DETERMINANTS

JOSE MALAGON-LOPEZ

In this lecture we will see how we can determine, without using a system
of equations, if a collection of n vectors in R” is linearly independent.
The idea is to associate to any square matrix a number, the determi-
nant, which will contain such information.

1. DEFINITION OF DETERMINANT

Given a square matrix A = (a;;) of order n, the submatrix A;; is
obtained by deleting the i-th row and the j-th column of A.

( ayi;p - Q151 i ayj41 - Q1n \
@j—11 ° @j—15-1|Qj—15 | Qi—1j4+1 - Qi—1n
@ip o Qi1 | Qi | G4l cc Qip
Qi+1 0 G151 | Qi1 | Git15+1 " Qitln
\ Am1 A j—1 Qmyj Amj+1 - Qmn )

Remark 1. If A is an n x n matrix, then any submatrix A;; is an
(n—1) x (n — 1) matrix.

Example 2.
2 =3 10
A=10 5 -1
79 4
Then



Definition 3. The determinant of a square n x n matrix A, denoted
as det(A) or | A |, is defined recursively as follows:

(1) If n=1, ie., A= (as), then

det(all) = a1
(2) If n =2, then
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(3) If n = 3, then
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(4) If n > 3, then
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= a1 det(AH) — a2 det(Alg) + -+ (—1)”+1a1n det(Aln)

where det(A;;) is defined in a recursive way using the formula
given above.

Remark 4. Notice that as we move along the first row, the sign of ay;
alternates.

Example 5.

det ( _21 ?7’ ) = (=1)(7) — (3)(2) = —13.



Example 6.

1 3 -3 + - +
det| =3 5 2
—4 4 —6

5 2 -3 2 -3 5
zldet(4 _6>—3det(_4 _6>+(—3)det(_4 4)

= 1(—=30 — 8) — 3(18 — (=8)) — 3(—12 — (—20))

— —38 — 3(26) — 3(8) = —140.

Example 7.
2 0 0 1 + - + —
o 1 3 =3
det | 9 3 _5 o
4 —4 4 -6
1 3 -3 0O 3 -3
=2det| -3 =5 2 —0det | —2 =5 2
—4 4 -6 4 4 -6
0O 1 -3 o 1 3
+0det| —2 -3 2 —1ldet| -2 -3 =5
4 —4 —6 4 —4 4

= 2(40) — 04 0 — 1(48) = 32.



2. COMPUTATIONAL TECHNIQUES, PART 1

Sometimes it is more convenient to compute the determinant of a ma-
trix by moving, or expanding, along any row or column of the matrix,
instead of moving along the first row. This is what the next theorem
is about.

Theorem 8 (Cofactor Expansion). Given ann xn A, the determinant
can be computed as follows:

(1) Let i be a fized row number. Then

det(A) = (—1>i+1 a1 det(AZl) + (—1>i+2 a;o det(Alg)
+ o (=D ay, det(Ay).

(2) Let j be a fixed column number. Then

det(A) = (=1)7* 1 ay; det(Ay;) + (—=1)7"2 ay; det(Ay))
4+ -+ (_1)j+n anj det(An])

Remark 9. The signs (—1)"/ alternate as we move one spot either
horizontally or vertically.



Example 10. By expanding along the second row:

1 3 -3
det | —3 5 2 - 4+ —
—4 4 —6

:-(—3)det<i :2>+(5)det<_14 :2)
—(2)det<_14 i)

= —(=3)(~18+12) + (5)(—6 —12) — (2)(4 +12)

= —18 — 90 — 32 = —140.

Remark 11. The method of evaluating a determinant by expanding
along a row or column is more efficient when it is applied to the row or
column with the largest number of zeros.

Example 12. By expanding along the first column we get

—1 -5 —6
det [ 0 —13 —11 | = (=1)[(=13)(26) — (—=11)(40)]
0 40 26

= —102.



3. PROPERTIES OF DETERMINANTS
The following result summarizes the basic properties of determinants.

Theorem 13. Let A be a square matrizx.

(1) If A has a zero row or column, then det(A) = 0.

(2) If A has two proportional rows (or two proportional columns),
then det(A) = 0.

(3) If A is an upper (lower) triangular matriz, then det(A) is the
product of its diagonal components.

(4) If A is a diagonal matriz, then det(A) is the product of its diag-
onal components.

(5) det(I,) = 1.
(6) det(A) = det(AT).

Example 14. Some examples are:

7 40 1 7T 4 4 1
-1 3 0 4 03 8 7

det 9 20 —9 =0, det 00 -2 4 = —420.
7 1 0 10 00 0 10

Theorem 15 (Main Theorem). (1) A square matriz A is invertible
iof and only if
det(A) # 0.

(2) If A and B are two n X n matrices, then
det(AB) = det(A) det(B).
Remark 16. Some consequences of the theorem above are the following.
Let A be an n x n matrix. Then
o det(A") = (det(A))".

1

o det (A7!) =det(A)™ = det(A)



Example 17. Assume that A and B are n X n matrices such that
det(A) = 100, and det(B) = 5. Then

det ((AT) (B™)) = det (A7) det (B~) = det(A) detl( 5 =

4. COMPUTATIONAL TECHNIQUES, PART 2
Theorem 18. Let A be an n X n matriz.

(1) If B is the matriz obtained by interchanging any two rows of A,
then
det(B) = —det(A).
(2) If B is the matriz obtained by multiplying a single row of A by
any non-zero scalar o, then

det(B) = a det(A).

(3) If B is the matriz obtained by adding a multiple of one row of A
to another row of A, then

det(B) = det(A).
Caution: Notice that in (2) from the Theorem above the multiplier «
is applied to a single row only.

This implies that for an n x n matrix A, regarding oA as the scalar
product for matrices by a non-zero scalar o, we get

det(aw A) = o™ det(A).

Example 19. Assume that A and B are n x n matrices such that
det(A) = 100, and det(B) = 5. Then

det ((AT) (2B7Y)) = det (A") det (2B7") = det(A) defZB)
— 10025—n = (20)2".

Remark 20. Since det(A) = det(AT), we can replace the word row
in the previous theorem and get similar statements for the respective
column operations.



a b c
Example 21. If det | d e f| =10, then
g h 1
f e d b a 2c
det | ¢ b a | =10, det | e d 2f | = —20,
1 h g h g 21

4.1. A Method for Computing the Determinant. Using elemen-

1

tary row (or column) operations obtain a column of the form  (or
0

a row of the form 1 0 --- 0 ) and compute the determinant by

expanding along this column (or row).

Example 22.

21 1 5 21 1 5)
11 —4 —1 -1 0 -5 —6
detl 99 3 1| =9 293 1
36 1 2 -9 0 -5 —-28

-1 -5 —6

= —(1)det 2 -3 1

-9 —5 —28

-1 -5 —6

= —()det| 0 —13 —11

0 40 26

= (=1D)(=1) [(=13)(26) = (=11)(40)]

= 102.



4.2. Another Method for Computing the Determinant. Using
elementary row operations transform any matrix into an upper tri-
angulated matrix and compute the determinant keeping track of the

operations done.

Example 23.
21 1 5
11 -4 -1
det | 99 3 1
36 1 2

11 -4 —1
21 1 5
= —det] 5 3 4
36 1 9
(1 1 —4 —1
0 -1 9 7
—det ] g 5 5 3
\0 3 13 5
(1 1 —4 -1
0 -1 9 7
—det ] g g 13 11
0 0 40 26
1 1 -4 -1
0 -1 9 7
—(=13)det |y gy g3
0 0 40 26
11 -4 —1
0 -1 9 7
—(E)det g i3
0 0 0 —102/13



5. GEOMETRIC INTERPRETATION OF DETERMINANT

(1) Let @ and @ be vectors in R%. Consider the matrix A whose first
column is given by @ and second column is given by v. Then the
area of the parallelogram having the vectors @ and v as adjacent
sides is given by |det(A).

(2) Let #, ¥ and @ be vectors in R3. Consider the matrix A whose
first column is given by w, second column is given by ¢, and third
column is w. Then the volume of the parallelepiped having the
vectors v, U, and ¥ as adjacent sides is given by |det(A)|.

Example 24. The volume of the parallelepiped determine by the vec-
tors v; = (—1,2,0), vo = (1,0,4) and v3 = (1, —2,2) is equal to

det
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Thus the volume of the parallelepiped is 4.
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6. APPLICATIONS TO LINEAR SYSTEMS

Theorem 25. If A is an n xn matriz then the following are equivalent:

1) A is invertible.
2) The RREF of A s I,,.
(A) =n.
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has only the trivial solution.

X = b 1s consistent for every b in R™.
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Z = b has exactly one solution for every b in R".
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E-mail address: jmalagon@uottawa.ca

11



