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The inverse tangent function

The tangent function is defined as

sin(z)

tan(z) = cos(z)’

and its derivative can be compute by the quotient rule as

4 sin(z) cos(z) — sin(z) £ cos(x) _ cos?(z) + sin?(z) 1

cos?(x) N cos?(x) ~ cos?(z)

— tan(x) =

7, tan(z)
In particular, the function is defined for all x that are not odd multiples of 7, and the function
is monotone increasing, see Figure 1.

The inverse of the tangent is denoted as arctan or tan~! and it is defined in the usual way
as
arctan(tan(z)) = x, tan(arctan(z)) = x.
See Figure 1. What is its derivative? We differentiate the first equality above by the chain
rule and find

d d d
%[arctan(tan(x))] = Iy arctan(y)% tan(z) = 1,

with y = tan(z), since Lo = 1. Hence, we can divide
tan(y) 1 cos?(x) 1 1 1
——arctan(y) = — =— = = S~ = .
dy £ tan(x)  cos*(z) +sin“(z) 14 :21;2((?) 1+tan?(z) 14y

Application to integration

We can now integrate the derivative of the arctan function to get

1
/ mdﬂ: = arctan(x) + C
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y=tan(x)

X=—7t/
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Figure 1: Graphs of the tangent function and its inverse, the arctangent function
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Integrals and volumes

First introductory example

The FE. coli bacterium has a rod-like shape with a cylinder in the middle and two half balls at
the ends. What is its volume?

The volume of a cylinder with radius  and height A is 772h. The volume of a ball with radius
ris 4713 /3. Now we only have to add the two volumes. For E. coli, the data are approximately
r=0.8x10"%m and h = 2 x 10~%m. This gives a volume of V' = 7(1.28 +0.6825) x 10~ 1¥m =
6.16 x 10~ ®m.

Second introductory example

A termite mound is approximately cone shaped. What is its volume? If we imagine that we
cut a cone into thin horizontal slices (perpendicular to its rotational axis), then each slice is
approximately a cylinder. For each of these cylinders, we know how to compute the volume;
and then we add the volumes. This procedure is very similar to the Riemann sums for the
area under a curve, except that we are now using three-dimensional objects. But it gives us
the right idea.

General Idea

To calculate the volume of an object with rotational symmetry, we need to know the diameter
or radius at each point of its rotational axis. This gives the area of the cut surface at each
point. Then we find the volume by integrating the area. See Figure 2.

More precisely, assume that the rotational axis is the z-axis and the radius at each point
is given by f(z). Then the area of the cut surface at point x is A(x) = 7f2(z) and the volume
of the object between points a and b is given by

Volume = V = /abA(x)dac _ w/ab(f(x))zd:r.

Example 1: The cylinder

Rotating a constant function f(z) = r around the x-axis gives a cylinder. The volume of the
cylinder between x = 0 and = = h is

h
V= / mride = mri{z)} = 7mr2h.
0

Of course, we knew that before.

Example 2: The ball

Rotating the function f(z) = vr? — 22 with —r < z < r around the z- axis gives a ball of
radius r. The volume is given by

V= /T 7(f(z))%dx = /T a(r? —2®)de =7 [T2$ - il))x?’]r = gwr?’.
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radius f(a)

Figure 2: Tllustration of volumes of rotation. The straight line function f(x) is rotated around
the z-axis. At = a the radius of the slice is f(a), so the area of the slice is w(f(a))?. The
volume of the cone is given by integrating the area between the base and the top.
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Of course, we know that, too. But now we can even compute the volume of a ball with the
top and/or bottom removed. For example, what is the volume of the earth (radius 6.3 x 103
km) with the north and south pole removed (say 500 km on either end)?

h 141" 2
V= / m(r? —at)de =7 |:T‘2£L' - x?’} =7 [27“2]1 - hg} .
h 3 1. 3

With r = 6.3 x 10°%km and h = 5.8+ 10°%km we get V = 7 (2(6.3)% 5.8 — 2(5.8)%) x 10%km® =
7(460.4040 — 130.0747) * 10%km?® ~ 10'%km?

Example 3: The termite mound

Suppose the cone-shaped termite mound has a base diameter of 1 metre and a height of 2
metres. What is its volume?

At first, we have to find the radius at any given height. At the bottom, the radius is 0.5m, at
2m it is zero. In between, we need a linear function. The function f(z) = 0.5(1 — z/2) gives
the profile. Then we integrate to get the volume.

2 87
T 0.52.

V= w/o (F(2))2dz = 4/0 (1—2/2)%dz — 4/0 (—ata?/4)de = 7 a2 /21412]

The units are, of course, cubic metres.

Example 4: The tree

—T

Suppose that a tree trunk is 25 metres high, and that its radius at height « metre is r(z) = 2e
metres. What is its volume?

25 25
V= 7T/ (2¢7%)2dx = 47r/ e ¥ dx = 21 [—6_236](2)5 =27(1 — e %) =~ 27
0 0

The units are, again, cubic metres.

Example 5: Trig functions

What is the volume obtained by rotating the function f(z) = cos (%) with —7 < 2 < 7 around
the z-axis? The volume is given by the formula

V = W/W [f(x)]* dx

—Tr

= W/_ﬂ cos? (g)d:p

T

We can’t integrate cos® 6 directly, so we have to use our long-forgotten- but-recently-looked-
up-in-the-textbook trigonometric identities. Thus

cos20 = cos?f —sin?f
cos?f — (1 — cos? 6) (since cos? 6 + sin? 0 = 1)
2cos?6 — 1.
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Thus cos? § = % . Substituting this into the integral, we have

iy 2 z +1 ™ ™
V:7r/ COS(QZ)dx:;T/ (cosx+1)dx:g{sinx+x}

—Tr —Tr

[(sin7 + ) — (sin(—7) — 7)] = g(%) = 72 units? .

I
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Partial fractions

First introductory example

We don’t know how to integrate the fraction [ r3dx, but we can write the fraction in a
simpler way and use known rules to find the integral as follows:

2) — 2 2
/ ’ d:cz/(”““)dx:/ 1- do =2 —2In |z + 2|+ C.
x+2 x+2 T+ 2

Second introductory example

3z—2

We don’t know integrate the fraction [ 2(2—2)

dx. But if we simplify the fraction as

w2 1, 2
r(x—2) = x-—2

(check this!) then we can integrate as follows:

3r —2 1 2
/$($_2)x /<x+x—2> z=In|z|+2n|z-2|+C

General Idea

Rational functions are fractions of polynomials, i.e., if P(z) and Q(z) are polynomials, then
P(z)/Q(x) is called a rational function. We already know how to integrate some of them,
namely the following building blocks (you need to know these!)

1
/ dr = In|x+al+C,
r+a

1 -1
/Mda: = arctan(z) + C =tan™ (z) + C,

/x;j— 1dx = %ln(ac2 +1)+C.
(You don’t have to memorize the last one; you could use substitution to solve it.)

If we can split a rational function into sums of these building blocks, then we can integrate
easily. The goal of this section is to find a technique to integrate (find antiderivatives of) all
rational functions. We only consider cases where deg(Q) < 2, i.e., the highest power of z in
the denominator is no more than 2. The idea is to decompose a rational function into a sum of
simpler rational functions, namely the three examples above, which we know how to integrate.

Recipe for partial fractions

To find the integral of a rational function P(x)/Q(x), follow these steps.

1. If deg(P) > deg(Q) then use long division to split the rational function into several
parts. Now assume that deg(P) < deg(Q).
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2. If Q(z) = az® + bx + ¢ = a(x — 1) (7 — x2) has two distinct real roots, the one can find
numbers A, B such that

Q(z) a

Then use the natural logarithm to integrate the two terms.

o =]

3. If Q(z) = az® + bx + ¢ = a(z — x1)? has only one real root, the one can find numbers
A, B such that

Q) a

Then one can integrate using substitution, the logarithm, and direct integration.

P(z)_l{A B ]

r—x1 (v—m1)?

4. If Q(z) = ax?® + bx + ¢ has no real roots, then complete the square to get

O@x) = a [(:c— ;’a>2+2— <2ba>2] — a[(z — A)? + B).

Then use the natural logarithm and the arctan to integrate the two terms (potentially
substitute first).

We illustrate each of these cases with examples.

Example 1

P(z) = 22 +1,Q(x) = = — 1. Then deg(P) = 2 > 1 = deg(Q), hence we need to do long
division. We find
P24l=(z-1)(z+1)+2

Therefore

2 1 2 2
/x+ dx:/ r+1+ dx:x—+:c+21n\a:—1\+0.
r—1 rz—1 2

Example 2

P(x) = 223 + 322 + 2z +4,Q(x) = 2 + 1. Again, since deg(P) = 3 > 2 = deg(Q), we need to
do long division. We find

203 + 32 + 20 +4 = (22 +1)(2z + 3) + 1.

Therefore

203 + 322 + 22 + 4
/ x +x32:++1a:+ dx_/[2x+3+

dx = 2° 4 3z + arctan(z) + C.
22 +1
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Example 3

P(z) = 22+ 1,Q(z) = 2% + x — 2. This time, deg(P) = 1 < 2 = deg(Q), so no long division
is necessary. Instead, we factor @ as Q(x) = (x — 1)(x + 2), so that

2w+1 241
2+z2-2 (z-1)(x+2)

On the other hand, for two numbers, A, B, we find

A B _(A+Bjz+24-B
r—1 z+2  (z—1)(z+2)

Comparing with the expression above, we find that A+ B = 2 and 24 — B = 1. Hence,
A = B = 1. Then we integrate

2 1 1 1
/ vl dx:/ n dz=In|z — 1|+ In|z + 2| + C.
224+ x—2 x—1 x+2

Example 4

P(z) = 2 +5,Q(z) = 2% — 42 + 4. Again, deg(P) = 1 < 2 = deg(Q), so no long division is
necessary. But Q(x) = (z — 2)?, has only a single root, i.e.,

r+5  w+bH
2 —dr+4 (v —2)%

On the other hand, for two numbers, A, B, we find

A, B _Ar-244B
r—2 (z—-2)2  (r-2)2

Comparing with the expression above, we find that A = 1 and —2A + B = 5. Hence, A =
1, B = 7. Then we integrate

r+5 1 7 7
T gz = =Injz -2 - —— +C.
/[$2—4x+4]dx /[m—2+(w—2)2 de =lnfe =2 = 775 +C

Example 5

P(z) =32+ 2,Q(x) = 2% — 2z + 5. No long division necessary. However, @ has no real roots.
We complete the square

Q) =2’ —2r+5=0> -2z +1-14+5=(z— 1)’ +4.

3r+ 2 3r+ 2 1 3+ 2
—_——drx = | ————dx = - _lida:.
2 —2x+5 (x—1)2+4 4 (L2 )2 +1

Now we write
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This is a case for substitution. We choose v = ””T_l so that £ = 2u + 1 and dx = 2du. Then

1 / 3z +2 d 1 / 6u du+ 1 / 5 d

- ———dr == | ——du+ = | ——du

4/ (512 +1 2) u?+1 2/ u?+1
The first of these integrals requires another substitution, w = u? + 1, the second is again an
acrtan. With this we find

1 6u 1 ) 3 )
2/u2+1du+2/ 2+1 /dw / 2+1d §ln\wl+§arctan(u)+0.

After back-substituting, we find that the integral with respect to x is given by

we get

$2 T

— -4

1 B 1 Qarcan B .

—In
2

Example 6
P(z) = 2% — 2,Q(x) = 2% — 3z + 2. Long division first, or the simpler way

2 -9 _m2—3z+2+3x—4_1+ 3r—4
—3z+2 22 —3x +2 - 22 —3x+2

Now, the denominator is Q(z) = (x — 1)(x — 2), hence we set the partial fractions as

A B _(A+Bja—(A+28)
r—1 z-2 22 —3x +2 '

Hence, we need A+ B = 3 and A + 2B = 4, which is given by A = 1, B = 2. Now we can
integrate

/ -2 / 14— 4 2 Vde—a+lnfe—1]+2ljz—2/+C
— - ar = r =2 n|r — n|r — .
2 — 3z + 2 z—1 x-2

Practice Problems

Find the indefinite integral.

1
L. f (m+3)(a:72)dw

2. dzx

f x27411:1:+8

1
- o e 11 A2

w

4. f x2+7x+10 dx

5. [ iggde

- Fiwdw

(@)

10
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11

7. Imdl’
8. %dw
9. fﬁ;ﬁdac
10. [ 5494z

11
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Solutions to Practice Problems

1
L. f (x+3)(w—2)dw

. . 1 A B _ (A+B)z+3B—24 . . .
Partlal fraCtlonS m = 743 + 95 — ({L’—}-g)w give A = —-B = —1/5, and
hence we integrate as
/ 1 d 1 1 1 1 | T —2
—_—ar = — = —_ = — 1n
(x 4+ 3)(x — 2) S5\z+3 x-2 5 |z+3
2. [ 7x2_ix+8dac

Complete the square: 22 — 42 + 8 = 22 — 42 + 4 + 4 = (v — 2)? + 4, then integrate
/ dx / dx 1/ dx 1/ du 1 ) T —2 LC
_ = | —- - | — = Zarctan .

x? —4x + 8 (x—2)2+4 4 (:L’T—2)2+1 2) uwr+1 2 2

1
| seods
Complete the square: 22 + 2z 4 10 = (z + 1)2 + 9, then integrate

dzx dzx 1 dzx 1 T+ 1
= = [ ———5—— = sarctan | —— + C.
22 4+ 2x + 10 (x+1)249 9 (=41 3 3

—1
: f x2f7$+10d$
The denominator is z2 + 7z 4+ 10 = (x + 5)(z + 2). Partial fractions 4= + £ =

z+5 x+2
(A+B)z+2A+5B
(z+5)(z+2)

z—1 2 1
———dx = — dr =21 —1 2 .
/x2+7x+10x /<$+5 x+2> x njz+5 —Inlz+2[+C

5. [ iggde
The denominator is 22 —16 = (z—4)(z+4). Partial fractions ﬁ + m'ﬁ = %

give A =2, B = —1 and then we integrate as

give A = —B = 1/8 so that we can integrate as
1 1 1 1 1
———dr = — dr = -1
/332—16 v 8/(1‘—4 3:+4) reRT
1

This can be integrated directly

/ 1 d 1 dz 1 ; (x)+c
—-——ar = — | ———— = —arctan | — .
x? +16 16 ()2+1 4 4

r—4
x+4|

z
4
1
The denominator is 22 —2—6 = (x—3)(x+2). Partial fractions %4—% = %%
give A= —B = —1/5 and then we integrate as
dx 1 1 1 1 z—3
- -z - dr = -1 C.
/$2_x—6 5/(33—!—2 $—3> * 5nx+2‘+

12
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x2—42—19
8. [ e g L

First of all long division, or write the numerator as 22 + 5z + 6 — 92 — 25 to see that

22 — 4z —19 9z + 25
——dx = l— ———— ) dz
22452 +6 22452 +6

Then do partial fractions with 2245246 = (z+2)(z+3) and :c+2 +x+3 %%
so that A =7 and B = 2. Then integrate as
a? — 4z — 19 7 2
————dr = 1-— — de =2 —T1 2| —21 3|+ C.
/:L“2+5:1:+6 * /( x+2 1:+3> e nle+2 nle+3)+
3+2
9. z2+4d

Long division or rewrite the numerator as 23 + 2 = x(2? + 4) — 4z + 2. Then (with the
substitution u = 22 + 4 in the second term)

x° 4 2 4x 2 x? du 1 dx
do = — de=— -2 —+=- | ——— =
/:c2+4x /(I x2+4+x2+4) T u+2/()2+1
x? 9 x
:?—21n|$ +4|+arctan(§>+C.

10. [ 5H2dx
First of all the numerator: 22+9 = 22 —9+18 and the denominator 229 = (z—3)(z+3).

This gives
= +9 18
= 1+ —F .
/9:2—9(133 /( +(1‘—3)(w+3)>d$

Then partial fractions % + %—is = %. Hence A = —B = 3. Then we
integrate as

22 49 3 3 z—3
0= (1 _ dz = z + 31 C.
/x2—9 o /( R x+3> r=rhon x+3'+

13
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Complex numbers

Introductory consideration

We can easily solve the equation 22> — 4 = 0. The answer is = £2; in particular, z is a
rational number, even an integer. The equation 22 — 2 = 0 is a bit more tricky. The solution
x = £1/2 is not a rational number. Instead, we have defined the square root of a positive
number as the real number that gives the original number back when multiplied by itself.
But what should we do with the equation 22 + 1 = 0? The answer cannot be a real number.
(Why?) Can we do the same as above and define a number whose square equals -17 Indeed,
this is what mathematicians did in the eighteenth century (it was a daring act and caused a
lot of controversy), and they call that number ‘I’ or imaginary. (We will see that complex
numbers are hardly more imaginary than v/2.)

Definition

A complex number z is a number of the form
z=a+b

with real numbers a, b and the symbol i that satisfies i = —1. We call a = Re(z) the real part
of z and b = Im(z) the imaginary part of z. The real number a can be considered the complex
number a 4 0i. A complex number of the form z = bi is called purely imaginary.

Addition, subtraction, and multiplication of complex numbers

Complex numbers are easily added, subtracted and multiplied, if we keep the rule i2 = —1 in
mind and use the distributive laws.

(a+bi) £ (c+di)=(atc)+ (bEd)i

(a+ bi) x (¢ + di) = ac + bci + adi + bdi® = (ac — bd) + (ad + be)i,

since i2 = —1.

Examples

1. (345i)+(2—7i)=5—2i

2. (0.5 + 1.7i) — (0.8 — 2.6i) = —0.3 + 4.3i

(
(
3. (=3+2i) x (4—5i) = (=12 — (—=10)) + (15 + 8)i = —2 + 23i
(2 — 0.51) x (3+4i) = (6 — (=2)) 4 (—1.5 + 8)i = 8 + 6.5i
(

9+ 2i) + 5= (9+2i) + (5 + 0i) = 14 + 2i

6. —3i+ (24 3i) = (0 — 3i) + (24 3i) = 2+ 0i = 2

14
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7. 2x (3—=51) =6—10i

8. 3ix (—144i)=-12-3i
Before we look at inverses and division of complex numbers, we introduce the complex conju-
gate of a complex number.
Definition and observation

The complex conjugate of z = a + bi is z = a — bi, i.e., we simply change the sign of the
imaginary part. Since the multiplication

27 = (a+ bi)(a — bi) = a® + b*

always produces a non-negative real number, we can take the square root. We define the
modulus or absolute value of z = a + bi as

2| = V2z2 = Va? + b2,
we find the inverse of z to be
1

L R
z z zZ/|z|

From the identity 2z = |z|?,

Example 1

Start with z = 3 4+ 4i and w = 2 — i. The complex conjugates are z = 3 — 4i and w = 2 +1i.
The absolute values are |z| = 5 and |w| = /5. The inverses are

1 1
P (3—4i), wl=_(241).

T 25 5
Finally, we can divide
z w 1 w zZ 1
2= = (24 11i — =w— = —(2 —11i).
w Z\w|2 5( + 1), z w|z|2 25( 1

Another way to think about this: make the denominator real (similar to the way you’d
rationalize the denominator) by multiplying top and bottom by the conjugate of the denomi-
nator (i.e., “real-ize” the denominator). Thus,

11
2z 344
1 34
T 344 34
3— 4
32 — (4i)2
34
T 32442
34
25

15
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Similarly,
11 2-i
w241 2—i
21
*22_12
21
5
z_3+4i 2+1
w o 2—1 2+i
64 3i4 8i 4 4i
B 22 412
2411
5
w  2—1i 3—4i
2 3+4 3—4i
6 — 81— 3i+4i?
N 9+ 16
2 11i
25

Example 2

Start with z = 1 —4i and w = 0.5+ 3i. The complex conjugates are Z = 1+4i and w = 0.5 —3i.
The absolute values are |z| = V17 and |w| = 1/37/4. The inverses are

1 4
-1 . —1 :
z 17( + 4i), w 37(05 3i)
Division gives
z w 4 w zZ 1
2 = —(—11.5 — 5i — =w—s = —(—11.5 + 5i).
w z\wP 37( i) z w\z|2 17( +50)

Alternatively, we can “real-ize” the denominator as before. Thus

z  1—4i 05-3i
w  0.5+31 0.5—3i
0.5 — 3i — 2i + 12i2
0.25+9
—11.5 —5i
9.25
w  2—-i 3-4i
z  34+4i 3—4i
6 —8i— 3i+4i?
- 9416
_2-11

25

16
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Geometric interpretation

It is very helpful to think of a complex number as a point in the plane with the real part as
the z-value and the imaginary part as the y-value. Hence, we identify the complex number
z = a + bi with the point (a,b) or with the vector (arrow) from the origin to the point (a,b).
(We will talk about vectors in more detail shortly). Then the absolute value of the complex
number is simply the distance of the corresponding point from the origin or the length of the
vector (arrow). See Figure 3.

With this correspondence, the addition of complex numbers become the addition of vectors
as it is known from the physics of forces. See Figure 3.

To interpret multiplication, we take a slightly different point of view. Instead of giving the
coordinates of the vector as the endpoint (a,b), we consider its length » > 0 and the angle ¢
it makes with the z-axis (counterclockwise) as (r cos ¢, rsin ¢). This representation is called
polar coordinates. Then multiplication of two numbers is simply multiplication of the lengths
and addition of the angles. See Figure 3. We write

z=r(cos¢+ising) and w = s(cosyp +isiny).
Then we multiply, using the trigonometric identities
zw = r(cosg+ising) x s(cosp +isiny)

= rs[cos ¢ cost) — sin ¢ sin ) + i(cos ¢ sin ) + cos 1 sin @)]
= rs[cos(¢ + ) + isin(¢ + )]

Observation and definition

Every complex number of the form z = cos ¢ + isin ¢ has absolute value one. We introduce
the exponential notation (known as Euler’s formula)

exp(ig) = €!® = cos ¢ + isin ¢.

It might look strange at first, but the same rules as for the real exponential function apply.
In fact, if we denote

f(@p) =cos¢ +ising
then

f'(¢) = —sing +icos ¢

f'(¢)  —sing+icose

f(¢)  cosp+ising

—sing +icos¢ cos¢ —ising

cos ¢ +isin¢ .COS(Z)—iSin(ﬁ

— sin ¢ cos ¢ + isin® ¢ + icos? ¢ + cos ¢ sin ¢
cos? ¢ + sin? ¢

17
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since cos? ¢ + sin? ¢ = 1. Now integrate:
f@) .. _ .
[ Fete= [ s
In f(¢) = i¢

f(g) =€

and thus cos ¢ + isin ¢ = ',

This has many advantages. First of all, we can write any complex number in polar coor-
dinates as z = re®. And we can easily multiply complex numbers in this form. For example,
the calculation above becomes a single step (no need to look up the trig identities)

rel? x sel¥ = rsel @Y,

Examples

1. The complex number z = 1 + i has modulus |z| = v/2 and angle ¢ = 7/4. Hence
z=1+1i=+2e"4

2. The complex number w = /3 + i has modulus |w| = 2 and angle ¢ = 7/6. Hence
w=+3+1i=2e"/6

3. Their product is zw = (V3 — 1) + (V3 + 1)i = 24/26157/12

4. In general, if z = a+bi then r = |z| = Va? + b2. The argument ¢ is not uniquely defined.
If we restrict it between —7 and 7w the we get

¢ = arctan(b/a)  if a>0
¢ = arctan(b/a) + 7 if a<0,b>0
¢ = arctan(b/a) — 7 if a<0,b<0

18
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3.51

2.5f

point (-2,2)
complex number
-2+2i

point (1,2.5)
complex number
1+2.5i

z=1+3i

Z+wW=3+5i

w=2+2i

in@

(0]
cos@

zZw=rse

i(+w)

Figure 3: Top panel: correspondence between complex numbers and points in the plane.
Middle panel: Addition of complex numbers. Bottom panel: polar coordinates on the unit

circle (left) and multiplication of complex numbers using polar coordinates (right)
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Linear Algebra I - Linear systems of equations

Introductory example

Suppose there are two types of food. Type I contains 10g of protein and 5g of carbohydrates
per 100g, type II contains 8g of protein and 12g of carbohydrates per 100g.

Easy question Suppose you take 50g of type I and 75g of type II, how much protein and
carbohydrates do you get? Answer: First we have to choose units, let’s say 100g. Then
I take 0.5 units of type I and 0.75 units of type II. Now let x1,x2 denote the respective
units of food type I and II. Then the amount of protein and carbohydrates are given by

by = 10z; +8x2=10x0.5+8 x0.75 =11,
bo = 51+ 1229 =5x0.5+12 x0.75 = 11.5,

grams respectively. NOTE: we are given x1 and x9, and want to find b; and bs.

Harder question Suppose you want to take 16g of protein and 20g of carbohydrates. How
much of each food type to you have to take? The equations are just as above.

1021 +8x9 = by =16
S5r1+ 1229 = by = 20.

HOWEVER: this time, with the same notation as above, we are given b; and by, and
want to find x7 and xs.
SOLUTION: We multiply the second equation by -2:

10z1 +8x2 = 16
—10x1 — 2429 = —40.
Then we add the two equations:
—16x9 = —24,

which gives 9 = 3/2. This we put back into one of the original equations to get 10z; +
12 =16 or 1 = 2/5.

The example above is a special case of a linear system of equations. More generally, we
write a linear system of m equations with n unknowns as

a1171 + ajoro + ... +apr, = b
ag1x1 + a9k + ...+ agpxy, = bo
Am1T1 + Ama®2 + ...+ @y, = by,

where

20
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1. z1,...,z, are the variables or unknowns,
2. aiq,...,amn are the coefficients,
3. b1,...,b, are the right hand side.

A solution of such a system is a set of numbers (s1,...,s,) that makes all the equations true
when we substitute the s; for the x;. The equations are called linear since each of the variables
x; appears only linearly (as opposed to higher powers or other nonlinear functions). The
subject of linear algebra is to study such linear systems of equations.

Goal of this chapter

In this chapter we learn how to solve linear systems of equations. In particular, we answer
the three questions:

1. Is there always a solution?
2. Can there be more than one solution?

3. How can we compute all solutions?

Fact: A linear system of equations has either
1. exactly one solution,
2. infinitely many solutions, or

3. no solution.

Cases (1) and (2) are called consistent whereas case (3) is called inconsistent.

Examples

Consider the three systems of equations:

Ir1 — T2 =1 Tr1 — T2 =1 r1 — T2 =1
{:El—xg :0}’ {x1—2x2 :O}’ {—xl-i—arg :—1}’
The first system has no solution (since z1 — z2 cannot simultaneously be both 1 and 0), the
second has exactly one solution (z; = 2,29 = 1) and the last system has infinitely many
solutions (since the two equations are essentially the same equation): for all real numbers ¢,
the pair 1 = t,29 = t — 1 is a solution. We can see graphically why there are these three
cases. Each equation is the equation of a line in x1-xz9 space. In the first case, the two lines are

parallel and have no point in common. In the second case, there is one point of intersection.
In the third case, the lines are identical, and all points are part of both lines, see Figure 4.

21
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3 2 2
2 1 1
1
N 0 0
0
i -1 -1
-2 -2 -2
=) 0 2 4 5 0 2 4 2 0 2 4
X X X
1 1 1

Figure 4: Graphical interpretation of systems of linear equations. Left: no solution, Middle:
unique solution, Right: infinitely many solutions.

The Gaussian Elimination Algorithm

Elementary row operations: The solution of a linear system of equations does not
change under the following three elementary row operations:

1. multiply a row by a nonzero number,

2. add a multiple of one row to another,

3. exchange the order of two rows.

Example 1

Find the solution of
2.7}1 — T2 = 1
4x1 + 229 =10

Answer:

{ 201 —x9 =1 (—0.5)xR2 { 201 — 29 =1 R2+RI { 201 —xy =1
— 5 —

4dx1 + 220 =10 —2x1 — Ty = — —2x9 = —4
—2xR1+R2 | —4x = —06 (-1/4)xR1(-1/2)xR2 | =1 =3/2
— — —
—2x9 = —4 To =2

Now, the solution is obvious: z1 = 3/2 and z2 = 2, or (3/2,2).

Example 2
Find the solution of
209 +3x3 =1
T1+x0o+a3 =2
r1 — T2 = -1

22
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Answer:
209 +3x3 =1 T+ To+x3 =2 T+ T+ 23 =2
— — R3+R
T1t+ax2+2x3 =2 Rlof2 200 +3x3 =1 ( 1)><—>3+ ! 200 +3x3 =1
xr1 — T2 =-1 xr1 — T2 =-—1 200 +13 =3
T1+x9+2T3 =2 (—3)x R3+R2 1+ o =3
— R3+R R —
COXBHRE L gy 4 3py =1 (VAR RIS 2y =4
21‘3 = -2 r3 = -1
and finally
(1/2)xR2 ( 2, ~1
R1—R2
— 1'2 —
I3 -1

So the solution is (1,2, —1).

Simplify Notation!

Looking at the two examples above, we realize that we do not need to write the variables z;
all the time, provided we agree and stick to a particular order. Similarly, we can do away with
the ‘4’ and the ‘=’ signs. The only things that matters are the coefficients in front of the
x; and the right hand side. Hence, we collect these into an array of numbers, which we call
matriz. We can then simply perform the row operations on the rows of the matrix.

For the example above,

209 +3x3 =1 0 2 3|1
T +x9+2T3 =2 — 1 1 1 2
T1 — T2 =-1 1 -1 0]-1

We call the matrix above the augmented matrir, where we have the coefficients, a;; of the
linear system together with the right hand side b;, separated by the vertical lines. We also
call the matrix

0 2 3
1 1 1
1 -1 0

the coefficient matriz, i.e., this matrix contains only the coefficients a;;.
The same steps as in example 2 above, but in matrix notation are:

0 2 3|1 1 1] 2 11 127

11 1] 2 |®=f|g o g |CUEEHERLL G 5 51

1 -1 0|-1 1 -1 0] -1 02 13|

()% B3+ R2 1 1 1] 2 11 0] 3 1 0 0] 1 7
13 0231 |—]020/4]—1]01o0]|2

00 2|-2 00 1|-1 00 1[-1

Now, we remember that the first column corresponds to z1, the second to xo, and the third
to x3. Then the solution is 1 = 1,29 = 2,23 = —1 or simply (1,2, —1).

23
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Reduced row-echelon form

Now that we have seen several examples of ‘simple’ forms of systems where the solutions could
easily be read off, we will formalize this process a bit.

Definition: The leading entry of a row in a matrix is the leftmost nonzero coefficient in that
TOwW.
A matrix is in row-echelon form if the following three rules are true

1. Rows of zeros are below any nonzero row.
2. The leading entry of any row is to the right of any leading entry in any row above it.
3. All entries in the column below a leading entry are zero.

A matrix is in reduced row-echelon form if it is in row-echelon form and in addition

4. Each leading entry is 1.

5. All entries in the column above a leading entry are zero.

Examples

The first two systems are in row-echelon form but not reduced. The third and fourth are in
reduced row-echelon form, the last one is neither.

1 2 0 2 0 2 4 1 0 2 10 2 0 2 0 2
03 1f|,]0110)|,{]011[,]01 =320 1 1 1/,
0 0 2 0007 0 00 00 0 1 0 3 0
Example 3
Find the solution of
T +x2+T3 =5
2:131 — T3 =
To +4x3 =15
Answer: Use the matrix notation to do the row operations.
11 115 (—2)RL+R2 1 1 1 5 5321?2%?; 1 1 1|5
— —1)X
2 0 =10 — 0 -2 —-3|-10 At 0 2 3|10
01 4 |15 0 1 4] 15 0 0 5]20
1 1 01 [1 0 0] 2
— |0 2 0|-2|—]1010]-1
0 0 1] 4 | 0 0 1| 4
Hence, we have the solution x; = 2,29 = —1,23 =4 or (2,—1,4)

24
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Example 4

Find the solution of
2x1 + o + 223 =1

*4$1 — I3 =
2x1 + bxro +8x3 =11

Answer in matrix notation:

2 1 2|1 )xmerefo 1 2l 1] 0 T201 2]
4 0 -1 TRIERS g 9 3| 4 fhak 0 2 3|4
2 5 8 |11 0 4 610 00 02

At this point, we pause and look at the last row of zeros. In the original notation with
variables x;, this row reads: Ox; 4 Ozg + Oxsz = 2. This is clearly impossible. Hence, this
system is inconsistent, it has no solution.

Example 5
Find the solution of
2.%1 - 4.%2 - 8.%3 = —18
3r1 4+ 3x20+ 1523 =18
Answer in matrix notation:
0.5xR1
2 —4 8| —-18 |1/3xrR2 |1 -2 —4|-9 | Rr-r1|1 -2 —4|-9
— —
3 3 15| 18 1 1 5 6 0 3 9 |15

1 -2 —41-9 1 0 2|1
— —
RIS R ERE

This time, the last row reads
T9 + 3x3 = 5.

Whatever we choose for x3, we can always find an zo to make the equation true. Hence,
this equation has infinitely many solutions. We set x3 = ¢ as a free variable, then we get
r9 = 5 — 3t. We plug this into the first equation and solve for z; as

T+ 2t =1, or r1=1-—2t.

Hence, the infinitely many solutions can be written as the set {(1 — 2¢,5 — 3t,t): t € R}.

Example 6
Find the solution of
2x1 + 2x9 + 223 =0
—2x1 +5r9 +223 =1
8r1 + a0 +4x3 = -1

25



MAT 1332: Additional Course Notes 26

Answer in matrix notation:

0.5x R1
2 2 2] 0 Rivrz2 [1 1 10 1110
205 2|1 | BEERS L g 7 41 [ PEEB o 7 41
8 1 4|-1 0 —7 —4|-1 00 0|0

Again, we have a row of zeros at the bottom. However, this time the last row reads: 0z; +
O0z2 + Ox3 = 0. This equation is satisfied for all values of x1, x2,x3. We do not run into the
same problem as in example 4. We simply continue as in example 5.

11 10 1 0 3/7|-1/7
— o1 47|17 — |01 47| 1)7
00 010 00 0/ 0

The second row

has again infinitely many solutions. We denote x3 = t as the free variable and compute
x9 = 1/7 — (4/7)t. In the first row, we get

x4+ (3/T)t=-1)7 or xy =—1/7-3t/7.

Hence, the solution set is {(—2 — 3,1 — 2 4): ¢ € R}.

Example 7
For which values of h does the system

x1 + hxo =-3
—2x1+4x4 =6

have (a) a unique solution, (b) infinitely many solutions, and (c¢) no solution?

Answer:
1 h|3 | 2xRri+Rr2| 1 h 3
—_—
-2 416 0 2h—410

The last row gives the equation
(2h — 4)x2 = 0.

If 2h —4 = 0, (i.e., h = 2) then x9 = t is a free variable, and 1 = —3 — hze = —3 — 2t. If|
on the other hand, 2h — 4 # 0 then the only way to satisfy the second row is 22 = 0. In this
case, the first row gives x1 = —3. Hence, if h # 2 then there is a unique solution, if A = 2 then
there are infinitely many solutions. For no value of h is there no solution.

26



MAT 1332: Additional Course Notes 27

Practice Problems

1. Solve the following systems of equations by bringing them into reduced row-
echelon form

5r1 —2x9 + 623 =0

T1+x9+2x3 =9
(b) { 21+ 22+ 323 =1

(a) 211 +4x9 — 323 =1
31‘1 + 656‘2 — 5:63 =0

2561 + 21‘3 =1
(¢) 3xy —xg+4xs =7

(d){ Tx1 4+ 2290 +23—3x4 =5
6x1 +ax20—x3 =0

T1 + 229 + 4x3 =1

3r1+ 219 —x3 = —15 201 —x0—3x3 =10
(e) 3r1+ 22+ 323 =11 (f) —x1 4+ 229 —3x3 =0
—6x1 — 4x9 + 223 =30 r1+xo+4x3 =0

2. Problems with parameters

(a) For which values of a,b does the system

r1t+axrs =1
201 +3x92 =0

have (i) a unique solution, (ii) infinitely many solutions, or (iii) no solutions?

(b) Explain why the system
T1+x9+2x3 =a
T +x3 =0b
21 + 220+ 323 =c

is consistent if ¢ = a + b but inconsistent in all other cases.

3. Application

Insects of two species are reared on two types of food. Species 1 consumes 5 units of food A
and 3 units of food B per day. Species 2 consumes 2 units of A and 4 units of B, respectively.
Every day, 900 units of food A and 960 units of food B are provided. How many individuals
of each species are reared?

27
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Solutions to practice problems

1.
(@) (1,2.3) (b)) {@—-1265-271):teR} (o) G;_E_@
(d) {(;L-F;S—i—;t,—é—?;s—it,s,t) :s,teR} (e) {(?g—;t,zlt—%,t) :teR}
(f) (0,0,0)
2.

(a) Unique solution if a@ # 3/2. infinitely many solutions if a = 3/2 and b = 2. No solution if
a=3/2and b # 2.

(b) Add the first and second row.

3.
Let x; be the number of individuals of species 7. Then the system is
521 + 222 = 900, 3z1 + 4z9 = 960,

and the solution is (z1,z2) = (120, 150).
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Linear Algebra II - Vectors and matrices

In the last section, we introduced matrices to simplify our life, as a short hand notation for
linear systems of equations. In this section, we study matrices as objects in their own right.
We learn when it is possible to add and multiply them and how to do it. While there is no
direct biological application in this section, the content presented here is the foundation of
everything to come. It is like learning the grammar of a language so that one can speak it
properly later.

Definition: An m x n-matrix A is a rectangular array of numbers with m rows and n
columns, i.e.,

a1l a2 e A1n
a1 ago e Ao,
A =la] =
Aml Am2 .- Qmn
The numbers a;; are called entries.
If m = n then A is a square matriz.
A 1 x n-matrix is called a row vector: [c1,ca, ..., Cy).
b1
ba

An m x 1-matrix is called a column vector:

Two matrices A = [a;;], B = [b;;] are said to be equal if they have the same dimension and if
for all ¢, we have a;; = b;;.

We note two special (classes of) matrices, the zero matriz

0 ... 0
o=1|: .
0 ... 0
and the identity matriz
10 ... 0
0 1 0
I =
00 ... 1

The number of rows and columns of these two matrices is usually clear from the context.
If A is a square matrix, then the elements a;; are called the diagonal elements and their sum
of called the trace of A, i.e.,

5 2 -1
A=|[0 1 5
8§ 2 —4

has the diagonal elements 5, 1, -4 and the trace is tr(4) =5+1—4 = 2.
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Matrix addition and scalar multiplication

If two matrices, A = [a;;] and B = [b;;] are both of the format m x n, then we can form the
sum of the two by entrywise addition to obtain a matrix of the same format

C = A+ B = [cij] = laij + bij]-
If k is a number and A = [a;;] an m X n-matrix, then we define the entrywise product
kA = [kaij],

which is again an m X n-matrix.

Examples

Consider the two 2 x 3-matrices

12 3 1 01
A_[—?) -2 —1} B_[OIO]'

Then we have

2 2 4 5 10 15
A+B_[—3 1 —1] 514_[—15 10 —5]’

3 6 9 2 0 2 5 6 11
3A+2B_[—9 —6 —3]+[020]_[—9 4 —3]

The transpose of a matrix

The transpose of a matrix A is obtained from A by interchanging rows and columns, or,
loosely speaking, by flipping the matrix along its diagonal. More formally, if A = [a;;], then
the transpose is

AT = [aji].
If A is of the format m x n then A7 is of the format n x m. In particular, the transpose of a
column vector is a row vector and vice versa.

Examples
(1 -3
a=| L2 _31] AT = |2 -2
. |3 -1
1 o4 r [1 3
B=13 —2] B T4 2
[ —4
v=1| 7 f'=[-4 7 0].
0
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Matrix-vector multiplication

If the matrix A has n columns and the column vector z has n rows, then we can define the
product Az as the following column vector:

all a1 e QA1p, I

a1 ago e aon T2
A= . . . ) €T =

aml aGm2 ... Omn In

a1 + aexe + ...+ aipy
a21x1 + a22x2 + ... + a2pTy

Az =

| Om1T1 + Qm2T2 + . .. + GmnTn |

To remember this definition, simply think about linear systems of equations!
Note that the resulting vector has the same number of rows as the matrix. In general, the
dimensions work as follows:

(mxn)x(nx1)=(mx1).

Examples
1.
1 2 5| [ 1Ixb5+42x6 | | 5+8 | |13
3 4 6| |3x5+4x6 | |12+24 | |39
2.
1
1 2 3 1] = Ix142x(-1)+3x2
-3 -2 -1 5 S B3 x 1+ (=2)x (1) +(-1)x2
| 1=2+6 | | 5
| -83+2-2] | -3
3.
1
1 3 2 4 1| [ 1+2-3-4| | 4
020 -1 -1 |[0+2-0+1| | 3
-1
4.
1
[1 23] -1]=[1-34+2]=0
1
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5. )
1 2][-1] _ [-1-27] [-3
34| -1] | -3-4 —7
6. ]
-3 2 . -15—-6 -21
—7 4 [_3]_ —35—12 —47
1 6 | 5—-18 -13
7.
2
[ 30 25][9][60+225]285

Matrix-matrix multiplication

We use the definition of the matrix-vector product to define a product of two matrices. Con-
sider a matrix A with n columns and a matrix B with n rows. We may think of each column
of B as a column vector of length n. We know how to multiply each of these with the matrix
A and then we put the resulting vectors into one matrix. More formally, the product of

ail AT ) b11 blk
asy ... Q9n o
Gml  --- Gmn bn1 Onk
is given by
AB = | AB, AB, o AB,

Note that the dimensions multiply as follows:

(mxn)*x(nxk)=(mxk).

Examples

Take the following matrices:

1
1 2 1 21 -1 -2
S EEI O R B P B el

The product AB is defined and it is

AB:[1><1+2><(—1) 1x2+2x0 1><1+2><4]

3x1+4x(—-1) 3x2+4x0 3x1+4x4
(-1 2 9
-1 6 19 |°
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The product BA is not defined since the number of columns of B does not equal the number
of rows of A (try it and see!). However, if we transpose B first, then we can multiply BT A :
-2 =2
2 4
13 18

The product C'A is defined, but not vice versa (check the format!):

-2 =2
CA=| 10 16
9 12

Again, if we transpose C, then we can multiply ACT

r_[-1 8 6
AC[—l 20 12]'

Since A is a square matrix, we can form the power
7 10
2 _ _
4 _AA_[15 22}‘
Since A and D are square of the same size, we can multiply them both ways:
-1 0 -7 -10
=1 0] bas[7 )

Thus AD # DA, even though both are defined.

NOTE: The order of the product matters! Matrix multiplication is NOT commutative, even
if both products are defined.

Multiplication of the identity matrix and the zero matrix are just as easy as multiplying
the real numbers zero and one:

AT=TA=A,  A0=0A=0.

As a final, not so obvious example for matrix multiplication, we note (check the formats!)

1 1 3 2
-1 ([132]=]-1 =3 =2
2 2 6 4

Note: We have seen that many operations with real numbers (addition, multiplication) also
work with (some) matrices. Two of several differences are

1. The commutative law does not hold.

2. The cancellation law does not hold.

Example

The matrix A = [ 0 0

01 ] is an example where A% = 0 but A # 0.
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Practice Problems

Consider the following matrices:

1. Compute the following if possible. If not, explain why.

() D+E  (b)D—E (c) 54 (d) 70
()2B—C  (f)4E—2D  (g) —3(D+2E) (h) A

(i) tr(D) ()tr(D 3E) (k) tr(A ) (1) tr(B )
(m) 247 +C () DT —ET  (0) (D-E)"  (p) B-BT

2. Compute the following if possible. If not, explain why.

(a) AB (b)) BA  (c) 3ED (d) (AB)C'  (e) A(BC)
(f) CCT (g) (DA)T  (h) (CTB)AT (i) tr(DDT) (j) B
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Solutions to Practice Problems

1.
7 65 -5 4 -1 15 0
(QD+E=| -2 1 3|, MGD-E=|0 -1 —-1|, (¢)bA=| -5 10 |,
7T 37 -1 1 1 5 5
22 —6 8
(d) —7C = T2 : (e) 2B—C not defined, (f)4E-2D=1| -2 4 6 |,
—21 -7 =35
10 0 4
-39 —21 -24
(g) —3(D+2F) = 9 -6 -—-15 |, (h) A—A = 0, the zero matrix, (i) tr(D) = 140+4 = 5,
-33 —12 -30
() tr(D —3E) = —-17—-3 -5 = —25, (k) tr(A) not defined, () tr(B)=4+2=6.
72 4 5 0
(m)2AT+C:[3 5 7], m)DT-ET'=| 4 -1 1 |, (o) (D)l =DT-E",
-1 -1 1
I !
2.
12 -3 42 108 75
(a) AB=| —4 5 |, (b) BA not defined, (c)3ED=1]12 -3 21 |,
4 1 36 78 63
545 9 21 17
(d) (AB)C = | 11 —11 17 |, (e) A(BC)=(AB)C, (f)ccT = :
17 35
717 13
0 o 11 12 6 9
() (DA)T[12 s } (h) (CTB)AT = | 48 —20 14 |, (i) tr(DDT) = 30+2+29 = 61,
24 8 16

[ 5].
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Linear Algebra III - Inverses and Determinants

We know that, for every nonzero real number, z, there exists an inverse, z~! = 1/ such that
the product zz~! = 1. In the last section, we learned how to multiply matrices (and when this
is possible). Here we ask whether inverses exist for matrices as well, and how we can compute
them.

Introductory example

The multiplication of two square matrices can give the identity matrix:

2 5 3 -5 |10

1 3 -1 2 | [0 1]
But of course, not every (square) matrix has an inverse. The zero matrix, for example, is not
invertible.

Definition: A square matrix A is invertible if there exists another square matrix B of the

same dimension, such that
AB =1 = BA.

We then write A~! = B.

Note: If a matrix is not square, then it cannot be invertible.

How can we find out whether a given matrix has an inverse and what the inverse is? Let’s
go back to the example above with

2 5
A { 2 } .
We want to find a matrix
bi1 b2
B= ,
[ ba1  boo ]

such that
_ b11 b12 110
w-pali ]l -1 ]
Hence, we have to solve the two systems
bll B 1 1)12 . 0
ml=lo] alm]-[8]
We can do this simultaneously, using the three allowed elementary row operations of multipli-
cation, addition and interchange.

2 5|1 0| Ri—2r2| 2 5 |1 O Ri45rR2 | 2 0 |6 =10
— —
1 3|0 1 0 —-1|1 -2 0 —-1]1 =2
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0.5R1,
-r2 |1 0| 3 =5
—
0 1(-1 2
Once we have reduced the left hand side to the identity matrix, we have the inverse of the
original matrix on the right hand side.

Algorithm to compute an inverse matrix: Given a square matrix A, we take the
identity matrix I and write the system

(AT

Then we use the three row operations to reduce the left hand side to the identity matrix. If
this is possible, we end up with
[11B]=[1]A7"].

If we cannot reduce the left hand side to the identity matrix, then the original matrix A is
not invertible.

Example 1

37

Find the inverse of A = { 1 3

]Wewrite

3 7/1 0| Rier2| 1 3|0 1 | R-3r1|1 3]0 1
—> —

1 3]0 1 3 7|1 0 0 —-2|1 -3

0 1|-1/2 3/2 0 1|-1/2 3/2

3/2 7/2}
~1/2 3/2 |

—0.5R2 [ 1 3] 0 1 ] R1-3R2 [ 1 0] 3/2 -7/2 }
— —

Hence, A is invertible and its inverse is A~ = [

Example 2

1 2

Find the inverse of A = [ 9 4

]Wewrite

1 2/1 0| Rri—2r2|1 2|1 0
—

2 410 1 0 0l—-2 1

Because we have a row of zeros on the left hand side, we cannot transform the left hand
side into the identity matrix by elementary row operations. Therefore, the matrix A is not
invertible.
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Example 3
12 3
Find the inverseof A= | 1 3 4 | . We write
2 4
12 31 0 1 2 3|1 0 0
1 3 4 1o | -1 111 -1 0
02 40 0 1 0 2 410 0 1
-R2 [1 2 3]1 0 0] 1231 0 0
220 g 1 12101 0|21 1/-1 1 o0
00 2 -2 1 00 1|1 -1 1/2
R-3R3[1 2 0]|-2 3 —3/2 1002 -1 —1/2
2B g 1 0)—2 2 —12 | PEEP o0 1 02 2 —1/2
00 1|1 -1 1/2 | 00 1|1 -1 1/2

Hence, the matrix A is invertible and the inverse is given by the right side of the last step
above.

Example 4
1 2 3
Find the inverseof A= | 1 3 4 | . We write
2 2
1 2 3|1 0 0 1 2 311 0 O
13 4/0 1 0™ 10 -1 —1/1 =1 0
02 2|0 1 0o 2 210 0 1
—R2 1 2 3|1 0
R3=2R2 | 0 |y 4

00 0] 2 =2

0]
0
1 -
Since the left half of the above matrix has a row of zeros, we cannot transform it into the
identity matrix, using row operations. Therefore, A is NOT invertible.

When is a matrix invertible?

Sometimes we are not interested in the exact inverse of a matrix but only in the question of
whether or not the matrix is invertible. Let’s go back to the case of 2x2-matrices. When is

the matrix
a a
A= 11 a12
a1 a2
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invertible? We have

[A|I] o a1] aig 1 0
| @21 Q22 0 1
| a11a21 aizagr a1 0 | Rixas
| anaz anaxp | 0 ap | fi2xen
| anan a12a21 a1 0
= R2—R1
0 a11a22 — Q12021 | —A21 a11

If a11a902 — a12a01 = 0, then A cannot be invertible. Since the expression aj1a22 — aj2a91 is so
important, we give it a special name.

Definition and Result: For a 2x2 matrix

a a
A= 11 12
az1 a2

the determinant of A is given by
det(A) = a11ag2 — a12a21.

If det(A) # 0 then A is invertible and

Al 1 azy  —ai2
det(A) | —a21  ann |’

If det(A) = 0 then A is not invertible.

Example 1, revisited

The determinant of the matrix A = [ i) ; ] is

det(A) =3-3—-1-7T=9—-7=2.

-1 3

| =

The inverse according to our new formula is therefore A~ =

[ 3.7 } , just as we had

computed earlier.

Example 2, revisited

The determinant of the matrix A = [ ; i ] is
det(A)=1-4—-2-2=4—-4=0.
Hence, the matrix is not invertible, as we have already seen before.
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Our theory so far only applies to matrices of size 2x 2, therefore we cannot revisit the examples
3 and 4. We'll do that later. For now, we look at some more examples of matrices of size 2x2.

Example 5

The determinant of the matrix A = [ i13 ; ] is

det(4) =3-2-1-7=6-T7=—1.

Therefore, the inverse of A exists and is given by A=! = — [ _21 _37 ] - [ 2 } ’

Example 6

. . 3 -1 1.
The determinant of the matrix A = [ 2 1/2 ] is

det(A) =3-05—2-(—1) =3/24+2="7/2.

e[ 1],

Therefore, the inverse of A exists and is given by A~! = - 29 3

Example 7

. . -7 2 )
The determinant of the matrix A = [ L —8)7 ] is

det(A) = (—7) - (~8/7) —2-4=8—8 = 0.

Hence, the matrix is not invertible.

Determinants for matrices of size 3x3

Determinants can be defined for square matrices of all sizes, and it is always true that if
det(A) # 0 then the matrix A is invertible. We will only consider the case of 3x3-matrices
here, since it has a fairly simple form. Determinants of bigger matrices can be computed, but
it takes time.

The determinant of the matrix

ail a2 a3
A= | ax ax a
asy asy ass

is given by

det(A) = 11022033 + 012023031 + 413021032 — (31022013 — A32023011 — A33021012.
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Unfortunately, there is no really simple formula for the inverse of a 3x3 matrix (or larger)
analogous to the 2x2 case. To find the inverse, we still have to use the row-reduction algorithm.

This determinant formula can be remembered more easily by attaching the first two columns
of the matrix A as columns 4 and 5 of a larger matrix and then taking products along the
diagonal down with plus signs and products along the diagonal up with minus signs, i.e.,

aixp a2 aiz | air a2
21 Q22 G23 | a1 Aa22
azyr az2 aszz | aszr as2

Example 3, revisited

= W
[
»n

1 2
The determinant of A= | 1 3
0 2

det(A)=1-3-4+2-4-0+3-1-2-0-3-3—-2-4-1-4-1-2=18-14=4.

Hence, the matrix is invertible, as we already know.

Example 4, revisited

N A~ W
—
w0

1 2
The determinant of A= | 1 3
0 2

det(A)=1-3-24+2-4-04+3-1-2-0-3-3—-2-4-1—-2-1-2=12-12=0.

Hence, the matrix is not invertible, confirming our previous result.

Important Observation: If A is an invertible square matrix then the unique solution of the

system of linear equations

Ax =10

is given by
z=A"1h.

Example 1, revisited

The solution of the system

is given by
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Practice Problems

1. Compute the determinant and find the inverse if it exists.

oa[37] waefi s
(c) A:[é:ﬂ (d) A:[—?)cs 42]
12 3 1 6 4
€ A=|2 5 3 ) A=| 2 4 -1
10 8 12 5

2. Solve the linear system of equations

For each of the matrices above solve the system Ax = b where b = { _12 ] in cases (a)-(d)

1
and b= | 1 | in cases (e) and (f).
1
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Solutions to Practice Problems

1.

w5 [ ] o ey ]

(d) and (f) are not invertible

—40 16 9
() A'=]| 13 -5 -3
5 -2 -1

R I T A |

In case (d) the solution is { [ (1 +t2t)/3 } it e R} .

In case (f), there is no solution.
NOTE: Even if the matrix is not invertible, there can still be a solution (see (d)), but it is not
unique in that case.
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Linear Algebra IV: Eigenvalues and Eigenvectors

Observation and introductory example

Consider the matrix A = [ (1] (1) ] so that A [ :; } = { i } . For example

Qol=1] a[A =15

On the other hand, we also have
1 1 1 -1 1
S Y E Y R I e Y

In these two cases, the vectors A [ 5; ] are simply multiples of the vectors [ Zj ] , whereas in

the examples above, there was no obvious relationship between A [ ;3 ] and [ z ] . The goal

of this section is to find and study these special cases where a vector multiplied by a matrix
is simply a multiple of the vector.

Definition: Let A be a square matrix. A vector v that is not the zero vector and a number
A are called eigenvector and eigenvalue, respectively if

Av = .

Example 1

2
value A = 3, since

17]. . . . .
The vector [ is an eigenvector of the matrix A = [ _01 ] corresponding to the eigen-

Example 2

1. . . . .
The vector [ ] is an eigenvector of the matrix A = [ } corresponding to the eigenvalue

0 0 0

oolla]=la]=>1a )

NOTE: A = 0 is allowed, but the eigenvector cannot be the zero vector.

A =0, since
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Example 3
-2 00 -2
The vector 1 is an eigenvector of A= | 1 2 1 corresponding to the eigenvalue
1 1 0 3
A =1 since
00 -2 -2 -2
12 1 1 = 1
1 0 3 1 1

How to compute eigenvalues and eigenvectors?
We are looking for a nonzero solution of the equation Av = Av. So let’s rearrange:
Av— v =0
(A=XNv=0
except that A — A is meaningless, because A is a matrix and A is a number. (The expression
[ ?1) i ] — 5 makes no sense.)

How can we deal with this? Answer: the identity matrix. Since (AI)v = A(Iv) = v, it’s
no problem to insert the identity matrix into our equation to make things balance. Thus

Av— v =0
Av—Av =0
(A= A)v=0.

Now, the matrix (A — AI) is either invertible or it’s not. If it’s invertible, then
v=(A-XN"10=0.

But we want nonzero solutions, so this is useless. That means the only way to get nonzero
solutions is if the matrix (A — \) is not invertible. That is,

det(A—\) =0.

Result: The number ) is an eigenvalue of the square matrix A if and only if it satisfies the
equation
det(A — ) =0.

If X is an eigenvalue of the square matrix A then we find the corresponding eigenvector(s) by
solving the linear system of equations

(A—X)v=0.

Note: Any scalar multiple of an eigenvector is again an eigenvector.
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Example 1

Find the eigenvalues and eigenvectors of A = [ (1) (1] } .

First we form the matrix
0 1 -2 0 -2 1
A‘”‘L 0}_{ 0 —)\]_[ 1 —A]
Then we calculate its determinant as

-2 1 2
det[ 1 _)\]—)\ —1.

Setting the determinant to zero, we get the two eigenvalues A = +1. For A\; = 1 we solve the

System
-1 110 -1 110
N )
Aol =15 ele]

The second row is satisfied, the first row reads —x1 + xo = 0. Hence, x5 =t is a free variable,
. . . 1 . :
and x1 = t is the resulting solution, so that v; = [ 1 ] t are the eigenvectors corresponding

to A1 =1 for any ¢ # 0.
For Ao = —1 we solve the system

1 1]0 1 1]0
. )
1 1]0 0 0]0
The second row is satisfied, the first row reads x1 +x2 = 0. Hence, xo = t is a free variable, and

. . . 1 . .
x1 = —t is the resulting solution, so that vy = [ 1 } s are the eigenvectors corresponding to

A2 = —1 for any s # 0.

Example 2
0 0 1
Find the eigenvalues and eigenvectorsof A= | 1 2 1
1 00
First we form the matrix
0 01 A0 0 -2 0 1
A-X=]1 2 1|—-[0 X 0|= 1 2-=A 1
1 01 0 0 X 1 0 1—A

Then we calculate its determinant as

det(A— M) =-A2-N1-X)—-2-N=(2-N)N-1).
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(Be careful to factor, not expand.)
Hence the eigenvalues are A\; = 1, A2 = —1,A\3 = 2. For A\; = 1, we solve the system (writing
only the coefficient matrix and suppressing the right hand column of zeros)

-1 0 1 -1 0 1 -1 0 1
1 1 1 — 1 11— 0 1 2
1 0 -1 0 00 0 00
We have x3 =t as the free variable and solve for xo = —2¢, and z; =t to get the eigenvector
1
vy = | =2
1
For Ay = —1, we solve the system (writing only the coefficient matrix and suppressing the
right hand column of zeros)
1 01 1 01 1 0 1
131]— |13 1| —1]0 =30
1 01 0 00 0 0 O
The second row gives the equation 3xs = 0, which means xo = 0. We have x3 = t the free
-1
variable and solve for 1 = —t to get the eigenvector vo = 0

1
For A3 = 2, we solve the system (writing only the coefficient matrix and suppressing the right
hand column of zeros)

-2 0 1
1 0 1
1 0 =2

The second row gives the equation Oze = 0, which means xo = t is free. The first equation
says —2z1 + x3 = 0, while the third equation says x; — 2x3 = 0. The only way to make both

0
of them true is to set x1 = x3 = 0. Hence we get the eigenvector v3 = | 1
0
Example 3
0 0 -2
Find the eigenvalues and eigenvectorsof A= | 1 2 1
1 0 3
First we form the matrix
0 0 -2 A0 O = 0 -2
A-X=1]1 2 1 —10 X 0| = 1 2—-A 1
1 0 3 0 0 X 1 0 3— A

Then we calculate its determinant as

det(A—AI) = -A2=NE =\ — (2= A)(=2) = (2= A)(A—2)(A—1).
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Hence the eigenvalues are Ay = 2, A9 = 2, A3 = 1. For the double eigenvalue A\; = Ay = 2, we
solve the system

-2 0 =210 1 0 1|0
1 0 1|10 — |00 O0]|O0
1 0 110 0 0 0]0

The first equation is x1 + 3 = 0. The variables z9 = s and x3 = t are free. The solution is
xr1 = —x3 = —t. Hence, we get essentially two eigenvectors. For one, we set t = 0 and s = 1.
For the other, we set £ =1 and s = 0. Then

0 —1
v = 1 s Vo = 0
0 1

For A3 = 1, we solve the system (suppressing the column of zeros)

-1 0 -2 -1 0 -2 -1 0 -2
1 1 1 — 1 1 1 — 0 1 -1
1 0 2 0 0 O 0 0 O
In this case, we get x3 =t to be the free variable. The resulting solution then is o = x3 =t
-2
and x1 = —2x3 = —2t. The eigenvector therefore is v3 = 1
1
Example 4
. . . 1 -1
Find the eigenvalues and eigenvectors of A = R
First we form the matrix
1 -1 -2 0 1-Xx -11
A‘”‘L 1}_[0 —)\]_{ 1 1—)\]'

Then we calculate its determinant as

I=A -l ]:(1—)\)2+1:)\2—2>\+2.

det[ 1 1\

Setting the determinant to zero, we get
1
A:§(2i\/4—8) =1+xV-1=1%i

Hence, we get complex numbers as eigenvalues. Just to be sure, we check that A\; = 141
solves the original equation:

I+ —20+i)+2=1+21-1-2-2i+2=0.
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We can compute the corresponding eigenvectors in the same way as above, but the calculation
involves complex numbers. For A\; = 1 4+ i we get

[—11 j]_,(ileJrRQ)‘)[?)i _01}

Then x9 =t is a free variable and x; = it, so that the eigenvector is v = { 1 } .

For Aa =1 —1 we get

[1 _il}—>(ixR1+R2)—>[(i) _01]

Then x9 =t is a free variable and x; = —it, so that the eigenvector is v = [ _11 ] .
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50

Practice Problems

Find the eigenvalues and eigenvectors of the following matrices.

0 0 2 —5
(a) A[lSl], (b) A!O
2 00 0

3 2 —6 4

(©) A{O 2 1], (d)A[O

0 4 1 0

@ a=l3 5] woa=; ] woas]

-1 0 1 0
(h) A[34 1], (i) A= |1
0 0 2 1
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Solutions

For problem (a):

A 0 -2
det(M — A) =det| =1 A =3 —1 [ =X2A=3)—4(A—-3)=(A—-3)(\2—4)=0.
-2 0 A
So the eigenvalues are A = 3, A2 = 2 and A3 = —2. To find the eigenvectors corresponding
1
to an eigenvalue A\, we have to solve the system (Al — A)z =0, where z = | x9
3

For A1 = 3, we have to solve

31’1 — 21’3 =0
—T1 — I3 = 0
—2x1 4+ 323 =0

3 0 —-210 3R24+R1 3 0 =210
10 —1]0 ¥R 10 0 50
20 310 00 50

Hence, 3 = 0 and from the first equation also 1 = 0. The eigenvectors are | t | =

0
t| 1|, withteR.
0
For Ay = 2,
21‘1—21’3:0
—.Tl—.%'g—l'g:o
—2x1 +2x3=0

29 0 —2|07224m1[2 0 —2]0
1 -1 —1]o | B 1o —2 —4l0

-2 0 210 0 0 0|0
t 1
Then z3 =t is free, xo = —2t and x1 = t. The eigenvectors are| —2¢t | =¢ | —2 [ with
t 1
teR.
For A3 = —2,
—2.7}1 — 2.7}3 =0
—$1—5$2—ZL‘3:0
—2{L‘1 — 2{L‘3 =0
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-2 0 —-2|0]2R+R1 [ -2 0 -2]|0
1 -5 —1]0 | = 10 0 |0
-2 0 =210 0 0 010
—t -1
Then z3 =t is free, x1 = —t and x2 = 0. The eigenvectors are 0 =1 0 with
t 1
teR.
For problem (b):
We have
—5—A 2 -3
det(A — A1) = det 0 1-X =2
0 1 4— X
=(=5-NA=NE=-2)-M(=2)(=5-A) = (5= [T =N —-A) +2]
—(5+NAN =X +6)=—-56+NN=2)(\—3).
Thus, the eigenvalues of A are A\ = —5, Ay = 2 and A3 = 3.
The eigenvector v associated with the eigenvalue A\ = —5 is the solution of the system
0 2 -3 x 0
(A— )\1[)1/1 = 0 6 -2 y = 0
01 9 z 0
The augmented matrix is
0 2 =310
0 6 —210
01 910

R1 — 2R3 — Ry and Ry — 6R3 — Ro gives

00 =-21]0
0 0 =560
01 9 |0
(—=1/21)R; — Ry gives
[0 0 1 [0]
0 0 =560
L0 1 9 |0

Ry 4+ 56R; — Ry and R3 — 9R; — R3 gives

00 1|0
0 0 0]0
01 0]0
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Finally, R3 < R1 and Ry <« Rg3 gives

01 0|0
00 1|0
00 0|0
1
The solution is y = z = 0 and x = t. Thus, the eigenvectors are v;1 = s | 0 | where ¢ is any
0
real number except 0.
Next, for Ay = 2 we have
-7 2 =3 x 0
(A — )\2[)’02 == 0 -1 -2 Yy = 0
0 1 2 z 0
Thus
-7 2 =30
0 -1 —-2|0
0O 1 2|0
R34+ Ry — R3 and R; + 2Ry — R; gives
-7 0 =710
0 -1 —-2|0
0 0 010
(=1/7)R1 — R; and —Ry — Ry gives
1 0 10
01 20
00 0|0
-1
The solution is thus x = —z and y = —2z. With 2z = s, we get v = s | —2 | where s is any
1
real number except 0.
Finally, for A3 = 3 we have
-8 2 =3 x 0
(A=Xsl)vs=| 0 -2 -2 y|l =10
0 1 1 z 0
The augmented matrix is
-8 2 310
0 -2 -2|0
0 1 1|0
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Ry 4+ 2R3 — Ro and Ry — 2R3 — Ry gives

-8 0 =5|0

0 0 010

0 1 110
(=1/8)R1 — R; and R2 < Rj3 gives

10 5/8/0

01 110

00 00

—5/8
The solution is z = —5z/8 and y = —z. With z = r, we get v3 =7 |: -1 ] where r is any
1

real number except 0.

For problem (c):

- A 2 —6
det(A—XI) = det 0o -2-Xx 1
0

I
/\a/\/\
[
>
>
[\
[
>
|
=)

Thus )\1 = 3,)\2 = —3,)\3 =2
Eigenvectors are

1 4/3 11/2
vl = 0 y Vg = -1 5 V3 = 1/4 .
HERE ALY

For problem (d):

4—A 2 )
det(A — \I) = det 0 1-2X 2
0

6 —3-)A
=@4=N[1=N(=3-)) —12]
= 4= NN +22-15) =4 -NA=3)(A+5)

Thus, the eigenvalues of A are A\ = —5, Ay = 3 and A3 = 4.
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95

FEigenvectors are

For problem (e):
FEigenvalues are

Eigenvectors are

For problem (f):
Eigenvalues are

Eigenvectors are

For problem (g):
FEigenvalues are

Eigenvectors are

For problem (h):
Eigenvalues are

Eigenvectors are

For problem (i):
Eigenvalues are

Eigenvectors are

17/27 3
vp=1| —1/3 |, vo= 11|, vy =
1 1
Al =5, =—1.
1 (-1
v=|q, w=|y
A =5, = 5.
13 -1
U1 1| Vg = 3
M= —i, A =1

M =2 =1\ =4.

1 5/3
v = 0 y V2 = 1 s V3 =
3 0
M =1=2M=2
—2 1
v = 1 5 V2 = 0 > V3 =
1 -1

95
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Functions of several variables I: Introduction

Introductory example

We can measure the rate of food uptake of a single individual as a function of temperature.
We will probably find some optimal temperature 75, where the uptake rate is highest. At
lower temperatures, it is too cold, at higher temperatures, it is too hot for the organism to
function properly. If we denote the rate by r and temperature by 71" then we might try to
model this situation with the function

r(T) = rmax exp(—(T — Topt)Q).

We can also measure the uptake rate at a constant temperature but in the presence of other
individuals. Typically, we see the uptake rate decrease in the presence of others due to
competition for food. We have seen such functions before; for example

N

T(N) = Tmaxma

where N is the number of individuals around. Now we want to vary T" and N independently.
We could simply multiply the two expressions and get

r(N,T) = rmax exp(—(T — Topt)Q).

N
1+ N
This function now depends on the two variables T" and N. While it is easy to plot the two
functions of a single variable above, it is much harder to get a good impression of the function
of two variables. Figure 5 shows how r depends on N and T individually, as well as together.
Not only is it more difficult to visualize functions of two and more variables, it is also harder to
analyze them. The goal of this chapter is to define concepts such as level sets and derivatives
for these functions.

Definition: The set R" is the set of all n-tuples (z1,x9, ..., z,) where all z; are real numbers.
So R! = R, the real numbers; R? is the set of points (z1,22) in the plane; R? are the points
in space. We also use the notation (x,y) and (x,y, z) for points in R? and R3, respectively.

A real-valued function on some subset D C R™ is a function f: D — R that assigns a real
number to each element in D. The set D is called the domain of definition of f.

The graph of a function f: D — R of two variables is the set
G={(,y,2) €R® : (z,9) € D,z = f(z,9)}.

In particular, the graph is a subset of three-dimensional space, and as such, it is not so easy
to visualize. Graphs of functions of more variables are defined analogously, but as they are
subsets of spaces of dimension 4 and higher, they cannot be visualized in a similar manner.
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o B N W N o

Figure 5: Uptake rate as a function of temperature alone (top left), as a function of population
density alone (bottom left), and as a function of both independent variables (right).

Examples
1. n=2,D =R? f(x1,79) = 23 + 23. Then for example

If we fix x5 = 0 the we have a function of a single variable f(z1,0) = 3. Similarly, if we
fix 1 = 0, then f(0,22) = x3. For a visualization of this function, see Figure 6.

2.n=2,D={(z,y) eR?|0< 2 <1,0<y <1}, f(z,y) = +y. See Figure 6.

3. Find the largest possible domain of the function f(x,y) = \/y? — x. Answer: The square
root is real only if y?> — x > 0, i.e., y? > x. This gives two conditions:

D={(z,y) eR* : y>Vzory< -z}
See Figure 7 for the domain and the graph of the function.

For functions of two variables, there is a simple way to visualize their behaviour. The idea
is the same as in topographic maps where the contour lines indicate points of equal altitude.

Definition: The level set, L., or contour line of a function f(z,y) is the set of all points
(z,y) € D where f has a given value ¢; i.e.,

Lc: {(l’,y) €D : f($7y) :C}‘

Examples, revisited

1. f(z,y) = 2% + y?. Pick some value c¢. Then

flz,y)=cer’+y’=coy=+Vc—z2
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Figure 6: Left: The graph of the function f(x1,z2) = 2?4 232. Right: The graph of the function
flzy) =z +y.

0.5 1

Figure 7: Left: The white area is the maximal domain of definition of the function f(z,y) =
\/y2 — x. In the shaded area, the square root is not real. Right: The graph of the function.
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Figure 8: Left: Level sets of the function f(z1,72) = 22 + 22. Right: Level sets of the function
flz,y) =z +y.

Hence, the level sets for ¢ > 0 are concentric circles around the origin. Level sets for
c < 0 are empty, see Figure 8.

2. f(x,y) =z +y. Again, we pick some value c. Then
fle,y)=cert+y=cesy=c—u.
Hence, the level sets are straight lines with slope -1, see Figure 8.

3. f(z,y) = \/y?> — x. Fix ¢. Then
flz,y)=cey —z=cy=3Vr+c

Hence, the level sets look like the square root function, but they are shifted and flipped,
see Figure 9.

We would now like to carry over all the concepts we know from functions of a single variable
to functions of several variables, i.e., limits, continuity, derivatives, integrals. All this material
is typically taught in a course on “multivariable calculus”. It turns out that the general case
is much more tricky than the case of a single variable, so much so that we will only cover a
small fraction in this course. The following example about continuity shows how things can
go "wrong”

Example on limits and continuity
Define the function

22 — 2
f(z,y) = W,

x
What is the limit of f as (x,y) approach the origin (0,0)? Well, it depends on how one
approaches the origin.

on D =R?*{0}.
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Figure 9: Left: Level sets of the function f(x,y) = \/y? — . Right: Level sets of the function
from the introductory example: r(N,T) = 51fN exp(—(T — 2)?).

1. At first, fix y = 0 and consider the function of a single variable

22 — o2 22
g9(z) = f(z,0) = m\yzo =3=L

Hence, in the limit as x — 0, we get one.

2. Next, fix x = 0 and consider the function of a single variable

$2+y2x_ y2

22 — 2

h(y) = £(0,y)

Hence, in the limit as y — 0, we get minus one.

3. More generally, pick some m # 0 and choose the straight line (z,y) = (x, mz) on which
to approach the origin. Then in the limit

. Cox22—mP2? 1-m
lim f(z,mr) = lim — 55 = .
z—0 z—0 x* + m*x 14+m

Hence, the value of the function is constant along such lines, and the limit is different
for all the possible straight lines on which we approach the origin. See Figure 10 for a
plot of this “weird” function. (Note that we have just computed contour sets for this
function.)

Important Observation: We can always obtain functions of a single variable from a
function of several variables by holding all but one of the variables constant, as we have done
in a few examples above.
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. L L L L L L L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 10: Left: Graph of the function f(z,y) = (22 — y?)/(2? + y?). Right: Level sets of the
same function.

Functions of several variables II: Partial derivatives

When we do experiments with several control variables, for example temperature and popu-
lation density as in the previous section, then we should vary only one of the conditions at a
time to see how the response of the system changes with respect to that particular variable.

This idea is precisely the idea behind the mathematical concept of partial derivative. We
fix all the variables but one, we are left with a function of a single variable, and we know how
to differentiate that.

Definition: Let f(x1,...x,) be a real-valued function of n variables. Then the partial deriva-
tive with respect to x; is defined as

—— =lim —[f(x1,..., 2+ h,xpi1,...Tn) — f(T1,. -, Ty .. Tp).

Note: this is the same definition as for a single variable with all the other variables considered
fixed pr parameters. Note also the different notation, the “curly” O versus the straight d.

Examples

1. f(z,y) = 2%y. To find the partial derivative with respect to x, let us fix . Then we
differentiate with respect to z and get

of 5
— = 2uxy.
ox Y
Conversely, if we fix « and differentiate with respect to y we get
0
o _ 2
Ay
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2. f(x,y) = ye®™. Then

gf = %™ (using the chain rule)

x

gf =" +yze™ = (1 + xy)e™ (using the product rule).
Yy

3. flz,y) = % Then

241) — 2usi
of = ycos(zy)(@” +1) — 2wsin(zy) (using the quotient rule)

oz (22 +1)2
Of _ wcos(zy)
oy  x241°

4. f(x,y,2) = eV (14 22).

0

87]0 = yzemﬂ (1+ 2% (using the chain rule)
x

af . .Zy2 2 . .

0 = 2xye™ (14 27) (using the chain rule)
Yy

0

a—‘i — 226",

Geometric interpretation of partial derivatives

Recall that, for a function of a single variable, g(x), the derivative, ¢'(x), gives the slope of
the tangent line at a given point. In fact, the tangent line at a point (xo, yo) = (0, g(z0)) can
be written as
Yy — Yo = ¢'(z0)(z — z0).

Now, for functions of two (or more) variables, the situation is very similar since we obtained
partial derivatives from fixing all but one variables and considering essentially a function of a
single variable. Therefore, given a function f(x,y) and a point (xg,yo) we have zo = f(z0, yo).
Then we can define two functions, namely

g1(x) = f(z,90),  92(y) = f(xo,y).

Then the partial derivatives %(xo, yo) and %(.%0, yo) are the slopes of the tangent line at the
point (xg, Yo, 20) to the curves

Z:f($7y0)> and Z:f(x()ay)v
respectively. See Figure 11

In the case of a single variable, we know how to find the tangent line to the graph of a function
at a point. In the case of two variables, we would like to find the tangent plane to the graph
of the function, i.e., to the surface in space. This tangent plane necessarily contains the two
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Figure 11: Two one-dimensional curves to which the partial derivatives give the slope.

tangent lines, whose slope we just calculated. Therefore, we can write down the equation of
the tangent plane easily.

Fact: Let f(x,y) be a real-valued function of two variables. If the tangent plane to the graph
of f at the point (g, yo, 20) = (%0, Yo, f(z0,y0)) exists, then it is given by the equation

0 0
2~ 20= 2 (aw, o)z — 70) + 8';@0, 40) (¥ — 0)-

Examples

1. f(z,y) = 2% + y?. The partial derivatives are

af _
or

of

20, — =2y.
oy Y

For (xo0,y0) = (0,0), we have f(0,0) = 0 and hence the equation of the tangent plane is
z—0=0(x—-0)+0(y—0), or z=0.

Hence, the tangent plane is simply the z-y-plane.
At (zo,y0) = (1,0) we have f(1,0) = 1 and hence the equation of the tangent plane
there is

z—1=2(zx—-1)+0(y—0), or z=2x-1

At (zo,y0) = (1,1) we have f(1,1) = 2 and hence the equation of the tangent plane
there is
z2—2=2x—-1)+2(y—1), or z=2z+2y—2

See Figure 12 for a plot of the function and the tangent plane at (1,1, 2).
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2. f(x,y) = = +y. The partial derivatives are

of _, of _

— = — =1.
Ox T Oy

Hence, the tangent plane at (xg, yo, 20) is
Z—Z=T—20+Y—Y Or z=z+Y,

since zg = o + yo. Hence the tangent plane is exactly the same as the function, which
is a plane. We know that the same is true for functions of a single variable, where the
tangent line to a linear function is the function itself.

3. f(z,y) = \/y? — z. The partial derivatives are

0 1 0

of = 2 S (using the chain rule).
Ox 22—z Oy y2—x

Then the general equation of the tangent plane is

1 Yo

————(r — 20) + ——=——=(¥ — %0)-
20/y5 — o V5 — 2o

For example, at (0,1,1) we get

Z— 20 = —

1 1
z—lz—i(x—O)—Fl(y—l) or z=-—grty.

See Figure 12 for a plot of the function and the tangent plane at (0,1, 1).

Linear approximation

Again, we start by recalling the case of a single variable with a function g(x). The tangent
line at x( gives the linear approximation of the function near that point as

9(@) ~ g(z0) + ¢'(z0)(z — @0),

which is also known as the first term in the Taylor series approximation. Now let’s do the
same thing for a function of two variables, f(x,y), and use the tangent plane to approximate
the function locally.

Definition: The linear approximation of a function f(z,y) near a point (zg,yo) is given by

L(e.9) = o)+ 5 (oo, ) 20) + 51 (o, )0 = o)

provided the function is differentiable.
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A N o N B o ®
;

NS 6 b
¥

Figure 12: Left: Graph of the function f(z,y) = #? 4+ y? and the tangent plane at the point
(1,1,2). Right: Graph of the function f(z,y) = \/y? — x and the tangent plane at the point
(0,1,1).

Examples

1. Find the linear approximation of f(z,y) = zy + 2zeY at the point (2,0).
First, find the partial derivatives

g—]; =2y + 2¢Y, g—; = 22 + 2zeY.
Evaluate at the point (2,0) to get
of of
Sl g Yy,
Ox T Oy

Then with f(2,0) =4 we get

L(z,y) = 4+ 2(x — 2) + 8(y — 0) = 2z + 8y.

The linear approximation should, as the name implies, be a good approximation to
the function, for points close to (2,0). So let’s check the point (2.1,0.1). The original
function has f(2.1,0.1) = 5.08. The linear approximation has L(2.1,0.1) = 5. So the
linear approximation is pretty good, for points close to (2,0).

If we try a point further away, then f(3,4) = 363.6, while L(x,y) = 38. So, as you might
expect, the linear approximation is not very good for points too far from (2,0).

2. Find the linear approximation of f(x,%) = In(xz — 2y?) at the point (3,1).
First, find the partial derivatives
of 1 of 4y
or x—22 0Oy x-—2y?
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Evaluate at the point (3,1) to get
of 4 9f _
Ox T Oy
Then with f(3,1) =In(1) = 0 we get
L(z,y) =0+ 1(x—3)—4(y—1) =2 —4y + 1.

—4.

Let’s check the point (2.9,0.9). We have f(2.9,0.9) = 0.247 but L(2.9,0.9) = 0.3. So
this is in the ballpark.

Definition and notation: If f(z,y) is a function of two variables, then the gradient of f is
the row vector
of of }

0z’ By

The linear approximation can then be written as

arad(f) = |

L(z,y) = (w0, yo) + grad(/) { - ] — Feo.90) + [gi gﬂ { 1 ] |

Functions of several variables III: Vector-valued functions

Motivation

We want to be able to describe several quantities that are all dependent on the same variables.
Going back to Section 5.5 in the textbook, for example, we described a predator-prey system
with prey b and predator p as

db

o = rb — cbp
d cbp —m
ar yeop D,

with parameters r, c,y, m. Hence, the growth rate of the prey and the predator both depend
on the densities of prey and predator. We can write the right-hand side of the above system
as a single, vector-valued function of the two variables b, p as follows:

_ rb — cbp
o= | .
Definition: A vector-valued function F of the variables z1, ...z, is a function of the form
fl(xl, e a:n)

fg(l‘l, e :L'n)

fk(xl, Ce xn)

where all the functions fj(x1,...x,) are real-valued functions.
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Examples

1. The following is a function of two variables that produces a vector of length 2:

ren) = | Ly |

For every point (z,y) that we put in, we obtain a 2x1-vector. For example,

F(l,O):[g}, F(2,7) = [ 1262”}, F(1,w/2):[31”]

2. The right-hand side of Newton’s law of cooling

dH
dA
W -

(see Section 5.5 in the book), can be written as a vector-valued function

F(H,A) = [ (4 - H) ] .

B(H —A)

3. The equation of two competing populations, a, b

% = ra(l —a—nb)
db

g 1-b—

7 sb(1 — b — pa)

(see Section 5.5 in the book), can be written as a vector-valued function

Fon = [T p 0

Linear approximation and the Jacobian matrix

Since we will be only dealing with differential equations of two variables in this course, we only
consider the case of two variables and two equations, or equivalently, vector-valued functions

with two components, i.e.,
fz,y) ]
F(x,y) = .
(=.9) [ 9(z,y)

From the previous section, we know how to find the linear approximation for each of the two
functions, f(x,y) and g(z,y), namely

F(o9) ~ f(w0,50) + grad(f) [ - } ,
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for f and

r — X
g(z,y) = g(zo,y0) + grad(g) [ _ 0 } ,
Y—1Yo

for g, respectively. Now we put these two linear approximations together to obtain the linear
approximation for F'(z,y).

f(x0,y0) + grad(f) [ T —Zo ]

f(x,y) -
F(z,y) = ~ -
[ g(z,y) } 9(z0, y0) + grad(g) [ z—y(?

N rad(f) |
L0 b £
grad(f) ] [ v — g ]

= F(x0,y0) + [ grad(g)

Definition and notation: The matrix of partial derivatives

of of
grad(f) or Oy
J(z,y) = =1 v 9
grad(g) 99 99
or Oy

is called the Jacobian matriz of the function F'(x,y) = [ . Using this matrix, we can

write the linear approximation to F(x,y) as

r — X
Y—Yo

Liz,y) = F(wo, 30) + J(21) [

Example 1

2y —o? : . . .
Let F(z,y) = 2w 4y | Find the Jacobian matrix, evaluate it at (1,2) and find the
linear approximation at that point.

Solution: ) )
| 2xy x* -3y | 4 11

With F(1,2) = [ I(? ], we get the linear approximation
-6 4“1 [2—17 [do—1ly+12
L(x’y)_[m]Jr[zzl 9 ][y—Q]_[ZZL’C—I—Qy—BQ]'
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Let’s check the point (1.1,1.9). F(1.1,1.9) = (—4.56, 11.5098) while L(1.1,1.9) = (—4.5,11.5).
So this is a pretty close approximation.

Example 2
x

sin(z) + cos(y)
linear approximation at that point.

Let F(z,y) = [ ve ] . Find the Jacobian matrix, evaluate it at (0,0) and find the

Solution:
| —ye™® e * 10 1
T y) = [ cos(z) —sin(y) ] ’ J(1,2) = [ 1 0"
With F(0,0) = [ (1) } we get the linear approximation

10 0 1 r—0 | Yy
wen= 1]+ [T o] 50 )= [a0 ]
Let’s check the point (—0.1,0.1). F(—0.1,0.1) = (0.1105,0.895) while L(—0.1,0.1) =
(0.1,0.9). So this is a close approximation as well.

Example 3

Let F(z,y) = [ "xzf Zzy } . Find the Jacobian matrix, evaluate it at (1,2) and find the linear
approximation at that point.

Solution:
1

1
J(x,y):[\/Qf{Ty 2@] J(1,2):[1{2 1_/;1}

With F(0,0) = [

_23 ] we get the linear approximation
]2 1/2 1/4 zr—11| |z/2+4+y/4+1
L(x’y)_{—s]Jr[ 1 —4Hy—2]_[ r—dy+4 |

Let’s check the point (0.9,2.1). F(0.9,2.1) = (1.9748, —3.51) while L(x,y) = (1.975, —3.5).
So this is a very good approximation indeed.
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Systems of differential equations I: the linear case

Recall that a single linear differential equation

d
ax(t) = az(t), z(0) = xo

has the solution z(t) = e%zg. In particular, if a > 0, the solution grows to infinity, and if
a < 0 then the solution approaches zero. We now want to generalize this result to two coupled
equations

%azl(t) = ax1(t) 4 bxa(t) x1(0) = z10
%xg(t) = rz1(t) + sxa(t) x2(0) = x90.

We can also write this in matrix notation (suppressing the argument ¢ for the moment) as
d | a1 a b T | 1 x1(0) 10 a b
_— = = A y = 5 A = .
dt | zs T S T9 T9 x2(0) 90 r s

Observation I: Eigenvalues and eigenvectors provide solutions

Suppose we are looking for solutions of the form

z1(t) | _ af w
=e .
.’L’Q(t) L V2
Plugging this expression into the equation above, we get

d [xl(t)]:)\em[vl :eMA[m}

dt xo(t) vy | V2

Canceling the exponential term on both sides, we find the condition
[nl=aln)
() V2

which means that A has to be an eigenvalue of A and [ Zl
2

] has to be the corresponding

eigenvector.

Fact: If )\ is an eigenvalue of A and v is the corresponding eigenvector, then
z(t) = eMo

is a solution of the linear system of differential equations

d

ﬁx(t) = Ax(t),

where x = (x1,...2,)7, and A is an n x n-matrix.
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Example 1
Take the system

d
ﬁxl(t) = 21(t) + 4zo(t)
d
afﬂg(t) = 2I1(t) — l‘g(t),
. . 1 4 . . .
with matrix A = [ 5 _1 ] . The eigenvalues of A are given by the equation
(1=X(=1=-XN)—-8=X—-9=0.
Hence, the eigenvalues are A\ = 3 and u = —3. The corresponding eigenvectors are

=[n]-12) =-[m]-[4]

respectively. Hence, we have the two solutions

wi() | _ ey, 3| 2 , i) | _ oty st | 1|

xo(t) 1 xo(t) -1
We have two solutions, but we don’t have any constants in the equation yet with which we
could match the initial condition. This is the next topic.

Observation II: Sums and multiples of solutions are solutions

Suppose we have two solutions w(t) and z(t) for the same system, i.e.,

d d
aw(t) = Aw(t), pre

Now pick two numbers C, Cy and form

(t) = Az(t).

z(t) = Crw(t) + Caz(t).
Then xz(t) is also a solution since

%x(t) _ Clﬁw(t) + CQ%Z(t) — CrAw(t) + CoAx(t) = A[Crw(t) + Coz(t)] = Aw(t).

Example 1, continued

Find the solution of the system

%l'l(t) = 21(t) + dao(t)
%Iz(t) =2x1(t) — w2(),
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with initial values x19 = 3, x20 = 3.
We already know the eigenvalues and eigenvectors, so we get the general solution

O cae | e 4

Substituting the initial conditions, i.e., setting t = 0, we get

3 2 1
MR HES T
Hence, we solve the system

2 113 1 —-1] 3 1 0] 2
— — .
[1—13] [0 3—3] [0 1—1}

The solution is C1 = 2,Cy = —1, and therefore the solution to the differential equation is
vi(t) | oo 2] | 1
|:l‘2(t):|_26 1 e RE

z1(t) = 4e3 — 73

To(t) = 23 4 73,

Or, equivalently

We can always check our solution by differentiating:

d
%xl(t) =123 + 373, 1y 4 dag = 43 — 73 4+ 8¢ + 4¢3 = 123 4 3.

The two expressions agree. Similar for xs.

Example 2
Find the solution of Newton’s law of cooling

d

£x1(t) = 3[$2(t) — X1 (t)] xr10 = 5
d
J%Q(t) = :Cl(t) — :Iig(t) oo = 1.
t
First, we observe that the eigenvalues of the matrix A = _13 1 ] are A = —4,u = 0,

which are distinct real numbers. The corresponding eigenvectors are

3] w1
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Hence, the general solution is
z(t) | _ o car| 3 1
|:$2(t) :| = (Cie 1 + Cy 1|
The constants are given from the linear system

3 1|5 1 01
SN )
[—1 11} [O 12]

o=l AR

Hence, the solution is

Explicit solutions in the case of distinct real eigenvalues: To solve the system
il =] Lo =[]
BN = A ) = )
dt | y(t) y(t) y(0) Yo

1. Find the eigenvalues A, o of A.

do the following

2. If X\ # p are real numbers, then find the corresponding eigenvectors v, w.

3. Find the constants C, Csy such that

[ o } = Cyv 4 Cyw.
Yo

4. The solution is
[ z(?) ] = C1eMv + Coetlw.

If the eigenvalues A, u are not real numbers or if A = u, then the procedure is similar but a
bit more tricky. We will not consider these cases here.

Example 3

Find the solution of the system

al'l(t) = :L'l(t) + 4%2(75) r19 =4
%xz(t) — 21 (8) + (1) a0 = 8.

1 le} are A = 3,u = —1, which

are distinct real numbers. The corresponding eigenvectors are

NEARNEY

73
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Hence, the general solution is

o] ae[Tre [ 4]

The constants are given from the linear system

2 2 |4 [1 0] 5
N .
1 —118

e R R YL

Observation III: Stability of zero

Hence the solution is

Consider the system of differential equations
x
L= ae) o= ¢
5 2(t) = Az x =

Tn
and assume that ) is an eigenvalue of A with corresponding eigenvector v. Then we know that
z(t) = Mo

is a solution. If A is a real number and A > 0, then this solution grows in time, but if A < 0
then the solution decays to zero. If A = a + bi is a complex number, then we use Euler’s
formula

M = (0Tt — eatleos(bt) + isin(bt)].

We see that the solution grows if the real part Re(A)=a > 0, and the solution decays to zero
if the real part Re(A)=a < 0.

Fact: If all the eigenvalues of the matrix A have negative real part, then all the solutions to
the system of differential equations

I
Jat) =Az(t),  w=| i |,

Tn

decay to zero as t — oo. If one eigenvalue has positive real part, then there is at least one
solutions that does not decay to zero. (In fact, there is a solution that grows to infinity in an
appropriate norm).

Note that we make no statement about the case of eigenvalues with zero real part.
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Examples revisited

1. In the first example above, the matrix

1 4
e 4]
has the eigenvalues A = 3 > 0 and g = —3 < 0. Hence there is one solution that grows
to infinity, namely

x(t):ei“[f].

The other decays to zero, since

171 To
tligloe [—1]_[0]'

However, then general solution grows, since

o 1] e[ 1]} 2].

2. In Newton’s law of cooling, we have the matrix

-3 3
=]
with eigenvalues A = —4, < 0 and g = 0. In this case, the box above does not apply. We
see that we have the constant solution

that neither decays to zero nor grows to infinity.

3. In the third example above, we had one positive and one negative eigenvalue, hence
there is one solution that grows to infinity.

Example 4
Consider the matrix
1 -1
A= [ L } |
The eigenvalues are A = —1, u = —3. Both are real and negative, hence all solutions of

iy l-1s S0

75

converge to zero.
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Example 5
Consider the matrix
-1 —4
[
The eigenvalues are A = —1+4i, u = —1 — 4i. Both have negative real part, hence all solutions

' HEREIH

converge to zero.
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Practice problems

I) Find the explicit solution of the linear system of differential equations together with initial
conditions.

. dlaz@t)] [1 z(t) ] z(0)] 2
| yt) ] |1 1] [y |’ y(0) | |5
> dlat)] [2 47[2@0)] z(0)] [1
dt [y ] L0 3]y |’ y(0) | [ 1
3,

IT) In the following cases, determine whether all solutions of the system %x = Az converge
to zero or not. [Hint: find the real parts of the eigenvalues of A.]

O e N Y N

@ |, 7 e | o [ 3L 0%

7
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Solutions to practice problems
I) Explicit solutions

1. The eigenvalues of the matrix are A = 3 and u = —1. The corresponding eigenvectors

1) (2]

The initial condition gives the linear system

a[2]-a[]-[2)

which has the solution C7 = 3,y = —2. Hence, the solution is

B[ A]

2. The eigenvalues of the matrix are A = 3 and p = 2. The corresponding eigenvectors are

[ (3]

The initial condition gives the linear system

ofi]relo] =[]

which has the solution C7 = 1, Cs = —3. Hence, the solution is
r | oy |4 o]
MR
3. The eigenvalues of the matrix are A = —6 and u = —2. The corresponding eigenvectors
are

(3] w1

The initial condition gives the linear system

o[ Areli]=[V]

which has the solution C7 = —1, Cy = 2. Hence, the solution is

HESEIEH

IT) Stability
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The eigenvalues are A = 3 + 2i and u = 3 — 2i. Both have positive real part, hence no
solution except for zero converges to zero.

The eigenvalues are A = 3, 4 = —3. One is real and positive, hence there is a solution
that does not converge to zero.

The eigenvalues are A = 5, u = 1. Both are real and positive, hence all solutions (except
zero) grow to infinity.

The eigenvalues are A = 1+2i, p = 1—2i. Both have positive real part, hence all solutions
(except zero) grow to infinity.

The eigenvalues are A = /34,1 = —+/34. One is real and positive, hence there is a
solution that does not converge to zero.

The eigenvalues are A = —1 +1i/2, 4 = —1 —i/2. Both have negative real part, hence all
solutions converge to zero.
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Systems of differential equations II: the nonlinear case

There are some similarities and many differences between single differential equations and
systems of differential equations and how they are treated. Here, we first give a general recipe
for how to study systems of two equations, and then we summarize similarities and differences
in a table.

A system of two differential equations can be written in the form

d

- - F

d

i G(z,y),

where © = z(t),y = y(t) are the two functions that we are looking for. In general, there
is no explicit solution available, i.e., the functions z(¢) and y(t) cannot be written down.
Nonetheless, we can find out the general shape of solutions. This is done in two parts:

1. Phase plane (as explained in the textbook in Sections 5.6-5.8)

2. Linear stability analysis (not in the textbook, but mostly in the previous section of the
lecture notes).

Definitions

The z-nullcline is the set of all points (x,y) where x(t) does not change, i.e., dx/dt = 0, or

F(z,y)=0.
The y-nullcline is the set of all points (z,y) where y(t) does not change, i.e., dy/dt = 0, or
G(z,y) = 0.

A steady state or equilibrium is a point where neither = nor y change, i.e., dz/dt = 0 AND
dy/dt = 0 or, equivalently, F'(x,y) = 0 AND G(z,y) = 0.

A direction arrow is a vector that indicates in which direction the solution will go from a
given point. The direction arrow at the point (x,y) has the coordinates (F(x,y), G(z,y)).
The linearization of the system at a steady state (z*,y*) is given by the linear system

oF oF
d[ X . o[ X ox 0Oy
ox Oy

where X (¢), Y (t) are the small deviations from z*, y*, i.e., z(t) = 2* + X (t),y(t) = y*+ Y(T).
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Recipe

Given the system

d
%QT F(‘T’y)a
d
ay G(ﬂ?,y),

do the following steps.
1. Phase-Plane

(a) Find the nullcline of z, i.e., the set of points where dz/dt = 0, or equivalently

F(z,y) =0.
(b) Find the nullcline of y, i.e., the set of points where dy/dt = 0, or equivalently
G(z,y) = 0.

(c) Draw these two sets in the z-y plane.

(d) Find the steady states, i.e., the points where F(x,y) = 0 AND G(z,y) = 0, i.e.,
the intersection of the nullclines.

(e) On each of the nullclines, draw the direction arrows.

(f) In each of the regions in space in between the nullclines, draw the direction arrows.
2. Linear stability analysis

(a) Find the Jacobi matrix

or or
Oor Oy
@ =\ o6 ac
dr Oy

(b) Evaluate the Jacobi matrix at each stationary point and find the real parts of the
eigenvalues.

(c) If the real parts are negative, then the stationary point is stable; if one real part is
positive, it is unstable.

3. For a given initial condition, draw a solution into the phase plane. Then plot the two
components of the solution as a function of time.
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Table 1: Summary and comparison of one- and two-dimensional differential equations and the
corresponding solution techniques.

Linear equation

Solution to linear equation

x(t) = ety

y(t) ] = CreMv 4 Coet'w

Av = I, Aw = pw

Nonlinear equation

dx
ar F(»”Ua y)
dy
at G(%@/)

Explicit solution

Separation of variables

5o

Generally not available

Graphical Solution

Phase-line diagram,

Phase-plane

Slope field
Steady state flz*)=0 F(z*,y*) =0,G(z*,y*) =0
Stability f(x*) <0 Eigenvalues of J(x*,y*) have negative real part

oF OF
or O
J = Y
oG 06
or Oy
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2

I

1. Find the volume of the solid obtained by rotating the area bounded by y = 4z — «
y =3,z =1and z =3 about the x-axis.

Sol. See Figure 13 .

y=3

-
»
T

0 0.5

Figure 13: The illustrative graph of Question 1.

Denote Aj(x) = 4 — 2% and A(z) = 3. The volume of the solid is given by
V= Vi—-VW
3 3
_ / (A (2))2dz — / (Ao(2))2dz
1 1

3 3
= / m(dx — 2%)?dx — / 7 - 3%dx
1 1

3 3
= / 7(162% — 823 + xt)dx — / Irdx
1 1

16 1 3 3
= ﬂ(gac?’ — 2% + g$5)‘1 — 97mc‘1
136
= —m.
15

2. Consider the system

= \/§x+2y
T 11x—\/§y
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(a) Show that (0,0) is the only equilibrium.

(b) Write down the Jacobian matrix.

(c) Show that the eigenvalues are A = +5.

(d) For each eigenvalue, find the corresponding eigenvectors.

Sol.
(a) Set 2’ =0 and y’ = 0. Then we have

\/§x+2y =0
11z —V3y = 0

Solving the above linear system for x and y, we obtain the unique solution x = 0 and

y=0.
(b) The Jacobian matrix is given by
J = V32
RS EREEVER
(c) We have
o [VB= 2
det(J—)\I)—J—[ 11 3|
= A\? — 25.
Thus A = £5.
(d) For A\; =5, we have
V3 -5 2 0 —22 2(v/3+5)|0]1
[ 11 —/3-5]0 M 11 —V/3-510 Q_R{

~11  V3+5 |0 R+ r | 1 V3+5]0

11 —v3-5|0 =" 0 0 |0
Set 2o = t. From the first row, we have —11z1 + (v/3 4+ 5)z2 = 0. Solving for z1 gives
Ty = ‘/‘ﬁ'%. Thus, the corresponding eigenvectors are

V345
v = 111 t, (t#0).

For Ao = —5, we have

V3+5 2 0 -22 2(v/3-5)|071

[ 11 —/3+5|0 M& 11 —v3+s o 2™
—11 3—-5 10 —11 —
V3 R+ Ry V3-5]0
11 —V3+5|0 ] ——=] 0 0 |0
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Set z9 = t. From the first row, we have —11z1 + (\f —5)xg = 0. Solving for 1 gives
V3-5

x1 = 372t. Thus, the corresponding eigenvectors are

V3=5
wn [ e o

3. Evaluate f14 eVidy.

Sol. Let u = /z, then du = %%dw, i.e. dxr = 2udu. The integration limits are changed
from x =1 and x =4 to u = 1 and u = 2. So using integration by parts, we have

4 2 2 9 2
/ eVidy = / e - 2udu = 2/ ude” = 2ue = 2/ edu
1 1 1 1

2 2 )
—2e"| = 2e”.

= 2ue*

4. Evaluate [ In(z%¢*)dz.
Sol.

2 2 2 2 2
/ In(z2e”)dx = / (Inz? 4 Ine®)dr = / 2Inz +2)dx = 2/ In xdx + / xdzx.
1 1 1 1 1

Using integration by parts for the first integral with u = Inz, v' = 1, we have

2 2 2 1 2 2 2 2
/ 1n(x2ex)dx:2mlnx‘ —2/ x-da:—i—/ a:d:c:Qxlna:‘ —2/ dx—i—/ xdx
1 1 1 z 1 1 1 1

2 2 1 42 1
:2xlnx‘ —256’ +fx2‘ =4In2 — —.
1 1 2 I 2
5. Evaluate f S —,

(z+4)(z+1)
Sol.

2z — 1 A B  Alx+1)+Bx+4) (A+B)r+ (A+4B)

+ — =
(x+4)(z+1) z+4 z+1 (x+4)(x+1) (x+4)(x+1)
Setting A+ B=2and A+ 4B = —1, we have A =3 and B = —1. Hence

2z — 1 3 -1
el S dz = 31 4l -1 1)+ C.
/(x—i—4)(az+1) v /x+4+x—|—1 v =3z +4/—Infr+1]+

2+1
6. Evaluate [ 96213:1: de.

Sol. Note that 22 + 3z 4+ 2 = (x + 1)(z + 2). Using long division, we have

?+1 3z +1
2243 +2 224+3x+2
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Thus
2 +1 (2% + 3z + 2) —3z—-1 3z +1
————dr = dx —
2+ 3z +2 22+ 3z + 2 x2+3x—|—2
However,
3r+1 A n B Alx+2)+B(x+1) (A+B)x+ (2A+ B)
224+3x+2 x+1 z+2  (z+1)(x+2) (x+1)(z +2)

Setting A+ B =3 and 2A+ B =1, we have A = —2, and B = 5. Finally
/ 2?41 J /d / 3z +1
T dr = T —
2 + 37 + 2 x2—|—3x+2

= /d:c—/ dzx
m—|—2

= x+2ln|x+1|—5ln]az+2]+0.

7. Find the area enclosed by the following two functions f(z) = (x—1)2-1, g(z) = —z+2.
Sol. The bounding curves are graphed in Figure 14.

8 ‘
£(x)=(x—1)2—1
r g(x)=—x+2
6l 4
5l 4
4 i
sl ]
ol 4
L 4
ol 4
1+
= - o 1 2 3

Figure 14: The graphs of f(z) = (x —1)?> — 1 and g(z) = —x + 2 in Question 7.

To find the points where the two curves intersect, we solve

(z—12-1=-2+2<= (z+1)(z—-2)=0

86



MAT 1332: Additional Course Notes

87

Therefore, + = —1 and & = 2 are the z-coordinates of the points of intersection.

area of enclosed by f(x) and g(z) is given by

2 2
[ i@ =giis = [ o)~ f@)ds

-1 -1

= /Q}x+2—@—1ﬁ+nm

-1
2
= / [~z 42— 2%+ 22 — 1+ 1)dx
-1
/ﬂ 2oy e = [—aa 4 2a? 2| =2
= -z 4+ x=[—-x’+ =x x = _.
-1 3 2 -1 2
8. Does the integral fo = 1/3 dz converge? If so, to which value?

Sol. The function is not defined at x = 1, so we need to split the integral.

2 1 d 1 1 J 2 1 d
/0 1—aB™ /0 (1—a)/3 ”/1 1—a)n"

3 1 2
= —51—@§O—fu—xﬁl

9. Does the integral f02 ﬁdw converge? If so, to which value?

Sol. The function is not defined at x = 1, so we need to split the integral.

e e
1

The

So this integral doesn’t converge. (Note that we wouldn’t have seen this if we’d tried to

integrate without splitting.)

10. Does the integral fo o) dz converge? If so, to which value?

Sol. The function is not deﬁned at x = 1, so we need to split the integral.

2 1 d 1 1 d 2 1 d
/0 @—125"" ~ /o (w—1)2/5 “/ (x—1)25

1 2
— ;x—D 0+§@—1ﬁ
5

— 0—-24--0=0.
373

ljw

1

ot
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11. Does the integral fooo \/ﬁdaj converge? If so, to which value?
Sol.

Tl 2z 4+ 1)3| 2
r = r+1)2| =o0—2
/0 ve+1 ( ) 0

So this integral diverges.

12. Solve % = /3t + I with z(0) = 1.

Sol. This differential equation is a pure-time differential equation.

%f = V3t+1
de = (3t+1)Y2dt

/dx = /(3t—|—1)1/2dt.

Let u =3t + 1. Then du = 3dt, so we have

1 2 3
= — . — 17
x 3 3(3t+ )2 +C
2 3
z(t) = §(31t+1)2+(7.

Applying the initial condition z(0) = 1, we obtain C' = %. Thus the solution is

3
2

(t) = 3(31& +1)

Ol

_|_

13. Solve % =5 — 16t with x(3) = —11.

Sol. This differential equation is a pure time differential equation.

dzx
dt
de = (5—16t%)dt

/dm = /(5 — 16t2)dt

1
r = 5t—§6t3+C.

= 5—16t>

Applying the initial condition z(3) = —11, we obtain C' = 118. Thus, the solution is

1
x(t) = 5t — §6t3 + 118.

14. Solve % = 3x2e?Y with y(0) = 0.
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Sol. This non-autonomous differential equation is separable.

dy

Ix 3z2e?
e Wdy = 3az’dx
/e_dey = /3x2d:v
—%e‘zy = *+C
e = —22%—2C
—2y = In(—22%—20)
1
y = -3 In(—223 — 20).

Applying the initial condition y(0) = 0, we obtain C' = —%. So the solution is

y(z) = —%ln(l — 22%).

15. Solve % = yf§5y with y(2) = 0.

Sol.This non-autonomous differential equation is separable.

dy 2z
dx y + e
(y+e¥)dy = 2zdx

/(y+e5y)dy = /Qxdx

2 S5y
Y € 2
=+ — = C.
9 + 5 x” +
Note that we can’t solve for y explicitly. Applying the initial condition y(2) = 0, we get

C= —%. So the solution is implicitly given by

2 e 19
y. e _2_
2t TV T
16. Suppose that
dy
Loyl —y)(y —2
7y =~y =9y —2)

(a) Find the equilibria of this differential equation.

(b) Graph % as a function of y and use your graph to discuss the stability of the
equilibria.

(c) Draw the phase-line diagram.
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(d) Use the derivative test to discuss the stability of equilibria.
(e) Sketch the solution with the initial conditions y(0) = 0.5 and y(0) = 1.5 respec-
tively.
Sol. This differential equation is autonomous.

(a) The equilibria of this differential equation are given by solving

y1-—y)y—2)=0<=y1 =0, y2 =1, y3 =2.

(b) The function % as a function of y is graphed in Figure 15. From the graph of %,

the slope at y; = 0 is negative, so y; = 0 should be stable; the slope at y2 = 1 is positive,
so y2 = 1 should be unstable; the slope at y3 = 2 is negative, so y3 = 2 should be stable.

6 T T T T T T

f(y)=y(1-y)(y—2)|

ot 7

4t 4

-1 -0.5 (0] 0.5 1 1.5 2 2.5 3
y

Figure 15: The graph of % as a function of y in part (b) of Question 16.

(c) The phase-line diagram is given in Figure 16.
(d) Let f(y) =y(1—y)(y—2), ie., f(y) = —y*+3y* — 2y. Then f'(y) = —3y> + 6y — 2
and

f'y1) = f(0)=-2<0, so y; =0 is stable;

f'(y2) = f(1)=1>0, so y2 =1 is unstable;

f(y3) = f(2)=-2<0, so y3 =2 is stable.

(e) The solution with initial conditions y(0) = 0.5 and y(0) = 1.5 are sketched in Figure
17.
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/
A
L
|

> —>>
y,=0 y,=1 Vo= y

Figure 17: The solution curves with initial conditions y(0) = 0.5 and y(0) = 1.5 in part (e) of
Question 16.

17. Considering the following predator-prey system:

¥ =aN(1—%&)-bNP

a2 = ¢NP —dP

where N = N(t) is the prey density at time ¢ and P = P(t) is the predator density at
time t. The constants a, b, c,d and K are positive. Furthermore, assume that d/c < K.

(a) Find all of equilibrium points.
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(b) Find the Jacobian matrix of the system in general.

(¢) Evaluate the Jacobian matrix at the nontrivial equilibrium (N*, P*) with N* > 0
and P* > 0. Find the eigenvalues and determine whether this point is stable or
not.

Sol.
(a) The equilibrium points will be given by solving

N N N
aN(l—?)—bNP = 0<:>N[a(1—§)—bP]—O<:>N—O or a(l—?)—bP—O

d
¢cNP—dP = 0<:>(CN—d)p:0<:>N:E or P=0
So the equilibrium points are
(vaPl) = (070)
d a 1d
Na-P = <7771_77>5
(No, P2) c b( Kc)
(N37P3) = (Ku )
(b) Let f(N,P)=aN(1—- %) —bNP =aN — #-N? —=bNP and g(N,P) =cNP — dP.
Thus the Jacobian matrix of the system in general is given by
a—2gN—-bP —bN

J(N,P) = » N
c cN —

(c) Since d/c < K and P = $(1 — %%) > 0, (N2, P») is the only nontrivial equilibrium.
Evaluating the Jacobian matrix J(N, P) at (Na, P2), we have

[ 04— 29N, —bPy, —bN, a—28d _pa1—Ldy _pd
J(Na, ) = =
cP, c¢Ny —d cd(1—+4) cd—d
_ad _bd
B Kc c
ac ad
L5~k O
_ad _ _bd
Kc c
det(J=AI) =
ac _ ad
L b bK
d bd (fac ad
S Ry G (g
+KC + c (b bK)

Then the eigenvalues are given by

1 ad 1 (ad)? d1
= 204 = —ad(1-22) .
A 2Kc \/4 (Kc)? ad< cK)
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18.

19.

Note that d/c < K means that 1—%% > 0, and then % ((f(?; —ad(l—%%) < %((;‘?)22, which

implies that A will always have negative real parts. Hence, this nontrivial equilibrium
(Ng, Py) is stable.

Find the tangent plane to the surface
2= flz,y) = 42° + 4

at the point (1,2, 8).

Sol. The partial derivatives are given by

af
% == SIE
of
==
oy Y

The function satisfies 29 = f(1,2) = 4-12+2%2 =8, and %(17 2) =38, 2—5(1, 2) = 4. Thus,
the tangent plane is given by

z2—z9 = gi(%,yo)(x—iﬂo)+gi(!ﬁo,yo)(y—yo)

z—8 = 8(z—1)+4(y—2)
z = 8zr+4y—8.

-4 =2
=[]
(a) Show that the eigenvalues of A are —3 and —2.
(b) Find the solution of the system of differential equations

Let

dx
W e 9
di Ty

dy _,
dt

if 2(0) =1 and y(0) = 2.
(c) Draw the phase portrait of the system of differential equations given in (b).

Sol.

(a) We have

—4-X =2
1 —1-=A

= N +4+51+6

= A+2)(A+3)

det(J — \) =
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Hence, Ay = —3 and Ay = —2.
(b) For A\ = —3, we have

—4+3 -2 |0 ~1 20 ~1 —2]0
1 —1+30]_’[1 20]1@[0 00]

Set 9 = t. From the first row, we have —x7 — 229 = 0. Then z; = —2¢t. So a
corresponding eigenvector is given by

m:{—f].

For A\{ = —2, we have
—4+2 =2 |0 —2 —2]0] 1 —2 —2]0
1 —1+20} {1 10]_2*R1+R2[0 00}

Set o = t. From the first row, we have —2x1 — 229 = 0. Then 1 = —t. So a
corresponding eigenvector is given by

!
Vo = 1 .
The general solution is given by

.’B(t) = 01673152}1 + 026721‘/’1)2 = Clefgt —2 + 0267% -1 .
y(t) 1 1

Applying initial conditions, we have

3)-[ 2] 2]le)

Solving this gives us that C7 = —3 and Cy = 5. The solution is finally given by
x(t) | _ A | —2 ot | 1| o s | —2 o[ =1 ] _ [ 6e7¥ —5e
|: y(t) :| = Cle 1 + CQe 1 — 36 1 + 56 1 = —36_3t + 56_2t

(¢) The phase portrait of the system of differential equations given in (b) is graphed in

Figure 18.
1 1 -1 T 1
20. Let A= |0 3 —5|. Solve the system of linear equations A |y| = |0].
2 5 —6 z 1
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[ e —

T _—
T e

e e e e

e e e

e e e e e e

e e e e

e e e e

= e ———

e

e e ——————————————

e

e

e

e

Figure 18: The phase portrait in part (c) of Question 19.

Sol. Note that det(4) =1-3-(=6)+1-(=5)-2—(=1)-3-2—1-(=5)-5=3#0,s0 A
is invertible.

11 -1]1 00 11 -1]1 00
0 3 =5|0 1 0 (—2)*R1+R3 03 =50 10 (—1)*R2—|—R3
(2 5 —6/0 0 1 L0 3 —4|-2 0 1 ’
(11 —-1]1 0 0 11 0]-1 -1 1
03 -5/0 1 O0|R3+R |03 =50 1 0|5xR3+Ry
00 1 |-2 -1 1 00 1[|-2 —-11
(110 -1 -1 17, 11 0]-1 -1 1
003 0/-10 —4 5 | xR, 01 0/-% -2 2| (-)xR+Ry
00 1| -2 -1 1]=—[00 1| -2 -1 1
r T 1 2
Loohs 3 —3
10 _4 5
01 0/-%5 -3 3
00 1| -2 -1 1
Thus
71 2
3 3 3
-1 _ 10 _4 5
AT =1 -3 —3 3
-2 -1 1
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The solution is given by

T 1
y | =A"1] 0
z 1
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Additional Problems

Problems here in this section are from the book titled “Calculus for Biology and Medicine” by
Claudia Neuhauser.

Find the volumes of solids obtained by rotating the region bounded by the given curves about
the z-axis.

1.
y=4—2% y=0, =0 (in the first quadrant)
2.
y=+vVsinz, 0<z<m, y=0.
3.
y=1-2% y=1+2% 0<z<1
4. .
y=—, =0, y=1, y=2, (in the first quadrant)

x

d.

y=¢e*, y=e " 0<zr<2
Evaluate each integral

2x—1
6. f 7x2+5x+4d1‘

T | el

x2+1
f 2243x+2 dx

®

x3+1
9 243

10. [ -2 da

g
3 1
11. fz —zd

Determine whether each integral is convergent. If the integral is convergent, compute its value.

12.
o
/ 3e 3% dg
0
13. o o
/ 2dx
o l1+=x
14.

* 1
/1 —x?)/zda:
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15. o
1
/ dx
0o V9—=z
16.
/2 cosx e
0o Vsinz
17. ~ 1
1 x
18. A
1
o T
19. )
1
—d
J (=D
20. o
/ dx
o Vx+1
21. o 1
/ dx
e zlnzx
Solve
22, p
ﬁzy(y—@ with yg=1 if 29=0
23. J
ﬁzQy(B—y) with yo=5 if zp=1
24.
dy z+1 . .
= = with yo=2 if 29=0
dx Y
25. p
ﬁz(erl)e_“" with yg=2 if 29=0
26.
dy y+1 . .
= = with yo =5 if zg=2
de x-—1

Solve each system of linear equations.
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27.

5r1 — To + 2x3
1+ 2x9 — 73
3x1 + 2x9 — 223

28.

—2x1 4+ 49 — T3
T+ Tx9 + 213
3x1 — 2x9 + 3x3

29.

—x1 — 2x9 + 33
2rx1 + 19 — x3
4z — 3x9 + Sxg

30.

T+ T2
—2o +x3 =

T+ T3 =
31.

T, — 230 + X3
2x1 — 3x0 + x3

32.

2(E1—$2
Ty — X2 =

3x1 — 20 =
33. Determine c such that

2.%1 - 3%2

4(131 — 6332 =

5

Cc

o W

has (a) infinitely many solutions and (b) no solutions. (c) Is it possible to choose a

number for ¢ so that the system has exactly one solution? Explain your answer.
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Evaluate each function at the given point.

34. f(z,y) = 257 at (2,3)

35. h(z,t) = exp [— (153)2} at (1,5)

Find the largest possible domain and the corresponding range of each function. Determine
the equation of the level sets f(x,y) = ¢, together with the possible values of c.

36. f(x,y) = 2% + ¢?
37. f(z,) = In(y — 2?)
Find % and % for the given functions

38. f

42. f
43. f = e” sin(zy)
44. f(z,y) = In(2z +y)

Find the indicated partial derivatives.
45. f(z,y) = 32% —y — 2y% fo(1,0)
46. g(z,y) = e™; gy(2,1)

In(zz); fz(e, 1)

) =
48. f(x,y) = $2+Zaf9:( 1,2)

<

47. f(z, 2z
(

Find %, % and % for the given functions

49. f(z,y,2) =222 +y2® —xy
50. f(z,y,2) =23y z+
51. f(x,y,z) = e*Tyt=
(z,
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In the following problems, the tangent plane at the indicated point (xg,yo, z0) exist. Find its
equations

53. f(z,y) =223 + % (1,2)
5. f(z,y) = e V5 (1,0)
55. f(x,y) = sin(zy); (1,0)
Find the linear approximation of f(z,y) at the indicated point (x¢, yo).
56. f(z.) = Vi + 2y (1,0)
57. f(z,y) = tan(z + y); (0,0)
58. f(x,y) = In(z? +y); (1,1)

59. Find the linear approximation of f(z,y) = €*™¥ at (0,0) and use it to approximate
£(0.1,0.05). Compare the approximation to f(0.1,0.05) using a calculator.

60. Find the linear approximation of f(z,y) = In(x?—3y) at (1,0) and use it to approximate
f(1.1,0.1). Compare the approximation to f(1.1,0.1) using a calculator.

Find the Jacobian matrix for each given function

[+
61. F(x,y) = $2—Z2 }

[ oty
62. F(:va) = eery :|

[ eos(z—y)
63. F(z,y) = | cos(z +y) ]
[ 222y — 3y + =
64. F(z,y) = ‘Zx Smyy }
! 1
65. J(z,y) = 9 —2 ]

[ e™Y  —etY
66. J(:L'vy) = eery €x+y

_ [ —sin(@—y) sin(z—vy)
67. J(z,y) = —sin(z +y) —sin(z +y) ]

2 _
68, J(x.y) = dry +1 2x 3}

e’siny e*cosy
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69. Find a linear approximation to
2 —xy

at (1,2). Use your result to find an approximation for F(1.1,1.9) and compare the
approximation to the value of F'(1.1,1.9) when you use a calculator.
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