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Solution to Midterm 1 (A)
MAT2322, Winter 2012
Total = 20 marks

1. (3 marks) Find the angle between vectors(1, 0, 1)v = (0, 1, 1).

ol

Solution. 8= arcco{ﬂj = arccos% =
[uflv | 2

2. (4 marks) Consider two linés: (x,y2) =(1, 2, 3) + (2, 3, 2 and
L: (X, y2 =(-1,-2,4) + (4, 3, 1k

(@) (1 mark) Show that these two lines are skaesli

(b) (3 marks) Find the distance between thesditves.

Solution (a) Equate, y andzin thesetwo lines: 1 HZ-1+4,2+3=-2+3, 3+2=4+
s. From the last equation~= 2t —1. Substitute it into the first two equations2t4{ 1) — 2t = 2,
and 3(2-1)- 3t = 4. The former gives= 1, and the later giveés= 7 / 3. They are not
consistent. Hence, these two lines do not haweramn point.

(b) In parametric forms, the equations of these lines are
P1=(1,2,3)p2=(-1,-2,4),v1=(2, 3, 2)v2= (4, 3, 1).

The cross produat; X vy isn = (=3, 6,—6).

The distance betwedn andL; is thelength of the projection of vector=p; — p2 = (2, 4,-1)
onton:

3. (4 marks) Consider the cum@) = (v/2t, €™, &), o0 <t < .

(@) (2 marks) Find the length of the segmenhefdurve with Gt < 1.
(b) (2 marks) Find an equation of the tangerg bhthis curve at the point where 0.

Solution. (a) r'(t) = (v/2, —€™, €).

L=[2+re"+e&di=[ (é+ &) de[ e &] = e

(b) The direction vector of the tangent line'®) = (+2,-1,1).
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r(0) = (0, 1, 1). An equation of the tangent lige i

xY,2 = (0, 1, 1) +(~/2,-1,1}.
4. (5 marks) Consider the cumg) = (Zt t?, %tﬂ.

(d) (1 mark) Find'(t) and the length af'(t).
(b) (2 marks) Find the curvature of the curvéhatpoint where = 1.
(c) (2 mark) Find an equation of the osculatifanp of the curve dt= 1.

Solution (a) r'(t) = (2, &, t?), |r'(t) | = Jt* +4t2 +4=t%+ 2.

_r'e _
(b) Method1. T(t) = TR

L :
2,2t,t%).
S2208)

=L (_ 2 1T = L= (1) =2
T(t)—m( 4t,2(2-17),4). Whent—l,T(l)—g( 4,2, 4). T'Q)| :

Since '(1) [=3. x(1) = [T'Q@) |/ [F'(2) | :g.

Method2. r"(t) = (0, 2, 3). r'(t) x r"(t) = (22 -4t, 4). [r'(t) xr"(0) | =

Vat* +1@%+16= 2(*+ 2. The curvature is

=2
o

W)

e Pr'(t)xr"(t) q _6

Ir'e) P

(c) Atthe point wheré= 1,T is in the direction of vectdr= (2, 2, 1), and" is in the direction
of n = (-2, 1, 2). A normal vector of the osculating plasmke =t xn = 3(1,-2, 2).

The osculating plane has the foxm 2y + 2z=d. Sincer(1) = (2, 1 %) ,d=2-2+

wIiN
wlin

The equation of the osculating planeis2y + 2z =

win

5. (4 marks) Find all critical points of the funatiz= 2¢ + xy* + 5¢ +y?, and use the second
derivative test to classify each critical pointaa®cal minimum, or a local maximum, or a saddle
point.
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Solution z.= 6 +y* + 1. z,= 2y(x + 1). z, = 0 impliesy = orx=-1. Ify =0, fromz =0,
6x° + 1k = 0,x=0, orx=-5/ 3. Ifx=-1, fromz, = 0, we have? = 4,y = +2. There are four
critical points: (0, 0),€5/ 3, 0), €1,-2), and €1, 2).

Zoo= 12X+ 10,2y = X+ 2,2y = 2. D =202y — 2° = 2(6¢ + 5)(X + 2)— 4y~
D(0, 0) > 0,2z« > 0, (0, 0) is a local minimum.

D(0,-5/3)>0,zx< 0, 5/ 3, 0) is a local maximum.
D(-1,-2) =D(-1, 2) <0, £1,-2) and €1, 2) are saddle points.



