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MCG 4308

Question 1

Mechanical Vibration Analysis

A precision grinding machine is supported on an isolator consisting of two identical springs and a
damper. The floor, on which the machine is mounted, is subjected to a harmonic disturbance due to the
operation of an unbalanced pump that is located nearby.

a) Write the equation of motion for this system.

b) Since the motion of the base is harmonic, ( y(t)=Ysin (a)t)) calculate the magnitude and

phase of the steady state response of the system.

c) What is the displacement transmissibility of the base motion?

d) It is discovered that the operating frequency of the unbalanced pump is close to the natural
frequency of the grinding machine so that the amplitude of the motion of the grinding machine
is too high. Which of the following techniques can be used, with confidence, to reduce the
motion of the machine? Choose ALL that apply and explain.

Reduce the mass of the machine

A.
. Increase the mass of the machine

THO 0w

Solution

Reduce the stiffness of the isolator (springs)
Increase the stiffness of the isolator (springs)
Reduce the damping of the isolator

Increase the damping of the isolator

2k(x—y)

MCG 4308

c(x~y)

L | ¥
Isolator —\-—g !-I—E g 3
Floor

Equation:  mi+cx + 2kx = cy + 2ky
2k
= it2lwx + ol x =2lw,y + @y o ="~
m

Sub into equation: y(¢f) =Ye'™  x(t) = X' = Xe '

[—a)2 +2¢w,wi+ a),f]Xei¢ei“” = [24“&),160 i+ ] Yo'
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MCG 4308 Mechanical Vibration Analysis

Divide both sides by @’ and €' ,;remember r = 0/,

|- +2¢ri+1] Xe® =[2¢ri+1]Y
i¢ 2{]’7 +1
€ =T 2
1-r" +27i
So match up magnitudes and phases:

20ri+l |y (2¢r)* +1
12 +20ri | N A=r2)+Q2Cr)

¢ = phase of {ﬂ} = arctan (2—&j - arctan( 26r ]
1 2

X = magnitude of {

12 +2C7i 1-r
so the system response is x(¢) = X sin(at + @)
c¢) The transmissibility ratio is give by
X (2¢r) +1
Y \/ (=2 +Q2¢r)

which is just the magnitude part of part (b) rearranged as a ratio of input

response magnitude to input magnitude.

4 r

0 0. 1 1. 2 2.5 3

Frequency ratio r

To decrease amplitude of response, need to increase damping or change the natural frequency of the
system. Changing either the mass or stiffness will change the natural frequency of the system. So all

MCG 4308 Midterm Examination Page 3 of 8



MCG 4308 Mechanical Vibration Analysis

situations except for (E) apply. We can change the natural frequency (change m or k) or increase the
damping.

Question 2

Consider the system shown in the figure. Use 0, the counterclockwise angular displacement of the bar
from the system’s equilibrium position, as the coordinate and assume a small angular displacement.

o . . 1 .
The moment of inertia of the bar about its centre of mass is given by /. = EmL2 where m is the mass

of the bar. For this system find:
a) The equivalent mass
b) The equivalent stiffness
c) The natural frequency

\
)
0
21
3
k

W\ —E
L
3 , _
| O"/ Particle of mass m,,

-/

The kinetic energy of the system at an arbitrary instant is

T

LmI0 + imi® + v,
HismLH)e + Sm(50.8)Y + sm (LG)
=imL* + m, LG
Using a horizontal plane through the pin support as the datum for potential energy

calculations, the difference in potential energies between an arbitrary system position and the
system's inilial position is

R S T L
V= _'A'I: 5 Lf)] Fmg (1—cos@)+mgl(l —cosB)
For small 6
cosf=1-1¢
Tofd sy B " e
Hence =3[k |6 + mg > (3€) +migL(; ¢

1 /4 I L
By { EJM'_ +mg +m,gl |&

Since an angular coordinate was chosen as the generalized coordinate, the appropriate
equivalent system is the torsional system with

1 : ; :
I, = Em.',' +m, L k, = gkf.' mg% + gl

1 (.

Natural frequency = sqrt(keq/ Ieq)
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Question 3

The motion of a spring-mass-damper system is described by the following equation
X+2x+10x= f(¢)

with f (t) as shown in the figure below.

ft)

a) Find (the form of) the free vibration system response.

b) What are the natural frequency and damping ratio for this system? Is the system underdamped,
critically damped or overdamped?

c) Find the Fourier series for the function shown in the figure above.

d) The forced response to f (t) will be another Fourier series. For the purpose of computer

simulations, how many terms in the Fourier series would you keep? Explain your answer.

Solution
Homogeneous Solution: X, +2x, +10x, =0

Guess x, = ¢" and sub into equation : [sz +2s+ 10} e =0

—b+\b? —dac  —2%~2> - 40

2a 2

=—1£3i

characteristic equation: s +2s+10, with roots: s =
= x, (1) = A"’ cos(3t) + Aye" sin(3r)
(Undamped) Natural frequency is given by /10 =3.16 rad/sec.
The damping ratio is given by c¢/2sqrt(k*m)
210
10

evalf (2/(2*sqrt(10))) ;
0.3162277660

This system is clearly underdamped.

The square wave in the figure is described by
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> [0 =
On<t<2m

[1 0<i<n
> T:=2-1t: ay":—zTnzl

assume (n, integer ) :
T

LT -Jf(t)-exp(—]-n-ay‘-t) dtn+0
0
F(n) = )
lT-Jf(z) di n=0
0
1 n
=) .
F(n)= Tn
% n=0

simplify(F(n)) assumingn, even

Y n=0

0 otherwise

simplify(F(n)) assumingn, odd
1

mn

F(n)=1 2

—i

n

If we want to use the sin/cosine formulation

MCG 4308

n odd
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MCG 4308 Mechanical Vibration Analysis

)= % + [a, cos(nt) +b, sin(n1)]
n=l1

aO:i “1dt —iﬁ:

2770 27
an:i ”cos(nt)dt:l sl _

27 90 T T

) 1cos(nt)ﬂ q 0 neven
b =—| sin(nt)dt =——= =—/(cos(nr)—1)=
to2x o () ﬂ—l’lonﬂ'(()) inodd

nr

o0

f()= % + Z %sin(nt)

n=1,3,5,...

Need to keep enough terms so that AT LEAST

No,=N()zw,=3.16
So need to keep AT LEAST 4 terms (i.e. n=0,£1, ,#2, £3, +4) in the series. The other criteria is we
want the terms in the Fourier series to be “small” before we cut off the Fourier series — so that the
Fourier series for f(t) “looks like” f(t) and that additional terms are not making much of a difference to
the sum.

At n=4, |[F(n)|=0.08, which is still fairly large....this is because the f(t) function is sharp and peaky and
we will need quite a few more than 4 terms to start to approximate it with the smooth sines and cosines.
In fact, recalling “gibb’s phenomena”, we’ll never exactly get there at the corners but we’ll come close.
If we wanted magnitude of the nth term to be less than 0.01 then we'd need at least 32 terms. For the
magnitude of the nth term to get less than 0.001, then we'd need 318 terms. Actually plotting the
function will give an indication of how many terms will make the Fourier series for f(t) “look like” f(t).
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Potentially Useful formulae

Mechanical Vibration Analysis

Quadratic formula: roots of ax” +bx + ¢ are given by —

2a
e =cos(8) +isin(6)
) eiu _e—iu N eiu + e_,'u .
sin(u) :2—1': Im{e } cos(u) :T:Re{e }
0 ) T )
fO=2 ¢ mmeﬁﬂf@fwﬂt w, =2xT
n=—o0 0

0

f()= % + Z[an cos(nw,t)+b, sin(na)ft)]
2 T n2rt
%zFqunm( Jw b =
3 5 7
sinx=x—~+> X 4. forallx
31 5! !
2 4 6
cosx=1-2+2 %X 1. forallx
2! 4! !

MCG 4308
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