7 Analytic Trigonometry

7.1 Trigonometric Identities

Let’s begin by listing the identities we already know.

Reciprocal Identities:

Pythagorean Identities:

Even/Odd Identities:

1 1
cscl = g sec = p— cotf = —
iné cos 0
tanf = t0 =
a cos sin 6

sin? 6 + cos?0 =1
tan?6 + 1 = sec? 6
cot?f +1 = csc?d

sin(—f0) = —sinf cos(—0) =cos@ tan(—0) = —tand

Cofunction Identities:

Examples:

sin (g —8) =cosf cos (g —0) =sinf
tan (% —0) =cotf cot <g —9) = tan6

sec (g —9) =cscf csc <g —9) =secf

1. Simplify cos(t) + tan(t) sin(t)

solution:

cos(t) + tan(¢t) sin(t) = cos(t) +

cos(t)
cos?(t) + sin’(t)
cos(t)




sin @ cos
2. Simplif )
HHPHLY cos + 1+siné
solution:
sin 0 cos 6
cosf) 1+sind

3. Verify the identity

sin (1 + sin 0) + cos? 6
cos (1 + sind)

sin @ + sin® § + cos? 0
cos (1 + sin )
sinf 4 1

cos (1 +sin6)

= sect

cos

cos f(secd — cos ) = sin® 0

solution: To verify identities we have to transform one side until it looks like the other

- do not move terms from side to side.

4. Verify the identity

LHS

2tanfsectd =

cos f(sec — cos )

(1 — cos? 0)
cos
cos
1 —cos?6
sin’d = RHS
1 1

1—sinf 1+sinf

solution: We work with the right hand side

RHS

1 1
1—sind 1+sinf
1+sinf — (1 —sind)
(1 —sinf)(1 + sin0)

2sinf
1 —sin?6
2sinf

cos? 6
2tanfsecld = LHS




5. Verify the identity
Cos U

———F =secu + tanu
1 —sinu

solution: This one is a little trickier. We start with the right hand side:

RHS = secu+tanu
1 sin u
+

cosuU  COSU
1+ sinw

coS U
Now we appear to be stuck. We want this to look like the LHS which has 1 — sinw in

the denominator, so we could try multiplying the RHS by this on the top and bottom
to see what happens:

l1+sinu 1—sinu

RHS =

cosu 1—sinu
(14 sinu)(1 — sinu)
cosu(1l — sinu)

1 —sin®u

cosu(l — sinu)

cos?u

cosu(1l — sinu)
_ Y IHS
1 —sinu
6. Verify the identity
1+ cosf B tan? 6

cosf  sech—1

solution: We should start on the right hand side and convert to sines and coses:



RHS =

sin? 6 cosf

cos?f 1— cosf

(1 — cos? ) cosd

cos?0(1 — cos?)

(1 —cosO)(1+ cosh)
cos (1 — cos?)

1+ cosf

= — =RHS
cos 6
7.2 Addition and Subtraction Formulas
Formulas for sine:
sin(s +¢) = sinscost+ cosssint
sin(s —t) = sinscost — cosssint
Formulas for cosine:
cos(s+t) = cosscost —sinssint
cos(s —t) = cosscost+ sinssint

Formulas for tangent:

Example: Find cos(75°) and cos ()

solution:

cos(75°)

tan(s +t) =

tan(s —t) =

tans + tant

1 —tanstant
tans — tant

1+ tanstant

12

= cos(45° + 30°)
= c0s(45°) cos(30°) — sin(45°) sin(30°)

V2V3 V21



() = o)
= (D)o (3) v G ()

1V2 V312
22 "2 2
V2+ 6

4

Expressions of the form Asinx + Bcosx

We can use the sum and difference identities to rewrite expressions of the form Asinx +
B cos x as something simpler. The trick is to simultaneously transform the A into something
that looks like sin ¢ and transform the B into something that looks like cos ¢. Then we
can use a sum identity. We do this by imagining a point in the xy-plane with coordinates
(A, B). If ¢ is the angle between the line connecting (A, B) with the origin and the z-axis,

then
B

VB

cos ¢ = sin g =

A
VET B

Thus we can rewrite, using the sum identity:

A B
Asinxz 4+ Bcosx = A2+ B? (\/ﬁ sinx + \/ﬁcosx>

= VA2 + B?(cos ¢sinx + sin ¢ cos x)
VAZ + B2sin(z + ¢)

Example: Express 3sinx + 4 cosz in the form ksin(z + ¢)

solution: Here, k = v/ A2 + B2 = /32 442 = 5 also, sing = %, cosp = g so ¢ = 0.927
radians.

Thus,
3sinx + 4 cosz = 5sin(zx + 0.927)

7.3 Double-Angle, Half-Angle, and Product-sum Formulas

We state the double-angle identites:

Sin2x = 2sinx cos &



cos2xr = cos’x —sin’x

= 1-2sin’z
= 2cos’x —1
2tan
tan 2r = ———
1 —tan?z
Example: If cosx = —% and x is in quadrant II, find cos 2z and sin 2.
solution:
) 2\? 8 1
cos2x =2cos"x —1=2——=| —-1==-—-1=—=
3 9 9
sin 2z = 2sinx cos x
Since x is in quadrant II, we can sub in sinz = /1 — cos2 z

ino =2 (2 F ENAE __\[ 5

Formulas for Lowering Powers

. 9 1 —cos2x 9 1+ cos2x
sin“y = ———  cos" T = ——F7——
2 2
9 1 —cos2z
tan®r = ————
1+ cos 2z

Half-angle formulas

U 1 —cosu U 1+ cosu
n(5) -2y () 2/
sm(2> 5 coS 5 5

U 1 —cosu
fan (1) = Lo con
2 sin u

The = is chosen in the first two depending on what quadrant 3 is in.
Example: Find the exact value of sin 22.5°.

solution: Since 22.5° is half of 45°, we use the half-angle formula for sin with v = 45°.



Since 22.5° is in the first quadrant, we choose the + sign.

(%)

1 — cos45°

sin 22.5° =

=.
=

1

H
|
s

()

(]
| [\
S

Example: Fine tan (%) if sinu = % and v is in quadrant II.

solution: From the formula,

U 1 —cosu
tan (—) _ _—cosu

2 sin

We know sinu = %, and from the usual pythagorean identity we know

cosu=+v1—sin?u=—v1—sin’u
We choose the negative because cos is negative in the second quadrant. Hence

u 1—cosu
fan (_) _ o oosu
2

sin u
14+ 1 —sin’u
sin u
1+4/1—(3)?
2/5
1+,4/2

2/5
5 (5+V21
o

5421
2




Product-to-Sum Formulas

sinucosv = %[sin(u +v) + sin(u — v)]
cosusiny = §[sin(u +v) — sin(u — v)]
COSUCOSV = §[COS(U + v) + cos(u — v)]
sinusinv = %[Sin(u —v) —sin(u + v)]

Example: Express sin 3x sin bx as a sum of trig functions.

solution: We use the fourth product-to-sum formula:

1 1 1
sin 3x sin br = 5 [sin(3z — 5x) —sin(3z + bx)] = 5((308(—21]) —cos 8z) = é(cos(Zx) — cos 8x)

Sum-to-Product Formulas

sinx +siny = 2sin Ty cos i

2 2

: . rTHY\ . [T—Y

sinx —siny = 2cos sin

2 2
coOST 4+ cosy = 2cos Ty coS -

2 2

. (rx+y\ . [Tr—y

cosT —cosy = —2sin ( 5 ) sin ( 5 )

Example: Write sin 7z + sin 3z as a product.

solution: We use the first formula:

7 3 Tx — 3
sin7x+sin3x:2sin( T x) cos( x2 <

) = 2sin 5z cos 2x



7.4 Inverse Trigonometric Functions

From looking at the graphs of the trig functions, we see that they fail the horizontal line
test spectacularly. However, if you restrict their domain, you can find an inverse for these

functions on this domain only.

Inverse Sine

The function sin is one-to-one when restricted to sin : [—g, %} — [—1,1]. Thus there exists

a function sin™! or arcsin
- mT
sin”" : |[—1,1] — [——,—]
[—1,1] 55

1__
w21
) > : : : : >
w2 1 0.5 0.5 1
21
. . . . 71
sin x arcsin z(= sin™ " z)
The arcsin function satisfies
arcsin(z) = y < sin(y) =
L ) 0 T
arcsin(sinz) =z if — - <z < —
2 2
sin(arcsinz) =z if —1 <z <1

Examples: Find (a)sin™(3), (b)arcsin(—3), (¢)sin™'(3) and (d)cos(sin™"(3)).
solution:
(a) We know that sin(%) = £, so sin"'(3) = ¥.

(b) Likewise, Sin(—%) = —%7 SO arcsjn(—%) — _%‘



(¢) We know sinz is never 3 (it is never greater than 1), so sin~"(2) is undefined.

(d) For u € [—%, %], we have cos(u) = /1 — sinu, so

= () o b ()

2
N (§)
5
_ o2
25
B 16
N 25

Inverse Cosine

The function cos is one-to-one when restricted to cos : [0, 7] — [—1,1]. Thus there exists a

function cos™! or arccos
cos ' [~1,1] — [0, 7]

cos x arccos (= cos ' x)
The arccos function satisfies
arccos(x) =y < cos(y) =«

arccos(cosz) =z if 0 <z <7



cos(arccosz) =z if —1<x <1

Examples: Find (a) cos™ (?) and (b) cos™1(0).

solution:

(a) cos(%) = \/75, thus cos™! <73> =z
(b) cos(5) = 0, thus cos™(0) = %
Examples:

1. Show that sin(cos™!(z)) = V1 — 2.
solution: sinu = /1 — cos?(u) for u € [0, 7]. Thus
sin(cos () = 1/1 — cos?(cos(x)) = V1 — 2

2. Show that tan(cos™!(z)) = =22,

sinu

M tan(u) = Ccosu’

SO

o) = o)

3. Show that sin(2cos™!(z)) = 21 — 22

solution: sin2u = 2 sin u cosu, so

sin(2 cos™!(x) = 2sin(cos ' (x)) cos(cos () = 2v1 — 220 = 22V1 — 22

Inverse Tangent

The function tan is one-to-one when restricted to tan : [—’—5, %} — R. Thus there exists a
function tan~! or arctan

tan ' : R — [—z, E]
2°2



._.
[FE S
[¥¥)
.
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tan x arctan z(= tan™ " x)

The arctan function satisfies
arctan(z) = y < tan(y) =«
. T T
arctan(tanzx) = x if — 3 <z< 3
tan(arctanz) = x if z € R
Examples: Find (a) tan™!(1), (b) tan~! /3 and (c)arctan(—20)
solution:
(a) tan(§) = 1, thus tan™'(1) = Z.
(b) tan(%) = v/3, thus tan~'(v/3) = Z

(c) Using a calculator, we find arctan(—20) ~ 1.52084

Other Inverse Trig Functions

The other trig functions cot,csc and sec also have inverses when restricted to suitable
domains, namely cot™!,csc™! and sec™!. You don’t need to worry about graphing these.

Just keep in mind:




7.5 Trigonometric Equations

One frequently has to solve equations involving trig functions. Sometimes the values of x
you look at are restricted, while others you are asked to find all the values of x that make
a given equation true. In the latter case, there are usually an infinite number of solutions
whose form depends on the period of the trig functions involved.

Examples:

1. Solve

sin(x) = cos(z)

1 +sinz = 2 cos?(z)

(e) cos(z) + 1 =sinz with ¢ € [0, 27]
solution:
(a) tan?(z) — 3 = 0 = tan(z) = £/3.
tan(z) = v/3 when 2 = Z. But tan has period 7, so
tan(x):\/§:>x:g+k:7r kelZ

Likewise,

tan(x):—\/géx:—g+k7r kelZ

Thus the full set of solutions is
SZ{—g—FkZ?T,I:g-FkTF | /{;EZ}

(b) If sin(x) = cos(x), cos(x) # 0 because sin and cos are not 0 in the same places.
Thus we can divide both sides by cos and get

sin(x)

cos(z) =1=tan(z) =1

This happens when z = 7. Once again, tan has a period of 7 so
x = % +kr keZ
(c) We can get the equation 1+ sinz = 2 cos?(x) into an easier form to deal with by
subbing in 1 — sin? z for cos? z:
l+sinz = 2cos?(z)
l+sinez = 2—2sin’z

2¢inx +sinz—1 = 0



This is a quadratic in sin x that factors as
(2sinz — 1)(sinx +1) =0

Which means either 2sinz — 1 = 0 or sinx + 1 = 0. The first gives us that

1
29

osinx:—1:>:L‘:37”+2k7r,k€Z
osinx:%:>x:%+2k7r,k€Zorx:%”+2k7r,k€Z

sinz = =, and the second gives sinx = —1.

(d) We use a double angle identity on sin2x — cosx = 0 to get
2sinzcosx —cosx =0
cosz(2sinz —1) =0
Hence either
ocosx:0:>x:§+2k7r,k€Zor:B:3§+2k:7r,k€Z.
osinx:%:a::%+2k7r,k€Zorx:%“—|—2k7r,kEZ.

(e) Here we have to be a little trickier and square both sides

cosr+1 = sinzx
(cosz+1)* = 1—cos’w
cos’r+2cosz+1 = 1—cos’x
2cos’x 4+ 2cosz = 0
2cosz(cosz—1) = 0
Hence either cosx = 0 or cosz = —1. Between 0 and 27, the first only happens

at § and 37” and the second happens at —m. Hence the three solutions are

3T

s
rT=—,—,T
2" 2

2. Consider the equation 2sin(3z) — 1 = 0.

(a) Find all the solutions to the equation.
(b) Find all the solutions to the equation in the interval [0, 27).

solution:

(a) The equation rearranges to sin(3z) = . As we’ve seen before, this means that

Sx:%—I—Qkﬁ,kEZoer:%TqLQkﬂ,kEZ.

T 2km br  2kmw
=—+—kcZ =—+— kcZ.
T 18+ 3 cLZorx 18+ 3 €



(b) We solve the inequalities

The ks in this range are £k =0, k = 1 and £ = 2. Hence
oo & 13T Bom
187 18 7 18
For the other solutions we have
om  2km

The ks in this range are £k =0, k = 1 and £ = 2. Hence

B 57 177 297
Y7818 7 18

3. Consider the equation v/3tan(%) — 1 = 0.

(a) Find all the solutions of the equation.

(b) Find all the solutions in the interval [0, 47).
solution:
(a) This rearranges to tan(§) = \/ig This gives us

X T
r_T
5 6+k7r,k;eZ

m:g+%mk€Z



(b) As before, we find the ks we need:

0§§+2k‘7r<47r

1
1 1 11
——<2k<4—--=—
3~ 3 3
1 11
——<k<—=1.83
6~ 6
The ks in this range are k =0 and k = 1. Hence x = § or z = %”
4. Solve the equation tan?z — tanz — 2 = 0.
solution: This is a quadratic in tan x, so
tan’z —tanz —2 =0
(tanz — 2)(tanx + 1) =0
So tanx = 2 or tanx = —1. There isn’t a convenient angle with tanz = 2, but we can

use tan~! to write
r=tan '(2) +km, k€ Z

The second one of course gives us

:B:—%jtkw,k:GZ

5. Solve the equation 3sinf — 2 = 0.

solution: This rearranges to sinf = % Once again there is no easy angle that gives
us sinf = % We know that sin is positive in the first and second quadrants, and thus
the two solutions in [0, 27) are

2 2
sin™! (§> and 7 — sin™* <§>
Hence the full solution is

2 2
0 = sin~* <§> +2%morf=m—sin? <§> + 2km



