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Given a finite dimensional vector space V', we would like to know what
could be the “minimum” number of vectors required to generate V. We
will see that this problem is related to determining in how many ways
can the zero vector in V' be written as a linear combination of vectors
in a given generator set.

1. LINEAR DEPENDENCE AND LINEAR INDEPENDENCE

Let V' be a vector space, and consider
S=Aw,...,un|w#0, foralli=1,...,m},
a set of vectors in V.

Assume that there is a vector » in Span(S) that can be written as a
linear combination of S in two different ways:

(1) aru + ot Qi = v = S + -+ Bt
Here we are assuming that «; # §; for more that one index 1 <7 < m.

Notice that the equality (1) above is true if and only if

0=v—v
0:()41u1+"'+amufrn_ﬁlul"‘f_"'—}_ﬁmufm
(2) 0= (a1 —B)wm~+ -+ (= B)um,

where a; — 3; # 0 for more than one index 1 < i < m.

In other words: the existence of multiple ways to write a vector v as
a linear combination of S (identity (1)), is equivalent to the existence
of multiple ways to write the zero vector as a linear combination of S
(identity (2)).



1.1. Definition. Consider a set of vectors S = {u, ..., u,} in a vector
space V.
e We say that S is linearly dependent if there are scalars
A, ..y Qo

such that
0 =aiu + -+ iy,
where AT LEAST one of the scalars is different than zero.

e We say that S is linearly independent if the ONLY scalars
A1y e eey Qi
satisfying the equation
0 =ou + -+ apuy
are ap = -+ - = qu, = 0.

Convention. As a convention, we will state that the empty set ) is
linearly independent.

Examples.

e If v # 0 then {v} is linearly independent.

e Any collection of vectors containing the zero vector is linearly
dependent.

e T'wo parallel vectors are linearly dependent.
e T'wo non-parallel vectors are linearly independent.

Notation. If 0 = cyuy + - -+ + ayu,,, where not all the scalars are zero,
we say that the zero vector is a non-trivial linear combination of the

set {ug, ..., un}.

Remark. Given any set of vectors S = {uy, ..., u,}, we know that the
zero vector 0 is always a trivial linear combination of S

0 =0u + -+ Ouy,.

The question of determining whether S is linearly dependent or linearly
independent is the question of determining in how many ways we can
write the zero vector 0 as a linear combination of S.



In other words, if we can express the zero vector as a non-trivial linear
combination of S then S is linearly dependent, otherwise the set S is
linearly independent.

Example. The set of matrices in Moo

W) () 63))

is linearly dependent since

1 2 01 2 5 00
2<1 2>+<2 1>_<4 5)‘(0 o>'
Remark. Assume that S = {w,...,u,} is a linearly dependent set

of non-zero vectors. By definition we have that the zero vector is a
non-trivial linear combination of .S, say

0=oqu + -+ opiy,.

We have that at least two of the scalars are non-zero. Assuming without
loss of generality that a; is one of them, we can write u as a linear

combination of other vectors in S"
(0% (07
m=——u — ... — —1Uy.
a1 a1
In other words: a set S of non-zero vectors, is linearly dependent if
and only if at least one of the vectors in S is a linear combination of

the other vectors in S.

—1 1 5
Example. The set of geometric vectors 2 1,1-31),[—-13
0 —1 -3
is linearly dependent since
-1 1 5
=21 2 | +3|-3]=1|-13
0 —1 -3

Remark. A collection of vectors is either linearly dependent or linearly
independent. Therefore, a set S, of non-zero vectors, is linearly inde-
pendent if and only if none of the vectors in .S is a linear combination
of the other vectors in S.



1.2. Basic Technique. From the remark above we conclude that the
problem of determining if a set of vectors is linearly independent is a
question about the existence of a non-trivial linear combination. Thus,
it is a problem that can be reduced to solving a system of linear equa-
tions.

We will illustrate the technique with some explicit examples.

1.2.1. Ezxample: Geometric Vectors. We want to determine if the set
of vectors

2 0 2
s=<{15],[-6],[-1 C R?
4 2 8

is linearly dependent or linear independent.

We need to find all the possible scalars aq,as and ag for which the
following equality holds:

0 2 0 2
Ol =a1 |95 +ax| 6] 4+a3|—1
0 4 2 8

Such equation induces the system of equations

201 + 2a3 = 0
5&1 — 6&2 — Q3 = 0
4oy 4+ 209 + 8ag = 0

The first equation implies vy = —a3. Plugging this value in the second
equation and solving for as we obtain ay = —as.

Plugging all these values in the last equation we obtain the identity
2a3 = 0.
Thus, the UNIQUE solution to such system is
a1 = oy = ag = 0.

Therefore, the set S is linearly independent.



1.2.2. Ezample: Polynomials. We want to determine if the set of poly-
nomials

P(z) = 372 + x — 1,
S=¢ Q(z) = 623 + br + 1,
R(x) = 423 — 722 + 2z + 3

is linearly dependent or linear independent.

We need to find all the possible scalars «aq, s and ag for which the
following equality holds:

0=oa; P(z)+ ayQ(x) + as R(x)
= a;(30* + 2 — 1) + ax(62® + 52 + 1) + az(4s® — 72> + 2 + 3)

= (60ry +4az) 2’ + (3ay — Tag)w? + (o 4+ 5o +a3) + (—ay + ag + 3as).

Such equation induces the system

6062 + 4063 =0
30 — Tag = 0
a1 + 5062 + a3 = 0
-1 + ao + 3043 =0
Solving the system above we get
o = 7, Q9 = —2, a3 = 3.

In other words,

0=T7TP(x) —2Q(z) + 3 R(x).

Therefore, the set S is linearly dependent.



1.2.3. Ezxample: Matrices. We want to determine if the set of matrices

{6 )6 ) ()

is linearly dependent or linearly independent.

We need to find all the possible scalars aq, s and ag for which the
following equality holds:

00\ 1 -1 n 3 2 n 1 0
00/ “\2 o “2\lg —1) T8 1 2
_ a1 —Ooq 3o 20 Qa3 0
B (2&1 0 > T ( 0 —042) T (—&3 2&3) '

By comparing entry-wise the equation above we get the system

a + 3as + a3 =

—a; 4+ 200
2041 — (3
— o + 203 =

o O OO

The third and fourth equations imply

a3
a1 — ?, a9 = 20[3.

Plugging these values in the second equation we obtain

13
0= —Qq —{—20&2 = <%> —|—2(2043) = 3043.

Thus, az = 0. If we plug this value in the first equation we can check
that the equality holds, so the UNIQUE SOLUTION to the system is

041:&22043:0.

Therefore, the set S is linearly independent.



1.2.4. Ezxample: Functions. When we want to determine if a set of
functions S C F(D, R) is linearly independent, it is not always possible
to restate the question in terms of a system of linear equations.

This could happen either because functions are not determined by a
sequence of components or entries, or we do not have a generating set.
But there are ways to approach the problem.

For example, if we want to determine whether

S = {sin(z),cos(z)} C F(R,R)

is linearly independent or dependent.

We need to find all the possible scalars a and 3 for which the following
equality holds:

a sin(x) 4+ 5 cos(z) = 0.

Evaluating the equality above at x = 0 we get

0=0(0) = asin(0) + B cos(0) = a(0) + (1) = 5.

Thus, @ must be zero.

Evaluating the equality above at = 7/2 we get

0=0(0) = asin(r/2) + § cos(n/2) = a (1) + 5(0) = a.

Thus, @ must be zero. We have shown that

a=03=0.

Therefore, S = {sin(x), cos(z)} is linearly independent.



1.3. Some Facts. We need to know how much control we have with
regards to adding vectors to linearly independent sets, or removing
vectors from a linearly dependent set.

Facts. Let S7 C S5 be two non-empty sets of vectors in a vector space
V. Then

(1) If Sy is linearly dependent, then S; is linearly dependent.
(2) If Sy is linearly independent, then S; is linearly independent.

(3) If {o1,..., 9} is a linearly independent set, and v is a vector not
in Span(zy, ..., oy), then {=,..., v,, v} is linearly independent.

(4) If {=n,..., vy} is a linearly independent set, and v is a vector in
Span(wy, ..., o), then {o1, ..., v, v} is linearly dependent.

Example. We want to determine if
S = {sin(x), cos(z), e’} C F(R,R)
is linearly independent.

In the example above we saw that {sin(x), cos(z)} is linearly indepen-
dent. Thus, S will be linearly independent only if the function e* is not
in Span (sin(z), cos(z)).

So, we need to find if there are scalars a and [ for which

e’ = asin(x) + [ cos(x).

If we consider x = 0, we would have
1=¢€" =asin(0) + Bcos(0)
= 0 + B
Thus, @ should be equal to one.
If we consider z = 7/2 we would have
et = asin(r/2) +  cos(m/2)
= o + 0.

Thus, a should be equal to e™/*.



Hence, IF €” is a linear combination of sin(x) and cos(x), it would be

e” = ™% sin(z) 4+ cos(x).

But this IS NOT TRUE since at x = m we have

e" = ™ ?sin(m) + cos(m) = —1,

and this IS NOT POSSIBLE because e¢* > 0 for any .

Hence, e” is not a linear combination of {sin(x), cos(x)}. Therefore,
{sin(z), cos(z), "}
is linearly independent.
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