2nd order Linear Equations

2nd Order Linear Homogeneous Equations
P(x)d2y + Q(x)dy + R(x)y = G(x)          (if G(x)=0, then the equation is called homogeneous)
        dx2              dx  			   (if G(x) ≠ 0, G(x) is the nonhomogeneous term)

e.g. y’’ + 8y’ + 15y = 0

If P, Q, and R are constant functions:	ad2y + bdy + cy = 0 	(a≠0)
       						  dx2       dx  	       

ar2 + br + c = 0 is the indicial/characteristic equation

IF THE EQUATION IS 2ND ORDER LINEAR HOMOGENEOUS:

1. SET UP AR2 + BR + C WITH COEFFICIENTS FROM EQUATION. FACTOR TO SOLVE FOR R.
		
3 CASES: 1) 2 REAL AND UNEQUAL ROOTS: y = c1er1x + c2er2x (general solution)
		(finding and plugging in c1 and c2 gives you the particular solution

	2) 1 REAL ROOT: y = c1er1x + c2xer2x

	3) 2 COMPLEX ROOTS: y = eαx(c1cosβx + c2sinβx)
[bookmark: _GoBack]			(α is the real part, β is the coefficient on i)

If IVP:
1) take 2 equation: 1) original equation you found by factoring
			2) the derivation of that equation
2) take given values and plug them into appropriate equations; solve the 2 equations for the 2 unknowns
3) plug the C1 and C2 values back into original equation


2nd Order Linear NonHomogeneous Equations

Method of Undetermined Coefficients

y = yc + yp	(yc is c1er1x + c2er2x ; yp is the particular solution for the nonhomogeneous part)

to find yc you set equation equal to 0 and solve as if it were homogeneous.

TO FIND yp: yp = A * guessed yp
		
	G(x)
	Guessed yp

	nth degree polynomial
	Axn + Bxn-1 + … + A0

	aeβx
	Aeβx

	a sin(βx)
	Acos(βx) + Bsin(βx)

	a cos(βx)
	Acos(βx) + Bsin(βx)

	a cos(βx) + a sin(βx)
	Acos(βx) + Bsin(βx)




1) yp = Guessed yp
2) Derive Guessed yp twice
3) Multiply yp’’ by the coefficient on y’’, and do likewise for yp’ and set all those terms equal to the nonhomogeneous part, then simplify
4) Solve for A, B, C, etc. by making them equal to the coefficients of what’s on the R side

If a term in yp is repeated in yc, put an x (or x2) in front of that term

Method of Variation of Parameters
1) Find 2 Linearly independent solutions y1 and y2 to the homogeneous problem.
2) Use the variation of parameters formula to determine the particular solution:

yp(x) = -y1(x) _/` y2(x)f(x) dx + y2(x) _/` y1(x)f(x) dx
		                 W(x)			              W(x)

yp(x) =  		 |0    y2|		             |y1   0|
   y1(x) _/`	 |f    y2’| dx + y2(x) _/` |y1’    f| dx
		  	 |y1   y2|		             |y1  y2|
		   	 |y1’  y2’|		             |y1’ y2’|

Cauchy Euler Equations
A 2nd order differential equation of the form: x2y’’ + Axy’ + By = g(x), where A and B are constants. The exponent on the variable is the same as the degree of the derivative. Make sure the coefficient on r2 = 1.

		r2 + (A-1)r + B = 0	(solve for r)

3 cases: 1) 2 distinct real roots: y = c1xr1 + c2xr2
	
	2) 1 real root: y = c1xr + c2xrln(x)

	3) 2 complex roots: y = xα [c1cos(βln(x)) + c2sin(βln(x))]
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