Philosophy of Logic Notes
Chapter 1 – Basic Notions of Logic
1.1 - Background
· Sentimental logic – that branch of symbolic deductive logic that takes sentences as the fundamental units of logical analysis
· A method or pattern of reasoning is truth-preserving if it never takes one from truths to a falsehood
· Argument forms all of whose instances are truth-preserving, as well as arguments that are of those forms, are traditionally valid
· If not its invalid
· Important drawbacks to Aristotelian logic – each syllogism must have exactly two premises and a conclusion
· Moreover, every sentence of a syllogism must be one of the four following forms:
· All As are Bs
· No As are Bs
· Some As are Bs
· Some As are not Bs
· The Aristotelian requirement that every conclusion be drawn from exactly two premises is unduly restrictive and does not mirror the complexity of actual reasoning and argumentation, a single instance of which may make use of a very large number of premises
· Sentential logic – systems based on the way sentences of natural languages can be generated from other sentences by the use of such expressions as ‘or’, ‘and’, ‘if…then’ and ‘not’
1.3 – Sentences, Truth-Values, and Arguments
· True and false are properties of sentences
· Sentences are either true or false
· True sentences have the truth-value T and false sentences the truth-value F
· Sentences are obviously neither true nor false include questions, command, and exclamations
· The formal systems developed in the text are intended to deal only with sentences that are either true or false as asserted on a particular context
· Syllogistic arguments are presented by listing premises followed by the conclusion
· Horizontal line separates the two premises of this syllogistic argument from the conclusion
· If the first two sentences (the premises) of the syllogism are true, the third sentence (the conclusion) must also be true
· Arguments so displayed are presented in standard form
· Conclusion indicator words – that is, words indicating that what follows is intended as the conclusion of an argument, include:
· Therefore, thus, it follows that, so, hence, consequently, as a result
· Premise indicator words – that is, words whose use signals that what follows is intended as a premise of an argument, include:
· Since, for, because, on account of, inasmuch as, for the reason that
· Sets are abstract objects that have members
· The identity of a set is determined by its member
· That is, if set A and set B have exactly the same members, then they are the same set
· If they do not, they are different sets
· An argument is a set of two or more sentences, one of which is designated a the conclusion and the others as the premises
1.4 – Deductive Validity and Soundness
· A deductively valid argument is one whose from or structure is fully truth-preserving
· That is – whose form or structure is such that instances of it never proceed from true premises to a false conclusion
· A deductively invalid argument is one whose form or structure is such that instances of it do, on occasion, proceed from true premises to false conclusion
· An argument is deductively if and only if it is not possible for the premises to be true and the conclusions is false
· An argument is deductively invalid if and only if it is not deductively valid
· Given only that an argument is deductively valid, it may still be reasonable to doubt the conclusion or to doubt one or more premises
· But what is not reasonable is to accept the premises and doubt or reject the conclusion
· An argument is deductively sound if and only if it is deductively valid and its premises are true
· An argument is deductively unsound if and only if it is not deductively sound
· A deductively valid argument may also have one or more false premises and a conclusion that is false
· A deductively valid argument may have a true conclusion and one or more false premises
· A deductively invalid argument may have any combination of truths and falsehoods as premises and conclusion
· That is, such an argument may have all true premises and a true conclusion, or all true premises and a false conclusion or one or more false premises and a true conclusion or one or more false premises and a false conclusion
· The only time we can determine whether an argument is deductively valid, given only the truth-values of the premises and conclusion, is when the premises are all true and the conclusion is false

1.5 – Inductive Arguments
· An argument has inductive strength to the extent that the conclusion probable given the premises
· Inductive strength is thus a matter of degree
1.6 – Logical Consistency, Truth, Falsity and Equivalence
· A stet of sentences is logically consistent if and only if it is possible for all the members of that set to be true
· A set of sentences is logically inconsistent if and only if it is not logically consistent
· Note that there is no requirement that the members of a set have “something to do with each other”
· Establishing that a set is consistent does not establish that all, or even any, any, of its members are true; but it does establish that it is possible for all the members to be true
· Indeed, every sentence that is of the form ‘either … or…’ and is such that what comes after the ‘or’ is the denial of what comes after the ‘either’ is true
· A sentence is logically true if and only if it is not possible for the sentence to be false
· A sentence is logically false if and only if it is not possible for the sentence to be true
· Logically false sentences, like logically true sentences, give us no information about the world
· Sentences that purport to give us information about the world – and these constitute most of the sentences we encounter outside logic and mathematics – are neither logically true nor logically false
· A sentence is logically indeterminate if and only if it is neither logically true nor logically false
· Sentences are sometimes related in such a way that, because of their structure or form, if one is true the other is as well and vice versa
· The members of a pair of sentences are logically equivalent if and only if it is not possible for one of the sentences to be true while the other sentence is false
· Note that we allow a sentence to be equivalent to itself
· On this definition of logical equivalence, it also follows that all logically equivalent
· But it does not follow that all logically indeterminate sentences are logically equivalent
· The test for logical equivalence is not sameness of truth-value, but rather whether the sentences in question must have the same truth-value – whether it is impossible for them to have different truth-values
1.7 – Special Cases of Validity
The Philadelphia Phillies are the best team in the National League

Either the net president will be a woman or the next president will not be a woman
· It is not possible for the conclusion, a logical truth, to be false
· Therefore it is not possible for the premises to be true and the conclusion false – again, because the conclusion cannot be false
· All arguments whose conclusions are logically true are deductively valid for this reason
Albert is brighter than all his sisters
Albert and Sally are brother and sister
Sally is brighter than all her brothers

Tyrannosaurus rex was the fiercest of all dinosaurs
· The set consisting of the premises is logically inconsistent
· The argument does not satisfy our definition of deductive validity because it is impossible for all the premises of this argument to be true and therefore impossible for all the premises to be true and the conclusion false
· The argument is truth-preserving because it will never take us from truths to a falsehood
· Every argument whose premises constitute a logically inconsistent set is thus deductively valid

Chapter 2 – Sentential Logic: Symbolization and Syntax
2.1 – Symbolization and Truth-Functional Connectives
· Sentences are the basic units
· The sentences of the English that can be symbolized in SL are those that are either true or false, that is, have truth-values
· Sentences generated from other sentences by means of sentential connectives are compound sentences
· All other sentences are simple sentences
· A compound sentence by a truth functional connective is one in which the truth-value of the compound is a function of, or is fixed by, the truth-values of its components
· A sentential connective is used truth-functionally if and only if it is used to generate a compound sentence from one or more sentences in such a way that the truth value of the generated is wholly determined by the truth-values of those one or more sentences from which the compound is generated, no matter what those truth-values may be
· Capital letters of SL abbreviate entire sentences and not individual words within sentences
· To ensure that we have enough sentences in our symbolic language to represent any number of English sentences, we shall also count letters with positive-integer subscripts as sentences of SL
· Ex) A, B, Z, T25, Q6
· In SL capital letters with or without subscripts are atomic sentences
· Sentences of SL that are made up of one or more atomic sentences and one or more sentential connectives of SL are molecular sentences
Conjunction
· Use ‘&’ (ampersand) as the sentential connective of SL that captures the force of this truth-functional use of ‘and’ in English
· A sentence of the form P & Q
· Where P & Q are sentences of SL, is a conjunction
· P and Q are the conjuncts of the conjunction
· A conjunction is true if and only if both of its conjuncts are true
	P
	Q
	P & Q

	T
	T
	T

	T
	F
	F

	F
	T
	F

	F
	F
	F


· Sometimes an English sentence that is not itself a compound sentence can be paraphrased as a compound sentence
· The sentence – Fred and Nancy passed their driving examinations
· Paraphrased – Both Fred passed his driving examination and Nancy passed her driving examination
· Symbolizing English sentences in SL should be though of as a two-step process
· First, we construct in English a truth-functional paraphrase of the original sentences
· Second, symbolize the paraphrase in SL
· Ex) Two jiggers of gin and a few drops of dry vermouth make a great martini
· Cannot be paraphrased – Both two jiggers of gin make a great martini and a few drops of dry vermouth make a great martini
· Together these ingredients may make a great martini but separately they make no martini at all
· Thus the original sentences must be regarded as a simple sentences and symbolized in SL as an atomic sentence – M
· Many sentences generated by such other connectives of English as ‘but’, ‘however’, ‘although’, ‘nevertheless’, ‘nonetheless’, and ‘moreover’ can be closely paraphrasing using ‘and’ in its truth-functional sense
· Truth functional paraphrases often fail to capture all the nuances present in the sentences of which they are paraphrases
· This loss is usually not important for the purpose of logical analysis
· Ultimately we have to ask ourselves, as speakers of English, whether the sentence can be reasonably paraphrased as a truth-functional compound
· If so, we can symbolize it as a molecular sentence of SL
· If not, we have to symbolize it as an atomic sentence of SL
Disjunction
· Another sentential connective of English is ‘or’
· As long as at least one of the component sentences is true, the compound is true; but if both the components are false, then the compound is false
· In SL ‘∨’ (wedge) is the symbol that expresses this truth-functional relation
· A sentence of the form P ∨ Q where P and Q are sentences of SL, is a disjunction
· P and Q are disjuncts of the sentence
· A disjunction is true if and only if at least one of its disjuncts is true
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	Q
	P ∨ Q
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· Some sentences of English that do not contain the word ‘or; can be paraphrase as a disjunction
· For instance – At least one of the two hikers, Jerry and Amy, will get to the top of the mountain
· Paraphrased to be – Either Jerry will get to the top of the mountain or Amy will get to the top of the mountain
· In paraphrasing sentences as disjunction we use the ‘either … or…’ construction to mark off the two disjuncts ambiguously
· Nietzsche is either a philosopher of mathematician
· Either Nietzsche is a philosopher or Nietzsche is a mathematician
· We use ‘or’ only in the inclusive sense in paraphrases, this paraphrase is true if either or both of the disjuncts are true
Negation
· ‘It is not the case that’ is a sentential connective of English
· It is not the case that is a truth functional connective because the truth value of the generated sentence is wholly determined by the truth-value of the component sentence
· In SL [image: ](tilde) is the sentential connective that captures this truth functional relationship
· The tilde is a unary connective because it connects only one sentence
· On the other hand & and ∨ are binary 
Combinations of Sentential Connectives
· Connectives can be used in combination to symbolize complex passages
· Ex) A republican and a democratic will not both become president
· Paraphrased – It is not the case that both a republican will become president and a democrat will become president
· SL: - (R & D) or – R v – D
	P
	Q
	- P & - Q
	- (P v Q)
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Material Conditional
· ‘If … then …’ we introduce ‘>’ (horseshoe0
· A sentence of the form P > Q, where P and Q are sentences of SL, is a material condition
· P, sentence on the left of the ‘>’ is the antecedent and Q, the sentence on the right of the > is the consequent of the conditional
· It is important to remember that, whenever we write a sentence of the form P > Q we could express it as – P v Q
· When P is true and Q is false, it is the only case in which a sentence of the form P > Q is false, that is, when the antecedent is true and the consequent is false
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	P > Q
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· Larry will become wealthy provided that he inherits the family fortune
· Paraphrased – If Larry inherits the family fortune then Larry will become wealthy
· SL: F > W
· A connective that can be paraphrased either as a disjunction or as a conditional is ‘unless’
· Ex) This plant will die unless it is water
· Paraphrased – Either this plant will die or it is watered (D v W)
· Paraphrased – If it is not the case that it is watered, then this plant will die (-W > D)
· Paraphrased – If it is not the case that this plant will die, then it is watered ( - D > W)
Material Biconditonal
· In English the connective ‘if and only if’ is used to express more than either the connective ‘if’ or the connective ‘only if’
· We introduce the triple bar to capture the truth-functional use of the connective ‘if and only if’
· P triple bar Q are sentences of SL, is a material biconditonal
	P
	Q
	P triple bar Q

	T
	T
	T

	T
	F
	F

	F
	T
	F

	F
	F
	T


· See summary of some common connectives pg 47
· Also ‘because’ is not a truth functional connective
2.2 – Complex Symbolizations
· Each sentence of a paraphrase will be either a simple sentence, a truth functionally compound sentence or a non-truth functionally compound sentence
· The simple sentences and non-truth functional compound sentences are to be symbolized as atomic sentences of SL
· The truth-functionally compound sentences are to be symbolized as molecular sentences of SL
Guidelines for Paraphrasing
· Any sentence of the original passage that is going to be paraphrased as truth functionally compound sentence can be paraphrased using one or more of the connectives
· Both … and…
· Either … or…
· It is not the case that
· If….then….
· If and only if
· Ambiguities should be eliminated in the paraphrase
· For instance sometimes it may be clear to insert parentheses in the paraphrase to establish how sentences are to be group
· If the passage is an argument, put the paraphrased argument in standard form
· That is, list the paraphrased premises first, draw a line and then list the paraphrased conclusion
· Where an English passage contains two or more different wordings of the same claim, use just one wording in constructing a paraphrase of that passage
· Rule to remember is that a sentence compounded by ‘if’ rather than by ‘only if’ should be paraphrased as a conditional whose antecedent is the sentence following ‘if’ in the original compound
· A sentence compounded by ‘only if’ should be paraphrased as a conditional whose consequent is the sentence following ‘only if’ in the original compound
2.3 – Non-Truth Functional Connectives
· If the connective is being sued truth-functionally, we should be able to construct a truth-table that adequately characterizes that use
· If a truth-table that adequately characterizes the use of a connective in a particular sentence cannot be constructed, then that connective is not being used truth-functionally in the sentence in question
· Knowledge of whether the situation described by the antecedent and consequent obtain is not sufficient to determine the truth-value of such conditionals
· Subjective conditionals (because they are in the subjunctive, rather than the indicative mood), ‘if…then…’ as used in subjunctive conditionals is not truth functional
· The safest policy in dealing with non-truth-functional compounds is to paraphrase them as single sentences
· In constructing a paraphrase for an argument, if non-truth functional compounds are paraphrased as truth-functional compounds, be sure that the paraphrased premises are equivalent to or weaker than the original premises and that the paraphrased conclusion is equivalent to or stronger than the original conclusion
· Similar considerations will that after, when, before, because lack truth functional senses in English
· Similar reasoning will show that such other unary connectives as ‘necessarily’, probably, possible, it is alleged that and many people fear that have no truth functional senses
2.4 – Syntax of SL
· When we talk about a language, we call that language the object language
· SL is the object language
· English is the metalanguage used to discuss it
· A metalanguage is a language used to discuss or describe some object language
· When a word or expression is being talked about, we say that that word or expression is being mentioned rather than used
· Ex) ‘Saratoga’ contains four syllables
· Saratoga is mentioned not used
· Ex) Saratoga contains four syllables
· Saratoga is a city and is used
Metavariables
· An expression in the metalanguage that is used to talk generally abut expressions of the object language
· ‘P’, ‘Q’, ‘R’, ‘S’
· If P is an expression of SL consisting of a tilde followed by a sentence of SL, then P is a negation
· Here P is a metavariable that ranges over expressions of the object language
· Every expression of SL that consists of a tilde followed by a sentence is a negation
· The displayed sentence is not about the metavariable P for P is not an expression of SL
· Rather the sentence is about all values of P that is all those expressions that expressions of SL
Language of SL
· The sentences of SL are defined as follows:
· Even sentence letter is a sentence
· If P is a sentence, then – P is a sentence
· If P and Q are sentences then (P&Q) is a sentence
· If P and Q are sentences then (P v Q) is a sentence
· If P and Q are sentences then (P  Q) is a sentence
· If P and Q are sentences then (P  Q) is a sentence
· Nothing is a sentence unless it can be formed by repeated application of clauses 1-6
· The sentences specified by the first clause, the sentences of SL – are the atomic sentences of SL
· We adopt the convention that the outermost parentheses of a sentence may be dropped whenever that sentence occurs by itself
· Also covers this use with metavariables
· The syntactical study of a language is the study of the expressions of the language and the relations among them, without regard to possible interpretations of these expressions
· When we specify and investigate interpretations of the expressions of a language, we are looking at the semantics of the language
· If P is an atomic sentence, P contains no connectives and hence does not have a main connective
· P has no immediate sentential components
· If P is of the form –Q, where Q is a sentence, then the main connective of P is the tilde that occurs before the Q and Q is the immediate sentential component of P
· If P is of the form Q & R, Q v R, Q  R, or Q R, where Q and R are sentences then the main connective of P is the connective that occurs between Q and R, and Q and R are the immediate sentential components of P
· The sentential components of a sentence include the sentence itself, its immediate sentential components, and the sentential components of its immediate sentential components
· The atomic components of a sentence are al the sentential components that are atomic sentences
Chapter 3 – Sentential Logic: Semantics
3.1 – Truth Value Assignments and Truth Tables For Sentences
· Every sentence of SL can be built up from its atomic components in accordance with the definition of sentences
· Similarly the truth value of a sentence of SL is determined completely by the truth-values of its atomic components in accordance with the characteristic truth-tables for the connectives
· The truth values of atomic sentences are fixed truth value assignments
· A truth value assignment is an assignment of truth-values (Ts or Fs) to atomic sentences of SL
· Intuitively each truth value assignment gives us a description of a way the world might be, for in each we consider a combination of truth values that atomic sentences might have
· We assume that the atomic sentences of SL are truth functionally independent – that is that the truth value assigned to one does not affect the truth value assigned to another
· If P has n atomic components, there are 2n different combinations of truth values for its atomic components
· If the same sentence letter occurs more than once in P, we do not count each occurrence as a different component of P
· To determine the number of atomic components, we count the number of different sentence letters that occur in P
· Material biconditonal has the truth value T on all truth value assignments on which its immediate components have the same truth value and the truth value F on all other truth value assignments
· Sometimes we are not interested in determining the truth values of a sentence P for every truth value assignment but are interested only in the truth value of P on a particular truth-value assignment
· The truth value of P for each combination is recorded directly underneath the main connective of P in the row representing the combination
· A sentence is true on a truth value assignment if and only if it has the truth value T on the truth value assignment
· A sentence is false on a truth value assignment if and only if it has the truth value F on the truth value assignment
3.2 – Truth-Functional Truth, Falsity and Indeterminacy
· Either Cynthia will get the job or Cynthia will not get the job  C v –C
· The truth table for this sentence shows that it is true on every truth value assignment
· A sentence cannot possibly be false
· A sentence P of SL is truth functionally true if and only if P is true on every truth value assignment
· Simply examine the column of truth values under its main connective
· The sentence is truth functionally true if and only if that column is solely T’s
· Truth Functionally False
· A sentence P of SL is truth functionally false if and only if P is false on every truth value assignment
· The sentence’s main connective must have all F’s
· Ex) A & - A
· Truth functionally indeterminate
· A sentence of P of SL is truth functionally indeterminate if and only if P is neither truth functionally true nor truth functionally false
· Every atomic sentence of SL is truth functionally indeterminate
· Every sentence of SL is either truth functionally true, false or indeterminate
· There is a systematic way to develop a shortened truth table that shows that a sentence is true on at least one truth value assignment or false on at least one truth value assignment
· Start at the main connective with the desired assignment and work backwards
· Sometimes we have to try every possibility before coming up with the correct shortened truth-table (or concluding that there is no such table)
· Ex) A  A – no table can be written since cant have two different truth value assignments
3.3 – Truth Value Equivalence
· Sentences P and Q of SL are truth functionally equivalent if and only if there is not truth value assignment on which P and Q have different truth values
· Sentences A & A and A v A are equivalent
· The columns under the main connective are identical, which shows that the two sentences have the same truth value on every truth value assignment
· When we want to show that two sentences are not truth functionally equivalent we will circle at least one row of the truth table in which the sentences do not have the same truth values
· All truth functionally true sentences are truth functionally equivalent
· This is because every truth functionally true sentence has a truth value of T on every truth value assignment
· All truth functionally false sentences are truth functionally equivalent
· Since they have F for every truth value assignment
· Not all truth functionally indeterminate sentences are truth functionally equivalent
· Note that it is not sufficient to show a shortened truth table to prove truth functional equivalence
· This is because truth functionally equivalent sentences occur if and only if all truth value assignments on every truth value are the same

3.4 – Truth Functional Consistency
· To define truth functional consistency we need the notion of a set of sentences
· A set of sentences of SL is a group or collection of sentences of SL
· To show a set we uses braces {…} to show the group of sentences within a set
· We say that these sentences are members of a specific set
· All sets of sentences that have at least one sentence in a set are non-empty sets of sentences
·  is the symbol used to name an empty set, it is a set in SL that contains no members of at all
· Sets of sentences is SL are symbolized with  (gamma)
· Truth functional consistency
· A set of sentences of SL is truth functionally consistent if and only if there is at least one truth value assignment on which all the members of the set are true
· A set of sentences of SL is truth functionally inconsistent if and only if it is not truth functionally consistent
· All that matters for establishing truth-functional inconsistency is that there is no single truth value assignment on which are three members are true
· Can show a shortened table to prove consistency, but not inconsistency since it could be consistent on another set of truth values for specific SL set
3.5 – Truth Functional Entailment and Truth Functional Validity
· Truth functional entailment is a relation that may hold between a sentence of SL and set of sentences of SL
· A set of  of SL truth functionally entails a sentence P if and only if there is no truth-value assignment on which every member of  is true and P is false
· In other words  truth functionally entails P just in case P is true on every truth value assignment on which every member of  is true
· Symbol for truth functional entailment is the double turnstile 
·  P
·   Truth functionally entails P
·  P
· Empty set of sentences entails P
· All and only truth functionally true sentences are truth functionally entailed by the empty set of sentences
· If  is a finite set, we can determine whether  truth functionally entails P by constructing a truth table for members of  and for P
· If there is a row in the truth table in which all members of  have the truth value T and P has the truth value F, then  does no truth functionally entail P
· If there is no such row, then  truth functionally entails P
·  An argument of SL is a group of two or more sentences of SL, one of which is designated as the conclusion and the others as the premises
· An argument of SL is truth functionally valid if and only if there is no truth value assignment on which all the premises are true and the conclusion is false
· An argument of SL is truth functionally invalid if and only if it is not truth functionally valid
· Thus an argument of SL is truth functionally valid just in case on every truth value assignment on which the premises are true the conclusion is true as well
· This means that an argument is truth functionally valid if and only if the set consisting of the premises of the argument truth functionally entails the conclusion
· When an argument is truth functionally invalid, we can show this by constructing a shortened truth table that displays a row which the premises are true and the conclusion false
· For any argument of SL that has a finite number of premises, we may form a sentence called the corresponding material conditional an that sentence is truth functionally true if and only if the argument is truth functionally valid
· First we may form an integrated conjunction (…(P1 & P2)… Pn) from the sentences P1…Pn
· The interated conjunction for sentences –(A  B), D and J v H is ((-(AB) & D) & (J v H)
· The corresponding material conditional for an argument is then formed by constructing a material conditional with the iterated conjunction of the premises as antecedent and the conclusion of the argument as consequent

· Argument
- (A  B)
D
J v H

	- H v - A
· Corresponding material condition is [[-(A  B) & D] & (J v H)]  (-H v – A)
· An argument with a finite number of premises is truth functionally valid if and only if its corresponding material conditional is truth functionally true
3.6 – Truth-Functional Properties and Truth-Functional Consistency
· Truth functional concepts of truth-functional truth, falsehood, indeterminacy, entailment and validity can all be explicated in terms of truth-functional consistency
· A sentence P is truth functionally false if an only if {P} is truth-functionally inconsistent
· A sentence P is truth functionally true if an only if {P} is truth-functionally consistent
· A sentence P is truth functionally indeterminate if an only if both {P} and {P} are truth-functionally consistent
· Sentences P and Q are truth-functionally equivalent if and only if {(PQ)} is truth-functionally inconsistent
·   {P} is read as the union of gamma and the unity set of P
· An argument of SL is truth-functionally valid if and only if the set containing as its only members the premises of the argument and the negation of the conclusion is truth-functionally inconsistent 



Chapter 4 – Sentential Logic: Truth-Trees
4.1 – The Truth-Tree Method
· The truth-tree method of determining whether truth functional properties hold for sentences and sets of sentences of SL
· Provide a systematic method of searching for truth value assignments that are of special interest
· The truth tree method also reveals when no such truth value assignments exist
· Can be used for any finite set of sentences of SL, to yield  in a finite number of steps an answer to a question
4.2 – Truth-Tree Rules for Sentences Containing ‘’, ‘v’ and ‘&’
· Truth-trees provide us with a systematic method for determining, for nay finite set of sentences of SL, whether that set is truth functionally consistent
· In constructing a truth-tree the first step is to display the members of the set being tested, one above another in a column
· What we want to know is whether there is a truth value assignment on which all the sentences in the column are true
· We put a check mark after decomposing a SL sentence to indicate that we are finished with it
· A sentence that is either an atomic sentence or the negation of an atomic sentence is a literal
· Whether the set is truth functionally consistent is generated by reading up the sentences, starting at the bottom and knowing their assignments
· We pay attention only to the literals
· If a literal is an atomic sentences, we assign the truth value T to that atomic sentence
· If the literal is the negation of an atomic sentence, we assign the truth-value F to the atomic sentence (not to the literal)
· We must decompose sentences in a way as to show what sentences must be true for a disjunction or other connective to be true
· For a disjunction to be true only one of its disjuncts need to be true (though both may be true)
· We can display that there are alternative ways in which a disjunction can be made true by branching our tree
· There is no truth value assignment on which all the members of the set we are testing are true, that set is truth functionally inconsistent
· A branch that contains both an atomic sentences and the negation of that sentence represents a failure to find such an assignment, for no truth value assignment assigns any atomic sentence both the truth value  T and the truth value F
· Note that since a completed open branch is a kind of open branch it will not contain an atomic sentence and the negation of that sentence
· A finite set  of sentences of SL is truth functionally consistent if and only if  has a truth-tree with at least one completed open branch
· A finite set  of sentences of SL is truth functionally inconsistent if and only if  has a closed truth tree
· The truth tree fir the empty set is the null tree, that is, the truth tree that has no sentences on its single null branch
· The null branch, therefore is not closed and trivially counts as a completed open branch, so the empty set is truth functionally consistent by our account, a desirable result
· Note that an open tree need not be a completed tree, and that an open tree that is not completed may become a closed tree
· Branch – all the sentences that can be reached by starting with a sentence at the bottom of a tree and tracing an upward path through the tree, ending with the first sentence listed at the top of the tree
· Closed Branch – a branch containing both an atomic sentence and the negation of that sentence
· Closed Truth-Tree – A truth-tree each of whose branches is closed
· Open Branch – A branch that is not closed
· Completed Open Branch – An open branch such that every sentence on it is either a literal or has been decomposed
· Completed Truth-Tree – a truth tree each of whose branches is either closed or is a completed branch
· Open Truth-Tree – a truth tree that is not closed
· For the sake of clarity, we adopt the convention of numbering the lines of our truth trees in a column on the left
· We also include a justification column on the right
· The lines containing the members f the set we are testing for truth functional consistency will all be justified with the abbreviation ‘SM’ for ‘set member’
· An ‘X’ under a branch of a tree indicates that that branch is closed
· We use an ‘O’ to indicate that a branch is completed open branch
· A completed open truth tree often has one or more closed branches
· The process of describing those truth value assignments that will make all of the literals on a completed open branch true is called recovering a set of truth value assignments
· It should be remembered that a truth value assignment assigns values to every atomic sentence of SL
· So when we specify the assignments that are made to several atomic sentences of SL, we have not thereby specified a single truth value assignment
· Rather we have described a set of truth-value assignments those that are the specified values to the relevant atomic sentences and that additionally assign truth values to all other atomic sentences of the language
· Although we will only display truth values assigned to a small number of atomic sentences we will always be recovering sets of truth value assignments those that agree on the truth values assigned to the relevant atomic sentences
· Altering the order of decomposition sometimes makes a tree more or less complex, but it never alters the final result
· It is important to remember that when a sentence is decomposed the results of that decomposition must be entered on every open branch passing through the sentence being decomposed
· We do not stop halfway through the application of a decomposition rule to make closures
· Literals – that is atomic sentences and negations of atomic sentences – are not decomposed
· A sentence of the form  (P  & Q) is truth functionally equivalent to the corresponding sentence of the form  P v  Q and sentences of the latter forms are disjunctions
· For any sentences P and Q,  (P v Q) and P & Q are truth functionally equivalent and we already know how to decompose disjunctions
4.3 – Rules For Sentences Containing ‘’ and ‘’
· We know that for any sentences of P and Q of SL, P  Q is equivalent to P v Q
· The negation of a material conditional,  (P  Q) is true if and only if that conditional is false and a conditional is false if and only if its antecedent is true and its consequent is false
· In other words for any sentences of P and Q of SL,  (P  Q) and P & Q are truth functionally equivalent sentences
· A material biconditonal is true if and only if either its immediate components are both true or its immediate components are both false
· Alternatively, for any sentences P and Q, P  Q is truth functionally equivalent to (P & Q) v (P & Q)
· The negation of a material conditional will be true if and only if the immediate components of the material biconditonal have different truth-values
· In other words, for  (P  Q) to be true, either P must be true and Q false, or P must be false and Q true
· So for any sentences P and Q,  (P  Q) is truth functionally equivalent to (P & Q) v (P & Q)
[image: ]

· Nothing less than a completed tree, with every branch closed, shows that a set is truth functionally inconsistent
4.4 – More Complex Truth-Trees
· In constructing a truth tree for this set, we start as always by listing the members of the set 
· If any order of decomposition yields a completed open branch, all will and if any order of decomposition yields a closed tree, all will
· The results of decomposing a sentence must always be entered on every open branch that runs through the sentence being decomposed
· Trees are to be so constructed that every line of the tree is fully justified either by writing ‘SM’ in the justification column or by entering the number of one and only on earlier line and one and only one rule abbreviation in the justification column
· Strategies for constructing truth trees
· Give priority to decomposing sentences whose decomposition do not required branching
· Give priority to decomposing sentences whose decompositions result in the closing of one or more branches
· Stop when a tree yields an answer to the question being asked
· Where strategies 1-3 are not applicable, decompose the more complex sentences first
· Roughly speaking, a sentence P is more complex than sentence Q if decomposing P requires entering more sentences of longer sentences on a tree than does decomposing Q
· The number of open branches on a completed truth tree is no guide to the number of distinct sets of truth value assignments that can be recovered from that tree
· Truth-value assignments can be recovered only from completed open branches
· Closed branches represent unsuccessful attempts to find such assignments
· If the tree has a completed open branch, we know that there is at least one row in that table in which every member of the set in question has a T under the main connective
4.5 – Using Truth Trees to Test for Truth-Functional Truth, Falsity and Indeterminacy
· A sentence P of SL is truth functionally false if and only if the set {P} has a closed truth tree
· We can determine whether the sentence is truth-functionally true by testing whether its negation is truth functionally false, that is by seeing whether the unit set of its negation has a closed tree
· A sentence P of SL is truth functionally true if and only if the set {P} has a closed tree
· A sentence P of SL is truth functionally indeterminate if and only if neither the set {P} nor the set {P} has a closed truth tree
· When determining the truth functional status of a sentence P, we shall sometimes end up constructing two trees, one for P and one for P
· Of course if we suspect that P is truth functionally true, we should first do the truth tree for P
· If e suspect that P is truth functionally false, we should first do the truth tree for P itself
4.6 - Truth-Functional Equivalence
· Sentences P and Q of SL are truth functionally equivalent if and only if there is no truth value assignment on which P and Q had different truth values
· It follows that sentences of P and Q are truth functional equivalent if and only if their corresponding material biconditonal P  Q is truth functional true
· A material biconditonal of P  Q is truth functionally true if and only if the tree for the negation of that biconditonal is closed
· That is to determine whether a biconditonal is truth functionally true, we simply apply the test for truth-functional truth developed in the previous section
· Sentences P and Q of SL are truth functionally equivalent if and only if the set of { (P  Q)} has a closed tree
4.7 –Truth-Functional Entailment and Truth-Functional Validity
· To see if a finite set  truth functionally entails P, we construct a tree for the members of   {P}
· Here we have to be careful to negate the allegedly entailed sentence before constructing the tree
· A finite set  of sentences of SL truth-functionally entails a sentence P of SL if and only if the set   {P} has a closed truth-tree
· An argument is truth functionally valid if and only if there is no truth value assignment on which the premises are true and the conclusion false
· An argument is truth functionally valid if and only if there is no truth value assignment on which both the premises and the negation of the conclusion are true
· Hence an argument is truth functionally valid if and only if the set consisting of the premises and the negation of the conclusion has a closed truth-tree
· An argument of SL with a finite number of premises is truth-functionally valid if and only if the set consisting of the premises and the negation of the conclusion has a closed truth tree
· The closed tree shows that there is no truth value assignment on which the premises of our argument are all true and the negation of the conclusion is also true
· Therefore there is no truth value assignment on which those premises are true and the conclusion false, so the argument is truth functionally valid
· Because an argument is truth functionally valid if and only if the set consisting of the premises of that argument truth functionally entails the conclusion of that argument, the procedures for constructing truth trees to test for truth functional validity and for truth functional entailment are similar
· In the case of testing for truth functional validity, the conclusion is negated; in the case of testing for truth functional entailment, the allegedly entailed sentence is negated


Chapter 5 – Sentential Logic: Derivations
5.1 –The Derivation System SD
· These techniques rely on the form or structure of sentences of SL and are not intended to revel whether there is or is not a truth-value assignment of a certain sort
· These are therefore syntactic techniques
5.1.1 Reiteration and Introduction and Elimination Rules for ‘&’ and ‘’
· Reiteration – this rule simply allows one to enter on a line of a derivation a sentence that occurs on an earlier line of the derivation
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· The sideways triangle sign indicates the sentence that can be derived using the rule in question
· Introduction and Elimination Rules
· The derivation system includes two rules for each connective, 
· One for deriving a sentence from a sentence with a specified connective as its main connective
· These are called elimination rules because they take us from a sentence whose main connective is the connective after which the rule is named to one that may have a different or no main connective 
· One introducing the connective (deriving a sentence whose main connective is the connective after which the rule is named)
· Called introduction rules, because the sentence introduced has as its main connective the connective for which the rule is named
· Conjunction Elimination (&E)
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· This rule specifies that from a conjunction one can infer or derive either the left conjunct or the right conjunct


· Conjunction Introduction
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· This schema should be interpreted as allowing the derivation of a conjunction when each of its conjuncts appears earlier in the derivation
· Conditional Elimination
[image: ]
· This rule specifies that if, in a derivation, we have already obtained both a material conditional and the sentence that is the antecedent of that conditional
· Adopt the convention of writing the name of the rule we use to the right of each sentence entered in a derivation (or, where the sentence is an assumption, the letter ‘A’)
· We will also specify the line or lines from which the sentence we have entered is derived
· Finally, we will draw a horizontal line to separate the initial assumptions of the derivation (which we will call the primary assumptions) from subsequent lines, and a vertical line to the left of the column of derived sentences
· The rules we do include in SD will never take us from truths to a falsehood: they are truth preserving








· Conditional Introduction
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· This rule makes use of a new structure, that of a subderivation, the idea of which is this
· We want to derive a conditional, a sentence of from P  Q
· To do so we take P, the antecedent of the desired conditional, as a new assumption 
· We then show that from that new assumption and all other available assumptions, we can derive Q, the consequent of the desired material conditional
· This amounts to showing that if P then Q, or P  Q, follows from the assumptions that were available before we assumed P
· The vertical lines in a derivation are called scope lines
· Assumptions with just ne scope line to their left are the primary assumptions of the derivation
· Each subderivation begins with an auxiliary assumption whose scope is indicated by the scope line immediately to its left
· An auxiliary assumption is in force, is available for use, as long as the vertical line immediately to its left continues
· We end a successful subderivation by using the rule indicated on the assumption line of the subderivation to derive a sentence outside of the subderivation, citing the entire subderivation
· When a subderivation is ended we say that the assumption of that subderivation has been discharged; it is no longer in force and may not be cited on subsequent lines
· We will also refer to assumptions that have not been discharged as being open, and to those that have been discharged as being closed
· Accessibility – a sentence is accessible at a given line of a derivation if and only if it is either an open assumption (one that has not been discharged) or falls within the scope of an open assumption






5.1.2 – Introduction and Elimination Rules for ‘’
· Negation Elimination
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· This rule calls for us to assume the negation of the sentence we want to establish and then derive a sentence, any sentence, and its negation from the accessible assumptions
· Note that reiteration is frequently useful in derivations employing either Negation Elimination or Negation Introduction, for both rules require the derivation of a sentence and its negation, meaning the sentence and its negation must occur below the horizontal line marking the auxiliary assumption with which the negation subderivation begins
· Negation Introduction
[image: ]
· Notice that in SD given a material conditional and its antecedent we can obtain the consequent of the material conditional in one step, by Conditional Elimination
· But there is no rule in SD that takes us from a material conditional and the negation of its consequent to the negation of its antecedent
· It is important to remember that both negation rules call for deriving a sentence, any sentence and its negation
· The bottom up strategy is almost always the preferred strategy for constructing derivations






5.1.3 Introduction and Elimination Rules for ‘v’
· The introduction rule for v is Disjunction Introduction
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· A common reaction to this rule is that it gives us something for nothing – by allowing us to derive P v Q, where Q is any sentence, whatsoever, from P
· Disjunction Elimination
[image: ]
· The rule specifies that if we have a disjunction, P v Q and can, through two subderivations, derive a sentence R from each disjuncts then we can infer R
· We know that if a disjunction is true then at least one of its disjuncts are true
· Even if we don’t know which disjuncts is true, if we can derive the claim we are interested in from each disjuncts then we know it follows from the disjunction, for it follows no matter which disjuncts of that disjunction is true




5.1.4 – Introduction and Elimination Rules for ‘’
· A sentence of the form P  Q is equivalent to the form (P  Q) & (Q  P)
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· From a material biconditonal and one of its immediate components we can derive the other immediate component
5.1.5 – Rule Summary
· A derivation in SD is a series of sentences of SL, each of which is either an assumption or is obtained from previous sentences by one of the rules of SD
· We want a derivation system to be truth preserving (include no rule that ever takes us from truths to falsehoods)
· A system that has this property, never takes us from truths to falsehood, is said to be sound
· We also want our derivation systems to be complete
· A derivation system is complete if and only if every sentence that is truth functionally entailed by a set of sentences can be derived from that set
· The derivation rules of SD are rules of inference, which is to say that when they appeal to a line earlier in the derivation they appeal to the entire sentence on that line, not a sentence that is a component of a longer sentence
· Another common mistake is to appeal to lines or subderivations that are not accessible
· In a derivation a sentence or subderivation is accessible at line n (it can be appealed to when justifying a sentence on line n if and only if that sentence of subderivation does not lie within the scope of a closed assumption, that is, an assumption that has been discharged prior to line n
· To summarize, once an assumption has been discharged or closed, none of the lines or subderivations within the subderivation that began with the now closed assumption is accessible for justifying sentences on later lines
· It is possible to use a single auxiliary assumption to generate a sub-derivation that allows the use of two different subderivation rules
· It is possible to end a subderivation at any time, without using one of the introduction rules that requires a subderivation
· This is likely to occur when one decides the strategy being pursued is unproductive and simply abandons the work done within the subderivation

5.2 – Basic Concepts of SD
· Derivability – a sentence P of SL is derivable in SD from a set  of sentences of SL if and only if there is a derivation in SD in which all the primary assumptions are members of  and P occurs within the scope of only the primary assumptions
· Valid in SD – an argument of SL is valid in SD if and only if the conclusion of the argument is derivable in SD from the set consisting of the premises
· An argument of SL is invalid in SD if and only if it is not valid in SD
· Theorem in SD – a sentence P of SL is a theorem in SD if and only if P is derivable in SD from the empty set
· Equivalence in SD – sentences P and Q are equivalent in SD if and only if Q is derivable in SD from {P} and P is derivable in SD from {Q}
· Inconsistent in SD – a set  of sentences of SL is inconsistent in SD if and only if there is a sentence P such that both P and  P are derivable in SD from 
·  A set  is consistent in SD if and only if it is not inconsistent with SD
· Single turnstile, -- to assert derivability
·  -- P, as P is derivable from 
· -- P, as P is a theorem
· This notation derives from -- P, which is read P is derivable from the empty set
· We will also refer to a derivation of a sentence of SL from no primary assumptions as a proof of the theorem that is the last line of that derivation
· Key Semantic Pairings
· Truth-functional consistency – Consistency in SD
· Truth-functional truth – Theorem of SD
· Truth-functional equivalence – Equivalence on SD
· Truth-Functional validity – Valid in SD
· Truth-functional entailment – Derivability in SD
· There are only five rules (Conditional Introduction, Disjunction Elimination, Negation Introduction, Negation Elimination and Biconditional Introduction) that require an assumption to be made
· Hence there are only five rules for discharging an assumption
· Requiring a notation that indicates what rule will be used to discharge an assumption largely prevents the making of assumptions that do not serve a strategic purpose
5.3 – Strategies for Constructing Derivations in SD
· When one of the syntactic properties we have defined holds (for a sentences, a pair of sentences, an argument) there is a derivation that demonstrates that this property holds
· No number of unsuccessful attempts to construct a derivation of a certain sort proves that there is no such derivation
· Hence, the system SD can be used to establish validity in SD, not invalidity in SD
· So too for equivalence in SD, inconsistency in SD and theoremhood in SD
· That is, one cannot use the system SD to prove that the members of a pair of sentences are not equivalent in SD, that a set is consistent in SD or that a sentence is not a theorem in SD
· Considerably harder to specify such an explicit procedure for constructing derivations
· In every derivation the goal is to derive a sentence, or sentences, from primary assumptions where there are such, otherwise from no assumptions
· The first step in goal analysis is therefore to determine what kind of a sentence the goal sentence is
· Strategies:
· If the sentence that is the current goal can be derived by using an elimination rule or some sequence of elimination rules to accessible sentences, then that is the strategy to follow
· If the current goal can be obtained by an introduction rule, that is the strategy to follow
· In most cases the successful strategy will make use of several of these approaches, working from the “bottom up” and from the “top down” as the occasion indicates
· When using a negation rule try to use a negation that is readily as the  Q that the rule requires within the negation subderivation
· If a sentence is derivable from a set of sentences, then it is derivable using a negation rule as the primary strategy
· So if not other strategy suggest itself it is useful to consider a negation strategy
· But like all strategies, just because a negation strategy is available doesn’t mean it is always the best choice
· There will often be more than one plausible strategy, and often more than one will lead to success
· Rather than trying to figure out which of these is the most promising it is often wise to just pick one and pursue it


Chapter 7 – Predicate Logic Symbolization and Syntax
7.1 – The Limitation of SL
· The problem is rather that the language SL is itself not sophisticated enough to allow adequate symbolization of a great deal of natural language discourse
· SL in taking sentences to be smallest linguistic units (other than sentential connectives), makes all sub sentential relationships invisible
· PL (for predicate logic) that will allow us to express many sub sentential relationships
7.2 – Predicates, Individual Constants and Quantity Terms of English
· A singular term is any word of phrase that designates or purports to designate (or denote or refer to) some one thing
· Singular terms are two sorts
· Proper names
· Definite descriptions
· Proper names are attached to the things they name by simple convention
· Definite descriptions – for example, ‘the discoverer of radium’, ‘the person Henry is talking
· A definite description is a description that purports to describe exactly one thing
· In English not every singular term designates
· Similarly a definite description fails to designate if nothing satisfies – that is, if nothing is uniquely described by – the description
· We assume that a singular term that occurs several times in the piece of English discourse under discussion designates the same thing in each of its occurrences
· In English pronouns are often used in place of proper names and definite descriptions
· But not every pronoun can be replaced by a singular term
· Predicates of English parts of English sentences tha can be obtained by deleting one or more singular terms from an English sentence
· Alternatively, a predicate is a string of words with one or more holes or blanks in it such that when the holes are filled with singular terms, a sentence of English results
· A predicate with just one blank is a one-place predicate
· Generally, where n is a positive integer, a predicate with n  blanks is an n-place predicate
· When a sentence that consists of an n-place predicate with the blanks with n singular terms is true, we say that that predicate is true of the n things designated by those n singular terms
· It may be objected that not all the preceding sentences “make sense”, take the simpler approach of counting such sentences as meaningful but false
· In displaying predicates, we shall use the lower-case letters ‘w’, ‘x’, ‘y’ and ‘z’ (with numerical subscripts where necessary) to make the blanks in those predicates – variables
· We must use distinct variables to replace the different occurrences of singular terms, but which variables are used is immaterial
· Given a stock of predicates, singular terms, and the sentential connectives ‘and’, ‘or’, ‘if…then’, ‘if and only if’ and ‘not, we can generate a wide variety of sentences of English
· What is missing is an account of such ‘quantity’ terms as ‘every’, ‘all’, ‘each’, ‘some’ and ‘none’
· The first thing to note is that quantity terms are not singular terms
· Everyone is neither a proper name nor a definite description – there is no thing that is either named or described by the term ‘everyone’
· ‘someone is easygoing’
· If this claim is true, there is some person who is easygoing, that is, someone of whom the predicate ‘x is easygoing’ is true
· Everyone is easygoing
· Is true if and only if ‘x is easygoing’ is true of each and every person
· No one is easygoing
· Is true if and only if there is no person of whom the predicate ‘x is easygoing’ is true
· Someone is not easygoing
· Is true if and only if there is at least one person of whom ‘x is easygoing’ is not true
7.3 – Introduction to PL
· PL contains individual constants
· These are the lowercase Roman  letters “a through v” with or without numerical subscripts
· The predicates of PL are the uppercase Roman numerals letters “A through Z” with or without numerical subscripts, followed by one or more primes
· In specifying predicates, we shall, in practice, generally omit the primes and indicate in question is an n-place predicate by writing n of the letters w, x, y and z
· The letters w through z with and without subscripts are called the variables of PL and have more than a hole-marking use
· In PL we can use the two-place predicate ‘Lxy’ to symbolize, on different occasions, a variety of two-place predicates of English
· We call the set of things being talked about on a given occasion the universe of discourse for that occasion and use the abbreviation ‘UD’ in specifying a universe of discourse
· Notion of a symbolization key
· In PL sentences can be generated from predicates by filling the holes (replacing the variables that mark the holes) with individual constants
· In PL when a binary connective is used to join sentences, the result must be enclosed within parentheses
· Shall informally omit the outermost parentheses of a sentence whose main logical operation is a binary connective

7.4 – Quantifiers Introduced
· There are two quantifier symbols:  and 
· A quantifier of Pl consists of a quantifier symbol followed by a variable both enclosed in parentheses
· Thus (x) and (x) are both quantifiers
· Quantifiers formed from  are universal quantifiers and are used to claim that each of the things being talked about is of the sort specified by the expression following the quantifier
· The things being talked about, the members of the current universe of discourse, are called the values of the variables – because they are the things the variables are used to talk about
· Existential quantifier, that is, a quantifier built from  is used to described at least one value of the variable ‘x’
· Note that we interpret ‘some’ to mean ‘at least one’
· Variables of PL serve some of the functions of English pronouns and of such place-holder terms as thing, body, and one
· As in for example, something, somebody and someone
· At any rate in this text we treat all such and such are this and so, every such and such is thus and so and each such and such is thus and so as various ways of saying each thing that is such and such and that it is thus and so
· That is, as claims about individual things, not as claims about collections of things (all bricks taken together)
· The difference between doesn’t like every and doesn’t like any is ver clearly marked by the syntax of PL
· The first can be expressed by a ‘’ followed by a universal quantifier and the second by a ‘’ followed by an existential quantifier
· (x) Lsx – each person is such that it is not the case that Sue likes that person
· (x) Lsx – it is not the case that there is at least one person that Sue likes
· Finally we do not really need both existential and universal quantifiers
· However, having both quantifiers available does make symbolization somewhat easier and more natural
7.5 – The Formal Syntax of PL
· The vocabulary of PL consists of the following:
· Sentences of PL: the capital Roman letters A through Z with or without positive integer subscripts (these are just sentence letters of PL)
· Predicates of PL: The capital Roma letters A through Z with or without positive integer subscripts, followed by one or more primes (An n-place predicate is indicated by the presence of exactly n primes)
· Individual terms of PL:
· Individual constants of PL: the lowercase Roman letters a through v with or without positive integer subscripts
· Individual variables of PL: the lowercase letters w through z with or without positive-integer subscripts
· Truth functional connectives:   & v 
· Quantifier symbols:  
· Punctuation marks: ( )
· Thus every English sentence that can be symbolized in SL can also be symbolized in PL
· We define an expression of PL to be a sequence of not necessarily distinct elements of the vocabulary of PL
· Atomic formulas of PL: every expression of PL that is either a sentence letter of PL or an n-place predicate of PL followed by n individual terms of PL
· Recursive definition of formula of PL
· Every atomic formula of PL is a formula of PL
· If P is a formula of PL, so is P
· If P and Q are formulas of PL, so are (P & Q), (P v Q), (P  Q) and (P  Q)
· If P is a formula of PL that contains at least one occurrence of x and no x-quantifier, then (x)P and (x)P are both formulas of PL
· Nothing is a formula of PL unless it can be formed by repeated applications of clauses 1-4
· Logical Operator: an expression of PL that is either a quantifier or a truth-functional connective
· Concepts of sub formula and main logical operator
· If P is an atomic formula of PL, then P contains no logical operator and hence no main logical operator and P is the only sub formula of P
· If P is a formula of PL of the form Q then the tilde that precedes Q is a the main logical operator of P, and Q is the immediate sub formula of P
· If P is a formula of PL of the form (R & Q), (R v Q), (R  Q) or (R  Q), then the binary connective between R and Q are the immediate sub formulas of P
· If P is a formula of PL if the form (x)Q or (x)Q then the quantifier that occurs before Q is the main logical operator of P, and Q is the immediate sub formula of P
· If P is a formula of PL, then every sub formula (immediate or not) of a sub formula of P  is a sub formula of P, and P is a sub formula of itself
· Atomic formulas have no main logical connective
· Quantified formulas have a quantifier as their main logical connective
· Scope of a quantifier: the scope of a quantifier in a formula P of PL is the sub formula Q of P of which that quantifier is the main logical operator
· So attaching a quantifier to a formula produces a new formula, of which the quantifier is the main logical operator
· The scope of that quantifier is all of the new formula, that is, it is the quantifier itself and the formula to which it is being attached
· Bound variable: an occurrence of variable x in a formula P of PL that is within the scope if an x-quantifier
· Free Variable: An occurrence of a variable x in a formula P of PL that is not bound
· Sentence of PL: A formula P of PL is a sentence of PL if and only if no occurrence of a variable in P is free
· We shall speak of a formula of PL that is not a sentence to PL as an open sentence of PL
· Note that formulas that contain no variables – for example Rabc, Hab are sentences of PL, they contain no occurrences of variables and hence no free occurrences of variables
· It is individual variables, not individual constants, that need to be interpreted by quantifiers
· Clause 4 is intentionally written so as to disallow the use of quantifiers that do no work, that is, quantifiers that bind no variables in the formula to which they are attached
· Since sentences of PL are formulas of PL, we can speak of sentences as being either quantified (sentences whose main logical operator is a quantifier), truth-functional (sentences whose main logical operator is a truth-functional connective) or atomic (sentences that have no main logical operator)
· (x)(Fx  Ga) and (x)Fx  Gz
· Both begin with quantifiers, but only the first is a quantified sentence
· The scope of the x-quantifier in this sentence is the whole formula
· The second sentence is a truth functional compound; the scope of the x-quantifier is just (x)Fx
· Substitution instance – P(a/x)
· If P is a sentence of PL of the form (x)Q or (x)Q and a is an individual constant, then Q(a/x) is a substitution of P
· The constant a is the instantiating constant
· In forming substitution instances only the initial quantifier is dropped and every occurrence of the variable that becomes free when that quantifier is dropped is replaced by the same constant
· In generating substitution instances, each occurrence of the variable being replaced must be replaced by the same individual constant
· Only quantified sentences have substitution instances and those instances are formed by dropping the initial quantifier
7.6 – A-, E-, I-, and O-Sentences
· What is needed is a way of saying, not that everything or something or nothing is of the sort specified by a given atomic formula, but rather that everything or something or nothing of the sort specified by a given formula is (or is not) of the sort specified by the second formula
· Sentences of these types are traditionally classified as A-, E-, I- and O-sentences, respectively
· A: (x)(P  Q)
· E: (x)(P   Q)
· I: (x)(P & Q)
· O: (x)(P & Q)
· Square of opposition
· A sentences contradictories are O sentences
· E sentence contradictories are I sentences
· Thus, A sentences are equivalent to the negation of O sentences and vice versa
· E sentences are equivalent to the negation of I sentences and vice versa
· (x)(P  Q) and  (x)(P & Q)
· (x)(P   Q) and (x)(P & Q)
· (x)(P & Q) and  (x)(P   Q)
· (x)(P & Q) and  (x)(P  Q)
· In the system we are developing, A sentences do not entail I sentences and E sentences do not entail O sentences
· Neither every sentence of English nor every sentence of PL can reasonably be construed as being of one of the four sorts of sentences we have been discussing
· The claims we have been discussing are better analyzed as universal claims deriving from conditionals that apply to each thing in the given universe of discourse
· They say of each thing under discussion that if it is of such and such then it is also thus and so
· E sentences which can be symbolized as sentences of Pl of the form (x)(P   Q), are also universal claims
· I and O sentences of PL are existential claims
· They do not make a claim about each thing in the universe of discourses; rather, they say that included within that universe is at least one thing of a specified sort, either the sort P & Q (I) or the sort (P & Q) (O)
7.7 – Symbolization Techniques
· The P and Q of the forms:
· A: (x)(P  Q)
· E: (x)(P   Q)
· I: (x)(P & Q)
· O: (x)(P & Q)
· Can themselves be any formulas of PL, including negations, conjunctions, disjunctions, material conditionals and material biconditionals
· Here and in other more complicated examples to come, it may help to first paraphrase the English sentence into a more explicit quasi-English sentence
· This sort of paraphrase uses ‘it’ where the symbolization in PL uses a variable
· Where a quantity term is used in the antecedent of an English conditional and there is, in the consequent of that conditional, pronominal cross-reference to that quantity term, a universal quantifier is called for
· In general ‘not any’ can be symbolized as the negation of an existential quantification (‘not at least one’), whereas not every, not all, not each call for the negation of a universal quantification
· Difficulties arise in symbolizing sentences concerned with such activities as searching for, hunting for, looking for and even when what is being sough, hunted, desired, does exist
· Generally, unless what is being sought, hunted, searched for, hoped for, or desired is a particular thing, rather than a kind of thing, a one place rather than a two place predicate of PL should be used
7.8 – Multiple Quantifiers with Overlapping Scope
· In each of these sentences of PL, the scope of the second quantifier falls within that of the first quantifier
· When we have a series of quantifiers, all existential or all universal, the order in which they occur does not matter
· There are four combinations in which pairs of quantifiers can occur
· (x) (y) – there is an x and there is a y such that … [or] there is a pair x and y such that …
· (x) (y) – For each x and each y … [or] For each pair x and y …
· (x) (y) – For each x there is a y such that …
· (x) (y) – There is an x such that each y …
· The general rule is this: When an existential quantifier has only the antecedent of a material conditional within its scope and its scope is broadened to include the consequent of that conditional, the existential quantifier must be replaced with a universal quantifier
· That is, where P is a formula in which x does not occur and Ax is a formula containing x
· (x)Ax  P and (x)(Ax P) are equivalent sentence forms
· An analogous though less common case occurs when  universal quantifier has only the antecedent of a material conditional within its scope and its scope is broadened to include the entire conditional
· When this happens, the universal quantifier must be replaced with an existential quantifier
· That is, where x does not occur in  P the following sentences are equivalent
· (x)Ax  P and (x)(Ax P)
· The cases to watch out for, then, are cases where the consequent of a material conditional does not lie within the scope of the quantifier and is then brought within that scope or vice versa
· In these cases the quantifier in question must be replaced with a universal quantifier if it was an existential and with an existential quantifier if it was a universal
· If the scope of a quantifier extends over only one disjuncts of a disjunction or over only one conjunct of a conjunction and that scope is broadened to include the entire disjunction or conjunction, the quantifier does not change
· Similarly, when a quantifier has scope over only the consequent of a material conditional and its scope is broadened by relocating the quantifier so as to have scope over the entire conditional, the quantifier does not change
· See pg 351 for examples
· Material biconditonal are a special case
· (x)Ax  P is neither equivalent to (x)(Ax  P) nor to (x)( Ax  P)
· That is, the scope of a quantifier that does not extend over both sides of a material biconditonal cannot be broadened to cover both sides, nor can the scope if a quantifier that does not cover both sides of a material conditional be narrowed to over only one side
7.9 – Identity, Definite Descriptions, Properties of Relations, and Functions
· Our standard reading of some is at least one
The Identity Predicate
· A special two-place predicate and specify that it always be interpreted as expressing the identity relation
· In adding this predicate to PL, we generate a new language PLE
· The new two place predicate that is distinctive of PLE is the identity predicate
· ‘x = y’
· We never have to include an interpretation of this predicate in a symbolization key
Definite Descriptions
· Descriptions that purport to specify conditions that are satisfied by exactly one thing
· By transforming definite descriptions into unique existence claims, that is, claims that there is exactly one object of such and such a sort, we gain the further benefit of being able to symbolize English language definite descriptions that may, in fact, not designate anything
Properties of Relations
· Identity is a relation with three rather special properties
· First, identity is a transitive relation
· That is, if an object x is identical with an object y, and y is identical with an object z, then x is identical with z
· Where x, y, z, are all variables of PL or PLE and A is a two place predicate of PL or PLE, the following says that A expresses a transitive relation
· (x) (y) (z)(Axy & Ayz)  Axz)
· Identity is also a symmetric relation, that is, if an object x is identical with an object y, then y is identical with x
· (x) (y)(Axy  Ayx)
· A relation is reflexive if and only if each object stands in that relation to itself
· In PL and PLE the followings that A expresses a reflexive relation
· (x)Axx


Functions
· A function is an operation that takes one or more element of a set as arguments and returns a single value
· In PLE we shall use lower case italicized Roman letters a-z with or without positive integer subscript, followed by one or more prime marks to symbolize functions
· We call these symbols functors
· Where n is the number of prime marks after the functor, the function assigned to the functor takes n arguments
· Since the number of distinct individual terms occurring within the parentheses after a functor indicates how many arguments the function assigned to that functor takes, we can informally omit the primes that officially follow functors, just as we do for predicate letters
· We require that the functions we symbolize with functors have the following characteristics
· An n-place function must yield one and only one value for each n-tuple of arguments
· The value of a function for an n-tuple of members of a UD must be a member of that UD
· As we have just seen, functors can be used to generate a new kind of individual term, complex terms
· Complex terms are of the form f(t1, t2, … tn)
· Where f is an n-place functor and t1, t2, … tn are individual terms
· Some complex terms contain variables, and some do not
· We call individual terms that do not contain variables closed terms and those that do open terms
· Individual terms that are not complex terms (the individual constants and individual variables) are simple individual terms


Chapter 8 – Predicate Logic: Semantics
8.1 – Informal Semantics for PL
· We do not directly assign truth-values to all the atomic sentences of PL; only the sentence letters are directly assigned truth-values
· The basic semantic concept of PL, in terms of which other semantic concepts are defined, is that of an interpretation
· An interpretation interprets every individual constant, predicate and sentence letter of PL
· Predicates are interpreted relative to a universe of discourse
· UD is simply a nonempty set
· The UD that we choose includes all and only those things that we want to interpret sentences of PL as being about
· We call the set of those things that the predicate picks out the extension of the predicate for the interpretation
· Two place predicates
· Here the extensions of the predicate is a set of pairs of objects rather than simply a set of objects
· Two names may designate the same object, but no one name may designate more than one object
· The truth conditions for compound sentences of PL that do not contain quantifiers are determined in accordance with the truth-functional reading of the connectives, so we use the information in the characteristic truth-tables for the truth-functional connectives
· Quantified sentences are not atomic, and they are not truth-functions of smaller sentences of PL either
· A universally quantified sentence is false if there is at least one member of the UD for which the condition specified after the quantifier does not hold
· The role of the universal quantifier in a sentence of PL is to indicate that every member of the UD satisfies a certain condition
· Existential quantifiers function in sentences of PL to indicate that at least one member of the UD satisfies a certain condition
· Officially an interpretation consists of the specification of a UD and the interpretation of each sentence letter, predicate and individual constant in the language PL
· Interpretation for PL (pg 445)
· Specify a universe of discourse
· Assign a value of T or F to each sentence letter of PL
· Assign a member of UD to each individual constant of PL
· Assign to each n-place predicate letter of PL a set of n-tuples of individuals in UD
8.2 – Quantificational Truth, Falsehood, and Indeterminacy
· A sentence P of PL is quantificationally true if and only if P is true on every interpretation
· A sentence P of PL is quantificationally false if and only if P is false on every interpretation
· A sentence P of PL is quantificationally indeterminate if and only if P is neither quantificationally true nor quantificationally false
· Note that we cannot show that a sentence is quantificationally true or that it is quantificationally false by constructing a single interpretation
· To show that a sentence is quantificationally true, we must demonstrate that it is true on every interpretation and to show that a sentence is quantificationally false, we must show that it is false on every interpretation
· A quantificationally indeterminate sentence is one that is neither quantificationally true nor quantificationally false
· We may show that a sentence is quantificationally indeterminate by constructing two interpretations: one on which is true and one which it is false
· If it is truth-functional compound, then use your knowledge of the truth-conditions for that type of compound
· If the sentence is universally quantified, then the sentence will be true if and only if the condition specified after the quantifier is satisfied by all members of the UD you choose
· If the sentence is existentially quantified, then it will be true if and only if the condition specified after the quantifier is satisfied by at least one member of the UD
· The set of positive integers is always a good choice for your UD as you construct interpretations
· This result does not mean that we cannot ever show that some sentences of PL are quantificationally true, false, or indeterminate
· Rather it shows that there is no decision procedure (mechanical, certain and requiring only a finite number of steps) for determining the quantificational status of every sentence of PL
8.3 – Quantificational Equivalence and Consistency
· Sentences P and Q of PL are quantificationally equivalent if and only if there is no interpretation on which P and Q have different truth values
· If we want to establish that two sentences are not quantificationally equivalent, we can construct an interpretation to show this
· The interpretation must make one of the two sentences true and the other sentence false
· While we may construct a single interpretations to show that two sentences are not quantificationally equivalent, we may not sue the same method to show that sentences are quantificationally equivalent
· In the latter case we must reason about every interpretation
· A set of sentences of PL is quantificationally consistent if and only if there is at least one interpretation on which all the members of the set are true
· A set of sentences of PL is quantificationally inconsistent if and only if the set is not quantificationally consistent
· Note that while a single interpretation may be produced to show that a set of sentences is quantificationally consistent, a single interpretation cannot be used to show that a set of sentences is quantificationally inconsistent
· To show that a set is quantificationally inconsistent, we must show that on every interpretation at least one sentence in the set is false
8.4 – Quantificational Entailment and Validity
· A set  of sentences of PL quantificationally entails a sentence P of PL if and only if there is no interpretation on which every member of  is true and P is false
· An argument of PL is quantificationally valid if and only if there is no interpretation on which every premise is true and the conclusion is false
· An argument of PL is quantificationally invalid if and only if the argument is not quantificationally valid
· Note we cannot prove that a quantificational entail does hold or that an argument is quantificationally valid by constructing a single interpretation
· Proving either of these involves proving something about the truth-value of sentences on every interpretation, not just a select few
8.7 – Formal Semantics of PL and PLE
· Every interpretation must have a nonempty set as its UD
· Interpreting an individual constant consists in the assignment of a member of the UD to that constant, and interpreting a sentence letter consists in the assignment of a truth-value to that sentence letter
· The extension of an n-place predicate is a set of n-tuples of members of the UD that are picked out by the predicate
· An n-tuple is an ordered set containing n members – it is ordered in the sense that one member is designated as the first, one as the second and so on
· Is thus the extension of the predicate, not the particular English reading we use to specify the extension, that is important in determining the truth conditions of any sentence in which the predicate occurs
· An interpretation of an n-place predicate in a UD thus consists in the assignment of a set of n-tuples (order sets containing n members) of members of the UD to that predicate
· Note that we designate an n-tuple by listing names of the members of the n-tuple, in the order in which the members occur in the n-tuple, between the angle brackets ‘<’ and ‘>’
· An interpretation for PL consists in the specification of a UD and the assignment of a truth-value to each sentence letter of PL, a member of the UD to each individual constant of PL, and a set of n-tuples of members of the UD to each n-place predicate of PL
· A variable assignment for an interpretation I assigns to each individual variable of PL a member of the UD
· Intuitively a variable assignment captures one way in which the variables of PL, in their role as pronouns, can refer to objects in the UD
· Note that it is not required that distinct variables be assigned different members of the UD; some variable assignments assign the same member of two or more variables – in fact, every variable assignment for an interpretation with a finite UD must do so
· Nor is it required that every member of the UD be assigned to a variable; some variable assignments leave some members unnamed
· If d is a variable assignment and x is an individual variable of PL, then d(x) designates the member of the UD that d assigns to x
· If d is a variable assigned for an interpretation, u is a member of the interpretation’s UD, and x is an individual variable of PL, then d[u/x] is a variable assignment that assigns the same value to each variable as d does except that is assigns u to x
·  d[u/x] is called a variant of the assignment d
· Also note that if a variable occurs more than once between square brackets, the value it receives on d [ u1/x1, u2/x2 …, un/xn] is the last value that appears for the variable in that list
· Relative to an interpretation and variable assignment, we define the denotation of a term with respect to an interpretation I and variable assignment d, symbolically denI,d (t)
· 1. If t is a variable, then denI,d (t) = d (t)
· 2. If t is an individual constant, then denI,d (t) = I (t)
· We use P, Q, and R as metavariables ranging over formulas of PL
· A  as a metavariable ranging over predicates of PL
· t with or without subscripts as a metavariable ranging over individual terms (individual constants and individual variables of PL)
· x as a metavariable ranging over individual variables of PL
· We shall use I(X) to mean the value that the interpretation I assigns to the symbol X
· Let I be an interpretation, d a variable assignment for I, and P a formula of PL Then:
· 1. If P is a sentence letter, then d satisfies P on interpretation I if and only if I(P) = T
· 2. If P is an atomic formula of the form At1…. tn (where A is an n-place predicate), then d satisfies P on interpretation I if and only if < denI,d (t1) , denI,d (t2) …, denI,d (tn)> is a member of I(A)
· 3. If P is of the form  Q, then d satisfies P on interpretation I if and only if d does not satisfy Q on interpretation I
· 4. If  P is of the form Q & R, then d  satisfies P on interpretation I if and only if d satisfies Q on interpretation I and d satisfies R  on interpretation I
· 5. If  P is of the form Q v R, then d  satisfies P on interpretation I if and only if either d satisfies Q on interpretation I or d satisfies R  on interpretation I
· 6. If  P is of the form Q  R, then d  satisfies P on interpretation I if and only if either d does not satisfy Q on interpretation I or d satisfies R  on interpretation I
· 7. If  P is of the form Q  R, then d  satisfies P on interpretation I if and only if either d satisfies Q on interpretation I and d satisfies R  on interpretation I, or d does not satisfy Q on interpretation I and d does not satisfy R  on interpretation I
· 8. If  P is of the form (x)Q, then d  satisfies P on interpretation I if and only if every member u of the UD, d[u/x] satisfies Q on interpretation I
· 9. If  P is of the form (x)Q, then d  satisfies P on interpretation I if and only if there is at least one member u of the UD, d[u/x] satisfies Q on interpretation I
· A sentence P of PL is true on an interpretation I if and only if every variable assignment d (for I) satisfies P on I
· A sentence P of PL is false on an interpretation 
· Note that we no longer write variables after predicates when indicating their interpretations
· This is because an interpretation makes an assignment to the predicate alone
· Note also that we explicitly display the sets that are the interpretations of predicates
· [bookmark: _GoBack]To show that the sentence is false, we must show that no variable assignment d (for I) satisfies the sentence
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