SYSTEMS OF LINEAR EQUATIONS - PART 1

JOSE MALAGON-LOPEZ

A recurrent situation so far has been to determine the solution set of a
system of linear equations. In this lecture we start the study of systems
of linear equations so that we can improve our techniques used so far.
A first step will be to express the solution set in terms of vector spaces.

1. SYSTEMS OF EQUATIONS

1.1. Basic Definitions. A linear equation in n unknowns is an alge-
braic expression of the form

(*) a171 + asxs + -+ + apx, = b,

where 1, ..., x, are unknowns (variables), aq, ..., a, are real numbers
called the coefficients of the equation, and b is a real number called
the constant term of the equation. A solution to the equation (*)

1S a vector
S1

e R"
Sn
such that the equation holds when the x;’s are substituted by the num-
bers s;’s:
ai(s1) +as(s2) + -+ ap(s,) =b.

Example. A solution to the equation
2$1 + 3$2 — T3 = -5
is the vector
—2
0 | eR”
1

2(—2) +3(0) — (1) = —5.



A system of m linear equations in n unknowns is a collection

ai1ry +a12x2 + - +a1nxn = bl

911 +agTs +---  Fag,T, =0by
(S) .

Am1T1 +apmaTs +-- FAmpT, = bm

consisting of m linear equations in n unknowns. The real numbers a;;,
1 <i<m,1<j<mn, are called the coefficients of the system (S).

The real numbers by, ...,b,, are called the constant terms of the
system (S).
A solution to the system (S) is a vector
S1
e R"
Sn

that is a solution for EACH of the linear equations in the system (S).

The collection of all the solutions to a system (S) is called the solution
set of (S). If the solution set has at least one solution we say that the
system is consistent. If the solution set has no solution (in other
words, it is empty) we say that the system is inconsistent.

Example. The vector <_32> is a solution for the system

{—171 +4$2 = 14

2331 —Ty = -7
9
Example. The vector | —13 | is a solution for the system
—1
S5r1 +3x9 +T7x3 = —1
2%1 —T3 = 19

Example. Unlike the systems in the previous two examples, the fol-
lowing system is inconsistent.

Tr1 +Iy = 1
To 49 = 2



-3 —1
Example. The vectors | 0 | and | —6 | are solutions for the system
—1 1

1 —XT9 +2$3 =1
—I +$3 = 2

1.1.1. Homogeneous Systems. A linear system is called homogeneous
if all the constant terms are equal to zero:

apry +apre +--- +apr, =0
ao1,1 +CL22$2 + - +a2n$n =0
Am1T1 +aAmaTy + - FAppTy, = 0

Remark. Every homogeneous system has at least one solution, the
trivial solution

0
0= 1|:1] €R"

1.2. Solution Set. Given a system of linear equations

a; 1 +apre +--- +apr, =0b
(S) as1T1 +CL22$2 + - +a2nxn = bg
Am1T1 +aAmals + - FAppTy, = bm

the homogeneous system corresponding to (S) is the system

anry +apres +--- +apx, =0
ao1T1 +CL22$2 + - +a2n$n =0

Am1T1 +aAmals + - FAppTy =0



Theorem.

(1) The solution set of a homogeneous system of m linear equations
in n unknowns is a subspace of R".

(2) Let s be a solution of a system (S) of m linear equations in
n unknowns. Let Ky be the solution set of the homogeneous
system corresponding to (S). Then the solution set of the system
(S) is the set of vectors of the form

{S—f‘U’UEKH}.

Remark. In particular we have that the solution set of a system of
linear equations can be either: empty, a unique vector, or an infinite
number of vectors.

Remark. A more explicit description of the second part of the theorem
above is the following:

Consider a system (S) of m linear equations in n unknowns. Assume
that the system has at least one solution. Let s € R" be such a solution.
Then

e If the solution set of its homogeneous system consists only of the
zero vector in R", then s is the unique solution of (S).

e If the solution set of its homogeneous system is the subspace in
R™ with basis {#,..., 7}, then any solution for the system (S)
is of the form

st oy + -+ oy,

where a4, ..., q; are real numbers.

Remark. Notice that a non-homogeneous system might have no so-
lution, but its associated homogeneous system might have an infinite
number of solutions.



2. SOLVING SYSTEMS OF EQUATIONS

We will develop techniques for determining if a system of equations is
consistent, at the same time obtaining the solution set if it exists.

First, we consider an easy case.

T +2$2 +Tr3 —ITy4 = 2
Example 1. Find the solution set of o —xy = —1
Ty = 3

We proceed in an organized way:

e Solve for the left-most variables:
T1=2—2x9— 23+ 24
To=—1+x4
T4 =3
e Apply back substitution and obtain
r1=1—1x3
To =2
Ty =3

Thus, the solution set of the system consists of all the vectors of
the form
1— xrs
2
T3
3

e We have no conditions on x3, so it can be considered as a param-
eter in the description of the solution set, say

$3:t.

Thus, the solution set of the system in parametric form is

2 1—t 1 -1
TI9 . 2 . 2 0
2 t | = lo| T 1
4 3 3 0



Now we consider a simpler case, which will be a “model situation”.

Example 2. Find all the solutions of the system

1 +3$2 +2$5 =0
r3 +214

|
—_

Teg = 3
We proceed as before:

e Solve for the left-most variables:

T1 — —31'2 — 21’5
T3 — 1-— 2:174

$6:3

e We have no condition s on x9, x4 and x5, so they will be param-
eters in the description of the solution set, say

Thus, the solution set for the system consists of the vectors whose
components are of the form

r1=—3r—2t, xo=1, x3=1—28, x4 = s, x5 =1, x5 = 3.

We conclude that the solution set of the system in parametric form is

(—37«T— 2t\ (8\ (—3\ ( 8 \ [—2)

1 0
=2s L Y s |
s 0 0 1 0
¢ 0 0 0 1
\ 3/ 8/ \o) \o) \o)

Notice that in this example we do not need to apply back substitution.



Also notice that by the theorem of the previous section we have that
the solution set of the associated homogeneous system is the subspace

() () ()

1 0
0 —2 0
Span < ol:1 1110 > .

o) o) o),

3. AUGMENTED MATRICES

In order to give an explicit algorithm for obtaining the solution set of
a system of linear equations we need some new terminology.

Consider a system of linear equations

a1 +arey oo FapT, =b
a21T1  +azTy +--+ +azT, =b
(S) .
Qp1T1 +am2Ts + 0 FAppT, = by
ai - Qi
The matrix is called the coefficient matrix of (S).
Am1 - Qmn
by
The vector | : | is called the constant vector of (S).
b
air ccc G | b
The matrix : is called the augmented matrix
m1 -+ Gmn bm

of (S).

If A denotes the coefficient matrix of a system (S), and 6 denotes the
constant term vector of the system, sometimes we will denote the sys-
tem (S) as the augmented matrix

(Al6).



Note. If the coefficient matrix of a system is in RREF, and the aug-
mented matrix has a row of the form

(00 - 00]b),

with b # 0, then the system is inconsistent.

4. REDUCED Row ECHELON FORMS

The coefficient matrix of the system used in Example 3 is an example
of the following type of matrices.

A matrix is said to be in row-echelon form (REF) if it has the
following properties:

(1) The first non-zero entry (if any) in each row is 1, called the
leading one.

(2) All the rows consisting entirely of zeros are located at the bottom
of the matrix.

(3) The leading one of a row is located in a column to the right with
respect to the leading ones of the preceding rows.

A matrix in row-echelon form is said to be in reduced row-echelon
form (RREF) if the following additional condition is satisfied

(4) The leading one in each row is the only non-zero entry in its
column.

Remark. Notice that (1), (2) and (3) are requirements for the rows,
while (4) is a column requirement.

Examples of RREF.

88 120 —1 (1)
, 001 3], (1234,

00 000 0 !

00 0



Examples of REF.

o O =
O = DN
— N W

0
L,
0

O O =
O =N
o O =

Matrices that are not REF.
(1) <1 2 3)
0 4 5 6

5. OBTAINING THE SOLUTION SET FOR A SYSTEM WHOSE
AUGMENTED MATRIX IS IN RREF

100 10
000], 00
001 01

If the coefficient matrix of a system of linear equations is in RRE form,
we can find the solution set of the system in parametric form as follows:

S1. Solve for the left-most variables in each equation. The variables
on the right side of the equation will be called free.

S2. Assign a parameter to each free variable.

S3. Express the solution set in terms of these parameters.

Example. Find the solution set for the system whose augmented ma-
trix is
—1| 5

1 |-2
0| 2

—1
0
0

o O =
O = O
— O O

Notice that the coefficient matrix is in RREF, and that the (actual)
system is
1 —X9 —xy5 = 5
T3 45 = —2
Iy = 2



Following the algorithm outlined above we get:

S1 Solve for the left-most variables:
I = 5+ To + X5
T3 — -2 — Ts

564:2

S2 The variable x5 and x5 are free. Set x9 = s, and x5 = t.

S3 We conclude that the solution set of the system in parametric

form is
S5+s+t 5 1 1
s 0 1 0
—2—t | =|-2|+s|0]+t] -1
2 2 0 0
t 0 0 1

Remark. Assume that the augmented matrix of a consistent system
is in RREF. Then

e If the system is homogeneous and it has a non trivial solution,
then the vectors parameterizing the solution set obtained by this
method is a basis for the solution set.

e Let n be the number of variables in the system. Let m be the
number of non-zero rows in the augmented associated matrix.
Then the number of parameters in the solution set is equal to
n—m.
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