18, b3 = −27, an = bn = 0 otherwise



Final Examination, April 2012 – MATH 3705 Page 13

19. The differential equation xy′′+2y′+xy+λxy = 0, when placed in the Sturm-Liouville
form [p(x)y′]′ − q(x)y + λr(x)y = 0, has the weight function r(x) =

(a) 1 (b) x (c) x2 (d) xe2x (e) None of these

20. Given the Bessel identity
1

α

d

dx
[xνJν(αx)] = xνJν−1(αx), ν > 0, α �= 0,

∫ 2

0

x4J1(3x) dx = (a)
16

9
[3J2(6)− J3(6)] (b) 16J1(6) (c)

32

5
J2(6)

(d) 16[J2(6)− J3(6)] (e) None of these



Final Examination, April 2012 – MATH 3705 Page 14

21. The eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem

y′′ + λy = 0, 0 < x < 2, y(0) = 0, y′(2) = 0,

are

(a) λn =
nπ

2
, yn = Bn sin

(nπx
2

)
, n ≥ 1

(b) λn =
nπ

2
, yn = An cos

(nπx
2

)
, n ≥ 0

(c) λn =
(2n+ 1)2π2

16
, yn = Bn sin

[
(2n+ 1)πx

4

]
, n ≥ 0

(d) λn =
(2n+ 1)2π2

16
, yn = An cos

[
(2n+ 1)πx

4

]
, n ≥ 0

(e) λn =
(2n+ 1)2π2

4
, yn = An cos

[
(2n+ 1)πx

2

]
, n ≥ 0
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22. F {e−2ix−|x−3|} = (a)
2e−3i(λ−2)

1 + (λ− 2)2 (b)
2e3i(λ−2)

1 + (λ− 2)2 (c) e
2e−3i(λ+2)

1 + (λ+ 2)2

(d)
2e3i(λ+2)

1 + (λ+ 2)2
(e) None of these

23. F
{
2xe−x2

}
= (a) i

√
πλe−

λ2

4 (b) 2λe−λ2

(c)
√
πe−

λ2

4 (d) −i√πλe−λ2

4

(e) None of these
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24. F−1

{
e−3iλ

1 + (λ+ 2)2

}
= (a)

1

2
e2i(x+3)−|x+3| (b)

1

2
e−2i(x+3)−|x+3|

(c)
1

2
e−2i(x−3)−|x−3| (d)

1

2
e2i(x−3)−|x−3| (e) None of these

25. F−1
{
λe−|λ|} = (a)

−i
π(1 + x2)2

(b)
i

π(1 + x2)2
(c)

−2ix
π(1 + x2)2

(d)
2ix

π(1 + x2)2
(e) None of these



Final Examination, April 2012 – MATH 3705 Page 17

Table of Laplace Transforms

F (s) = L{f(t)} =
∫ ∞

0

f(t)e−stdt, s > 0

L{tp} = Γ(p+ 1)

sp+1
, p > −1, and L{tn} = n!

sn+1
if n ≥ 0 is an integer

L{sin(at)} = a

s2 + a2

L{cos(at)} = s

s2 + a2

L{eatf(t)} = F (s− a), s > a

L{u(t− a)f(t− a)} = e−asF (s), s > a ≥ 0

L{f (n)(t)
}
= snL{f(t)} − sn−1f(0)− sn−2f ′(0)− · · · − sf (n−2)(0)− f (n−1)(0), n ≥ 0

L{tnf(t)} = (−1)nF (n)(s) ≡ (−1)n d
n

dsn
F (s), n ≥ 0

L
{
f(t)

t

}
=

∫ ∞

s

F (x) dx

L
{∫ t

0

f(x) dx

}
=
1

s
F (s)

L{f(t) ∗ g(t)} ≡ L
{∫ t

0

f(t− x)g(x) dx

}
= F (s)G(s), where G(s) = L{g(t)}

L{δ(t− a)} = e−as, a ≥ 0

L{f(t)} = 1

1− e−Ts

∫ T

0

e−stf(t) dt whenever f is periodic with period T
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Summary of Fourier Series

1. The Fourier sine series of a function f defined on [0, L] is given by

∞∑
n=1

bn sin
(nπx
L

)
, bn =

2

L

∫ L

0

f(x) sin
(nπx
L

)
dx, n ≥ 1.

2. The Fourier cosine series of a function f defined on [0, L] is given by

a0

2
+

∞∑
n=1

an cos
(nπx
L

)
, an =

2

L

∫ L

0

f(x) cos
(nπx
L

)
dx, n ≥ 0.

3. The full Fourier series of a function f defined on [−L,L] is given by

a0

2
+

∞∑
n=1

[
an cos

(nπx
L

)
+ bn sin

(nπx
L

)]
,

an =
1

L

∫ L

−L

f(x) cos
(nπx
L

)
dx, n ≥ 0, bn =

1

L

∫ L

−L

f(x) sin
(nπx
L

)
dx, n ≥ 1.

4. The full Fourier series of a function f defined on [0, 2L] is given by

a0

2
+

∞∑
n=1

[
an cos

(nπx
L

)
+ bn sin

(nπx
L

)]
,

an =
1

L

∫ 2L

0

f(x) cos
(nπx
L

)
dx, n ≥ 0, bn =

1

L

∫ 2L

0

f(x) sin
(nπx
L

)
dx, n ≥ 1.

5. The Fourier series of a T -periodic function f on R = (−∞,∞) is given by

a0

2
+

∞∑
n=1

[
an cos

(nπx
L

)
+ bn sin

(nπx
L

)]
=
a0

2
+

∞∑
n=1

[
an cos

(
2nπx

T

)
+ bn sin

(
2nπx

T

)]
,

an =
1

L

∫ 2L

0

f(x) cos
(nπx
L

)
dx =

2

T

∫ T

0

f(x) cos

(
2nπx

T

)
dx

=
2

T

∫ α+T

α

f(x) cos

(
2nπx

T

)
dx, n ≥ 0,

bn =
1

L

∫ 2L

0

f(x) sin
(nπx
L

)
dx =

2

T

∫ T

0

f(x) sin

(
2nπx

T

)
dx

=
2

T

∫ α+T

α

f(x) sin

(
2nπx

T

)
dx, n ≥ 1,

where L =
T

2
and α is any real number.
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Table of Fourier Transforms

F{f(x)} = f̂(λ) =

∫ ∞

−∞
f(x) eiλxdx

F−1{F (λ)} = 1

2π

∫ ∞

−∞
F (λ) e−iλx dλ

F {u(x− a)− u(x− b)} = 1

iλ

[
eiλb − eiλa

]
, a < b

F {u(x+ b)− u(x− b)} = 1

iλ

[
eiλb − e−iλb

]
=
2

λ
sin(λb)

F {e−|x|} = 2

1 + λ2

F {eiaxf(x)
}
= f̂(λ+ a)

F{f(x− a)} = eiλaf̂(λ)

F{f ′(x)} = −iλf̂(λ)

F{xf(x)} = −idf̂
dλ

F {f(αx)} = 1

|α| f̂
(
λ

α

)
, α �= 0

F
{
e−tx2

}
=

√
π

t
e−

λ2

4t , t > 0

F{(f ∗ g)(x)} ≡ F
{∫ ∞

−∞
f(s)g(x− s)ds

}
= f̂(λ)ĝ(λ), where ĝ(λ) = F{g(x)}

F{δ(x− a)} = eiλa


