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1.1 Systems of Linear Equations

Definition 1 A linear equation in variables x1, s, ..., x, has the form

a1x1 + agxy +azxs + -+ a,r, = b

where the numbers aq,...,a, € R are the equation’s coefficients and d € R is the constant.
An n-tuple (s1,s9,...,5,) € R" is a solution of, or satisfies, that equation if substituting
the numbers sy, ..., s, for the variables gives a true statement: a181+asss+...+a,s, = d.

A system of linear equations

1,171 + a1,2T2 + - + A1 nTn = b1
2171 + Q2% + - 4+ QupTy, = by
Am 121 + A 2X2 + -+ Amndn = bm
has the solution (si,Sa,...,8,) if that n-tuple is a solution of all of the equations in the

system.
Finding the set of all solutions is solving the system.

Example 1 The ordered pair (—1,5) is a solution of this system.

3r1 + 2x9 = 7
6

—T1 + X9 =

In contrast, (5,-1) is not a solution.

Definition 2 If we have two linear systems and they have the same solution set then the

two linear systems are called equivalent.

Theorem 1 The linear system has,
1. no solution
2. one solution
3. infinitely many solutions.
In case 1, the linear system is called inconsistent. In case 2 or 3, the linear system is called

consistent.



Example 2 The system
31’1 + 21}2 = 7

-1 + T2 =
has only one solution (-1,5).
Example 3 The system
T + 2%’2 = 7
—2r7 — 4dxy = —-14

has infinite solutions (7-2k, k).

Example 4 The system
r1  + 2z =7
—2x1 — hzy = k
has no solution when h =4 and k # —14; one solution when h # 4; infinite solutions when
h=4 and k = —14.

Matrices

Definition 3 An m x n (m by n) matrix A with m rows and n columns with entries in R

1s a rectangular array of the form

@11 Q2 - Qin

Q21 Q22 -+ Q2
A= ,

Am1 Am2 - Amn

where V(i,j) € {1,2,...,m} x{1,2,...,n}, a;; €R.

As a shortcut, we often use the notation A = [a;;] to denote the matrix A with entries

2

a;;. Notice that when we refer to the matrix we put parentheses—as in “a;;],” and when

we refer to a specific entry we do not use the surrounding parentheses—as in “a;;.”

0 -1 1
1 2 3

-2 1

Example 5
A —

1s a 2 X 3 matriz and

B =

18 a 3 X 2 matriz.



To solving linear systems, we put all the coefficients of each variable aligned in columns
to get the coefficient matrix. By adding an additional column to the coefficient matrix
consisting of the values on the right hand side of the equal sign to give the augmented
matrix.

Example 6 Consider this linear system

3rs = 9
Ty + dxy — 2x3 =
%xl + 29 =
0 0 3 0O 0 3 9
coefficient matrix = 1 5 —2 |, augmented matrix = 1 5 =2 2
1/3 2 0 /3 2 0 3

Elementary row operations: There are three types of elementary row operations.
1. Replacement: Replace one row by the sum of itself and the multiple of another.
2. Interchange: Interchange two rows.

3. Scaling: Multiply all entries in a row by a non zero constant.

Definition 4 Two matrices are row equivalent if one matriz can be transformed into an-

other matriz by a sequence of elementary row operations.

1.2 Row reduction and echelon forms

A leading entry of a row: is the leftmost, nonzero entry in the row (nonzero row).
Definition 5 A rectangular matriz is in echelon form (row echelon form) if it has the
following three properties.

1. All non zero rows are above any rows of all zeros.

2. Fach leading entry of a row is in a column to the right of the leading entry of the row
above 1it.

3. All entries in a column below a leading entry are zero.



Definition 6 Given a matriz in echelon form, if it satisfies the following two conditions
then it is in reduced echelon form (reduced row echelon form)
4. The leading entry in each monzero row s 1.

5. Fach leading 1 is the only nonzero entry in its column.

Example 7 Classify row echelon form, reduced row echelon form, or not in echelon form:

1 2 3 4 1 2 3 4 1 2 3 4
A:OOOO’BZOOOO’CZOOOO’
0101 0101 0101
0 011 0011 0011
11201 2340 11201 11201
D=10110 1|,E=1]10 3 10 ,F=100 10 1/,G=10 00 0 0
00010 0040 01010 00010

We are interested in performing row operations until one of these two matrix structures
arises.
Uniqueness of the Reduced Echelon Form: Each matrix is row equivalent to one and

only one reduced echelon matrix.
Example 8 Look at the following matriz:

1 h—1 1 01
0 h 1 01
0 0 h—1 1 0

1) Find h such that the matriz is in reduced row echelon form; (h =1)

2) Find h such that the matriz is in echelon form but not in reduced row echelon form;
(h#1 and h #£0)

3) Find h such that the matriz is not in row echelon form. (h=0.)

Example 9 Carry the following matriz to (1) Echelon form; (2) reduced echelon form:
0 3 -6 6 41

A=13 -7 8 -5 8 2
3 -9 12 -9 6 6

Definition 7 A pivot position in a matrixz A is a location in A that corresponds to a leading

entry in an echelon form of A. A pivot column is a column of A that contains a pivot position.



Theorem 2 (Ezistence and Uniqueness Theorem) A linear system is consistent < the

rightmost column of the augmented matriz is not a pivot column.

Properties:

e The augmented matrix of a consistent linear system is row equivalent to a matrix with

e The augmented matrix of a inconsistent linear system is row equivalent to a matrix

0 0 k.

Example 10 Solve the following system by using elementary row operations:

the last non-zero row

with the last non-zero row

T + Yy — 22 = =2
y + 3z = 7
T -z = -1

We can start by going to echelon form:

1 1 -2 =2 1 1 -2 =2
augmented matrix = [0 1 3 7 | Ry — Rg o 1 3 7
10 -1 -1 0 -1 1 1
11 -2 =2 ] 1 1 -2 =2
Rs + R§ o1 3 7 ZR:; o1 3 7
00 4 87|00 1 2
1 1 0 2 1 001
Ry +2R3, Ry —3R3 |0 1 0 1| Ry — Rg 0101
0 01 2 01 2

The answer isx =1, y =1, and z = 2.

Example 11 Solve the following system by using elementary row operations:

r1 + 229 4+ 3x3 = 1
T2 + X3
29 + 213

I
00 W



Solution: The general solution is

r, = -7 — T3
To = 4 — XT3
r3 = free

Remark: x1, x5 here are basic variables, x3 is called a free variable.
Remark: For a consistent system, if it has free variables, it has infinite solutions; if no

free variable, then only one solution.

1.3 Vector Equations

Definition 8 A matriz with one column is called a column vector and a matriz with one

row a row vector.

T
R"™ = |y eR-x, R
Tn
A vector in R” is denoted by
T
. i) N 0
Tr = . s 0 et
T 0
Example 12
apnp Q2 - Qip
Q21 Q22 -+ Q2 . .
A= == [al an]7
Am1 Am2 -~ amn_
aii A1in
N a1 5 Q2n, m
where a; = ] yoeee s Oy = ) € R™ are called column vectors.
Am1 Amn



Definition 9 Vector addition:

(al,ag,...,an) + (bhbg,...

Scalar multiplication:

May, ag, ... a,) = (Aay, Aag, ..., Aay).

Properties: For u, v, W € R™ and scalars ¢, d,

L. du+v=70+14

2. (W+7)+dW=ud+ (V+ W)
3.U+0=u=0+1u

4. 0+ () =—tu+d=0and —d = (—-1)u
5. c(t+ V) = cti + v

6. (c+d)u=ci+du

7. c(du) = (ed)ud

8 lui=u

Given a set of vectors v7, - -+ , U, in R™ and scalars z1, . . .
) ) )

$1171 +5132172+ +£Em17m = 37,

—

then ¢/ is called a linear combination of v, . . . | ¥,.

Definition 10

XU + LUy + -+ + TppUp = b

1s called vector equation.

,bn) = (a1 + by, a9 + bo, ..

- Gn + by),

, T A

Sometimes we may be given a set of vectors and we want to express one as a linear

combination of the others. In this situation our object is to find the coefficients that allow

us to do this.

Example 13 Let

I
[\
<y

I

2
. v= 3|, w
4

£y
Il
W N =

Can i be a linear combination of i, v and w?



Solution: 7/ is a linear combination of #, v and W < the vector equation
IL‘lﬁ—f— ZEQU—f— ZL‘3’U7 = g

1s consistent.

The augmented matrix of the vector equation:

1 2 -1 —4 1 2 -1 —4
augmented matrix = [2 3 2 -2 | Ry — 2R, R3 — 3R1 0 -1 4 6
3 4 -5 —10 0 -2 -2 2
1 0 7 8 1 0 7 8

1
0 0 —-10 =10 — |0 0 11

1 0 01
Ry —TR3, Ry —4R3 |0 —1 0 2
0 0 11

= =i — 20+ 0.

Definition 11 Given a set of vectors vy, -+ , U, in R,
Span{vy, Uy, -+ , U} = {101 + coUs + + - - + CuUp;  where ¢1,Ca, ..., ¢y, are scalars}.
1 2 1 1
Example 14 Are (2|, |4], |1| in span{|2]|}?
3 6 1 3
1] 1 ,
Example 15 span{ o | }=R*?

Linear Combinations in Applications

Example 16 Consider an open economy with three products: coal-mining operation, electricity-
generating plant, and automobile. To produce $1 of coal, the mining operation must purchase
$0.5 of its own production, $0.2 of electricity and $0.1 worth of automobile for its trans-
portation. To produce $1 of electricity, it must purchase $0.3 of its own production, $0.4 of
electricity and $0.05 worth of automobile for its transportation.



0.5 0.3
0.2 | and ¢= | 0.4 | represents the cost per dollar of income for each prod-
0.1 0.05

H.

N~—
Syl
Il

uct.

ii) zb + yc represents the total cost of manufacturing x dollars of coal and y dollars of

electricity.

1.4 Equation Ar = b

a1 Q1n T

.. S R R a21 R 2n — T2
Definition 12 Let A = [d@; ... a,), @ = , - ] ,ER™, ¥ = ) €

Am1 Amn Tn

R™. Define

Ax = 1’1(_7:1 + ...+ wnd’n,

which is the linear combination of the columns of A.
AZ=1b

18 called matriz equation.

Example 17 The linear system :

Ty — Ty =
$1—2.§L’3 =

r1+ 229+ 33 =

=~ W NN

To + dxg =

=

The vector equation:

T + T

O = =



The matriz equation:

10 0 —17[xn 1
10 -2 0 |z |2
12 3 0] x| |3
01 5 0] [as 4

Theorem 3 Let A be an m X n matrixz. Then the following statements are equivalent,
(either all true or all false).

1. For each b € R™, the equation Ax = b has a solution.

2. Each b € R™ is a linear combination of the columns of A.

3. The columns of A span R™.

4. A has a pivot position in every row.

Properties: Some properties of matrix and vector multiplication are, if A is an m X n
matrix, 4, v € R", and c is a scalar, then,

1. A(d+7) = Au+ AV

2. A(ctl) = c(AW)

1 -3 —4 x
Example 18 Let A= | -3 2 6 |, b= y |. Describe gfor which AT = b has a
5 —1 =8 z
solution.
Sol:
1 -3 —4 x| 1 -3 4 =z
[Ab]=| -3 2 6 y |Ry+3R,Rs—5R | 0 -7 —6 y-+37
5 -1 -8 =z | Lo 14 12 25
(1 -3 —4 x
Rs + 2R§ 0 -7 -6 y+3z
| 0 0 0 x+2y+=z

Thus, A7 = b has a solution < z + 20+ 2z =0.

Example 19 Let

3 2 —1
i= 0|, o=|4]|, w=]2
0 0 o

Is Span{i, v, w} = R3?

11



—

Sol: Yes, since A = [¢ U ] has pivot in each row.

1.5 Solution sets of linear systems

1. Homogeneous System

Definition 13 A linear system Ax = b is called homogeneous if b = 0. Otherwise, it is
non-homogeneous. Let T be a solution of AT = 0. IfZ =0, then @ is called a trivial solution;

if #0, then  is called a non-trivial solution.

Example 20 Consider the following system of linear equations

r| + 4?[32 — 8ZE3 =0
21’1 + 5.I2 — 7.7}3 =0
—31’1 — 71’2 + ka3 =0

(i) Find value(s) of k such that the system has only trivial solution.
(ii) Find value(s) of k such that the system has non-trivial solutions.
(#ii) For the value(s) of k in (ii), describe the solution set.

Solution: (i)

1 4 -8 0 1 4 -8 0
augmented matrix = | 2 5 =7 0| Ry —2Ry,R3+3R; |0 —3 9 0
-3 -7 k 0 “lo 5 k—24 0

14 -8 0 1 4 -8 0

—le 01 -3 0| Rs— 5R§ 01 -3 0

— 10 5 k—24 0 00 k=9 0

Hence, for k # 9, the system has only trivial solution.
(ii) For k =9, the system has non-trivial solution.

(iii) When k£ =9, from the discussion in (i), we have

1 4 -8 0 10 4 0
augmented matrix = |0 1 -3 0| Ry — 4R§ 01 -3 0
00 0 O 00 0 O

12



Thus

I1+4LL’3 = 0

1’2—3.1'3 =0
ie.,

T = —4¢

Ty = 3t

x3 = t (free)

Then the general solution is:

X1 —4¢ —4
I3 t 1

2. Parametric Vector Form

Whenever a solution set is described explicitly with vectors, we say that the solution is

in parametric vector form.
Example 21 Consider the following system of linear equations

$1—2$2—9$3—|—5£L’4 =0

i) —|—2ZE3 —6.%'4 = 0.

Describe the solution set in parametric vector form.

Solution:
-2 -9 5 0 1 0 =5 =70
augmented matrix = R, + 2R

& 1 2 —6 0 =2""B01 2 -6 0]

Ty T3 + Txy 5x3 Txy 5 7

-2 6 -2 6 -2 6

P= i) _ T3+ 024 _ T3 4 T4 = t o
€3 X3 T3 0 1 0
Ty Ty 0 Ty 0 1

3. Non-homogeneous System

13



Theorem 4 If p is a solution of AX = g, and v;, is a solution of AT =0, then f+ v}, is a

solution of Ax = b

1 -3 —4 X1 1
Example 22 Let A= | -3 8 6 |,%= | 29 ,5 = | =2 |. Describe all solu-
5 —13 =8 x3 3
tions of Ax = b.
Sol:
1 -3 -4 1 1 -3 —4 1
5 —13 -8 3 0o 2 12 =2
1 -3 —4 1 1 0 14 4 1 0 14 4
9 1 —6 — _ 1 —¢ — _
Rs + R§ 0 -1 -6 -1 |/ 3R§ 0 -1 -6 -1 R§ 01 6 1
0O 0 0 O 0O 0 0 O 00 0 O
Thus,
T 4 — 14%3 4 —14ZL‘3 4 —14
T = ro| = | 1—=6zx3 | = |1| + | =623 | = |[1| +x3 | —6
x3 Zs3 0 T3 0 1
1500 =2
Example 23 Given the augmented matriz |0 0 1 0 12
0001 -3

(i) Is it consistent? If yes, write the solution in parametric vector form.

(ii) Solve the corresponding homogeneous system.

1.6 Applications of Linear Systems

1. Homogeneous System in economics

Equilibrium price or market clearing price: The price such that the amount of
goods or services sought by buyers is equal to the amount of goods or services produced by

sellers.
Example 24 Consider an economy with three industries: coal-mining operation, electricity-

generating plant and an auto-manufacturing plant.

14



The distribution of the output from coal: 20% to electricity, 80% to auto;

The distribution of the output from electricity: 50% to Coal, 10% to electricity itself,
40% to auto,

The distribution of the output from auto: 10% to Coal, 30% to electricity, 60% to auto.
(i) Construct the input-output table (a sector looks down a column to see where its output
goes, and it looks across a row to see what it needs as inputs).

(i) Find the equilibrium prices.

Solution. (i)

Distribution of output from:
coal electricity auto | Purchased by
0 0.5 0.1 coal
0.2 0.1 0.3 electricity
0.8 0.4 0.6 electricity
(ii) Let p., pe and p, be the dollar values of outputs of coal-mining, electricity, auto-
Pe
manufacturing, respectively. Let p = | p. | be the price vector. Then
Pa
De = 0.5pe + 0.1p,
Pe = 0.2p.+ 0.1p. + 0.3p,

Pa = 0.8p.+ 0.4p. + 0.6p,,

which gives

pe. — 0.5p, — 0.1p, = 0
—0.2p.+09p., —03p, = O
—0.8p. — 0.4p. + 0.4p, = 0,
The augmented matrix is
1 =05 =01 0 1 =05 —-0.1 0
[A|g]: —02 09 —03 0 |Ry+02R,R3+08R; | 0 08 —0.32 0
—-08 —-04 04 0 0 —0.8 032 0
1 =05 =01 0 1 =05 =01 0 1 0 =03 0
R3+R§ 0 08 —-032 0|1/08R,| 0 1 —04 0 R1—|—0.5R§ 01 —-04 0
0 0 0 0 0 0 0 0 00 0 O
Thus,
0.3
pP=pa. |04
1

15



2. Network Flow

Example: The network below shows the traffic flow (vehicles/hour) over several one-way
streets in downtown Baltimore. Determine the general flow pattern for the network. Find

maximum .

100

200 - - a00
= 5
Solution: Introducing variables in the graph. Set "flow in” = "flow out”:
Intersection | Flow in Flow out
A 3004500 | = | z1 + 2o
B To+x4 | = | 300+ 23
C 1004400 | = | x4+ x5
D T+ x5 | = 600
Total 1300 = | 900 + x3

Therefore we have the following linear system:

T+ T = 800
Ty — X3 + X4 = 300

ry + x5 = 500

Ty + x5 = 600
x3 = 400

The augmented matrix is:

(11 0 0 0 800 ] (1 1 0 00 800 |
01 —1 1 0 300 0 1 -1 10 300
A=100 0 1 150 |R=R |0 0 0 11 50
10 0 0 1 600 0 -1 0 0 1 —200
(00 1 0 0 400 (000 1 00 400 |

16



600
—1 200

1

10 0 O

1 0 0
0

0
0

1 1 500
1 1

0
—1

100
0 0 400

0 0
0

1

0

600
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—400

1

-1

-1 0 O
1

10 0 0

01 0 O
0 0

500
400

1

00 O

-1 0 500

1
-1
0
—1
1

0
01
0

0 300

1
1
1

1 500 | Ry + Ry, Ry — Ry

1 100

0

0 0
0

0 0 400

0

RgHR

Ry — Ry, Ry + Ry

600
200
500

1
—1

10 0 0

1 0 0

0

—400
400

1
-1 0 0

0 0

o o © O
o o O O O
© AN <o
—
— _ o~ O
o ©O O +H O
o O - O O
o +H O O O
—\ O O O O
~
_
oS
o o O o o
o o O O O
O© AN <t 0 <A
—
— _ oS - O
o O o - O
o O +H O -
o —H O O O
— O O O O

(=1)R;

We get the general solution:

600 — x5

x1

200 + Iy

X2

400
500 — Ty

X3

Ly

free.

X5

Maximum z;=600, where when x5 = 0.

17



2.1 Matrix operations

e Diagonal matrix: Except for entries on diagonal (main diagonal), all other entries are
0,

e Zero matrix: all entries are 0,

e Identity matrix [,: all entries on diagonal are 1, other entries are 0.

Scalar multiplication and addition of matrices: Let A = [a;;] and B = [b;;] be m x n

matrices, r be a number. Then
rd = [raij], A + B = [CLZ'J‘ + sz]

Remark. You can only add matrices of the same size. Also, two matrices are equal if

they are the same size and corresponding entries are equal.

Example 25
0—11+456_0+4—1+51+6
1 2 3 78 9| |1+7 248 3+9

447
8 10 12|

-2 1 -6 3
3 =13 6
0 3 0 9

Properties:

Let A, B, C be matrices of the same size and let r and s be scalars.

A+B = B+A
(A+B)+C = A+(B+C)
A+0 = A

r(A+B) =rA + B
(r+s)A = 1A + sA
6. r(sA) = (rs)A
Matrix multiplication: Let A = [a;;]mx, and B = [b;j];xn. Then

U W=

AB = [Cz'j]mxm

18



where

by,

by,

Cij = anbij + aigbo; + -+ apbyy = | an ap o ay, ] '

b

Example 26
78

L2311 1ol = [HM+20)+301) 1(8) +2(10) +3(12)) _ | 58 64
45 6] | ] [ADH+59)+6(11) 4(8)+5(10) +6(12)]  [139 154

Remark. In order to have the product AB of two matrices A and B, the number of
columns of A must equal the number of rows of B. So, if A is an m x r and B is an s x n
matrix, in order to have the product AB, we need r = s. The resulting matrix AB will be
an m X n matrix.

Properties of matrix multiplication: Let A, B, C be matrices for which sums and

products are defined.

1. A(BC) = (AB)C (associativity)

2. A(B+C)= AB + AC (Left distributivity)
3. (B+C)A = BA + CA (Right distributivity)
4. 1(AB) = (rA)B = A(rB)

5. I,,A= A= Al,, here A is m x n.

6. In general, AB # BA.

Transpose of a matrix: Given a matrix A then transpose of A is a matrix denoted by

AT whose rows are the columns of A and whose columns are the rows of A.

Example 27

Properties of Transpose:

1 (AT)T = A

2. (A+ B)T = AT + BT

3. (rA)T =rAT where r is a scalar.
4 (AB)T — BTAT.

19



2.2 The Inverse of a Matrix

Definition 14 Given an n x n matriz A, the inverse of A is an n x n matriz B such that
BA=AB =1,
where I is the n x n identity. The inverse of A is denoted by A~L.

Example 28 The inverse of 2 x 2 matriz: If ad — bc # 0, then

a b1 [d -b
c dl  ad—bc|—c al’

Theorem 5 If A is an invertible n x n matrix, then for each be R™, the equation AZ = b

has the unique solution ¥ = A~1b,

Properties of inverses:

1. If A is invertible then A~! is invertible and (A7!)~! = A

2. If A and B are invertible then AB is invertible and (AB)™! = B~1A™!

3. If A is invertible then A7 is invertible and (A”)~! = (A~1)T.
Elementary Matrices:

An elementary matrix is a matrix obtained by performing one elementary row operation
onto an identity matrix. Every elementary matrix is invertible. The inverse of an elementary
matrix E is again an elementary matrix £~! and represents the elementary row operation

that transforms E into the identity matrix.

Theorem 6 An n x n matrix A is invertible if and only if A is row equivalent to I, and in
this case, any sequence of elementary row operations that reduce A to I,, also transforms I,
into A7L.

Example 29 Find A™', where

1 2 3
A=12 5 6
3 6 10
Solution:
123|100 123 ] 1
AIl=]2 5 6 | 01 0|R—2R,Rys—3R, |0 10 | -2 1
3610|001 001|—301

20



1 03] 5 —20 100 ] 14 —2 -3
R1—2Rg010|—210R1—3R§010|—210
001 -3 0 1 001 -3 0 1
Thus
14 -2 -3
At=1| -2 1 o0
-3 0 1

2.3 Characterization of Invertible Matrices

Theorem 7 (The Invertible Matriz Theorem) Let A be a square n X n matriz. Then the
following statements are equivalent.
1. A is an invertible matrix.
2. A is row equivalent to the identity matriz.
3. A has n pivot positions.
4. The equation AT =0 has only the trivial solution.
The columns of A form a linearly independent set.
The linear transformation Ty : R™ — R"™ 4s 1:1.
The equation Ax = b has at least one solution for each beR".

The columns of A span R".

© % RS> @

. The linear transformation Ty : R™ — R" is onto.
10. There is an n x n matrix C such that CA = 1.
11. There is an n X n matriz D such that AD = L.
12. AT is invertible.

Remark. X and Y are equivalent means X implies Y and Y implies X.
Remark. Another name for an invertible matrix is non singular and similarly another
name for a non-invertible matrix is singular.

Invertible Linear Transformation:

Definition 15 Given a linear transformation T : R™ — R", T is invertible if there is
another transformation S : R" — R™ such that S(TZ)) = T(S(¥)) = & for all Z € R™. S is
called the inverse of T, S =T, and vice versa.

Theorem 8 Let Ty : R™ — R™ be a linear transformation with a standard matrix A. Ty
is invertible if and only if A is invertible. The inverse transformation of Ta is Ty with

standard matriz AL,

21



Example 30 Let T : R* — R3 be given by T(xy, 7o, x3) = (11 — 279 + 373, T2 + 373, 73).
Find S =T71.

Sol:
1 -2 3 1 2 -9
A=|l0 1 3|,=41'=|01 =3 |,=
0 1 0 0 1
T 1 2 -9 T
T Yoy, z9,03) =A | 2o | =10 1 =3 T ] = (21 + 229 — 923, T2 — 33, T3).
T3 0 0 1 T3

2.6 The Leontief Input-output Model

The Leontief Input-output Model is an economic model measuring how changes in one
sector affect other sectors.

Suppose a nation’s economy is divided into n sectors that produce goods or services.

x1
e x = | %2 |: A production vector in R"” that lists the units produced by each sector
T
(output).
dy
ed= | d» |: A final demand vector that lists the values of goods and services de-
:dy,

manded from the various sectors by the nonproductive part of economy.

— The model is closed if d = 0.
— The model is closed if d # 0.

e (: Consumption matrix (input-output matrix). Each column of C' lists units con-
sumed by all sectors from producing 1 unit of each sector. For example, the first

column of C' lists units consumed by all sectors from producing 1 unit of sector 1.

e (Cx: Intermediate demand created by the producers themselves for goods they need

as inputs for their own production.

The Leontief Input-output Model: Cx + d = x.
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Theorem 9 If C' and d have nonnegative entries and if each column sum of C' s less than
1, then (I — C)~1 exists, and the production vector x = (I — C)~1d has nonnegative entries

and is the unique solution of the Leontief Input-output Model.

Example 31 Consider an open economy with three industries: coal-mining operation, electricity-
generating plant and an auto-manufacturing plant. To produce $1 of coal, the mining opera-
tion must purchase $0.5 of its own production, $0.2 of electricity and $1 worth of automobile
for its transportation. To produce $1 of electricity, it takes $0.8 of electricity and $0.4 of
automobile. Finally, to produce $1 worth of automobile, the auto-manufacturing plant must
purchase $0.25 of coal, $0.1 of electricity. Assume also that during a period of one week,
the economy has an exterior demand of $100 worth of coal, $500 worth of electricity, and
$700 worth of automobile. Find the production level of each of the three industries in that

period of one week in order to exactly satisfy both the internal and the external demands.

Solution. Let x1, x5 and x3 be the dollar values of outputs of coal-mining, electricity,
I
auto-manufacturing, respectively. Let x = | x5 | be the production vector.
xs3
The input-output matrix of this economy and the demand vector are

05 0 025 100
C=102 08 01 |, d=| 500
1 04 0 700
Then
05 0 —025 16 10 5
I-C=|-02 02 —01 |, (I-C)t'=1]30 25 10 |,
-1 —04 1 28 20 10
which gives
10100
x = (I-C)td == | 22500
19800

So, the total output of the coal-mining operation must be $10100, the total output for the
electricity-generating plant is $22500 and the total output for the auto-manufacturing plant
is $19800.

Example 32 Consider an open economy with three industries: coal-mining operation, electricity-
generating plant and an auto-manufacturing plant. To produce $1 of coal, the mining op-

eration must purchase $0.1 of its own production, $0.30 of electricity and $0.1 worth of
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automobile for its transportation. To produce $1 of electricity, it takes $0.25 of coal, $0.4 of
electricity and $0.15 of automobile. Finally, to produce $1 worth of automobile, the auto-
manufacturing plant must purchase $0.2 of coal, $0.5 of electricity and consume $0.1 of
automobile. Assume also that during a period of one week, the economy has an exterior
demand of $50,000 worth of coal, $75,000 worth of electricity, and $125,000 worth of autos.
Find the production level of each of the three industries in that period of one week in order

to exactly satisfy both the internal and the external demands.

Solution. The input-output matrix of this economy and the demand vector are

0.1 0.25 0.2 50000
C=103 04 05|, d=| 75000
0.1 0.15 0.1 125000
Then
09 —0.25 —0.2 1.464 0.803 0.771
I-C=1|-03 06 —05/|, (I-C)*t=1]1.007 2.488 1.606 |,
—0.1 —0.15 0.9 0.330 0.503 1.464
which gives
1.464 0.803 0.771 50000 229790
x=(I-C)'d= | 1.007 2.488 1.606 75000 | = | 437795
0.330 0.503 1.464 125000 237402

So, the total output of the coal-mining operation must be $229790, the total output for
the electricity-generating plant is $437795 and the total output for the auto-manufacturing
plant is $237402.

Appendix B: Complex Numbers

Complex number is
z=a+bi, aceRbeR,*=—1.

Addition and multiplication:
(a+bi)+ (c+di) = (a+c) + (b+ d)i,
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(a+ bi)(c+ di) = (ac — bd) + (ad + be)i.
The conjugate of z = a + bi is: Z = a — bi. We have
22 =a’ + b’

The modulus of z is defined by

2] = Va2 + 2.

Properties

1. z = z if and only if z is real,

2. ztw=7z+w,

4. fwz] = fwl|4],
5. |z +w| < |z| + |w| (triangle inequality),
6. let z =r(cosf +isind), then 2" = r"(cosnf + isinnfd) (De Moivre’s Theorem).

2431
4—51°

Example 33 Simplify

Solution:

2+3i (24304 +5i) 8+10i+121—15 7 22

15 (A-bs)d+s) 245 4 'm

Example 34 Let z = /3 +i. Calculate 2°.

Sol: We write z as:

3 1 ,
z= 2(\/7_ + @5) = 2(cos % + isin %) = 2¢/6,
ZG — 26€(i7r/6)6 — 2Gei7r — 64(COS7T + iSiIlﬂ') — ¢4

Example 35 Solve the following equation 2x* — 4x + 4 = 0.
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3.1 Introduction to Determinants
a b

C

Definition 16 Let A = . The determinant of A is defined as

a b

det A = |A| = = ad — be.

For a n x n matriz A, let A;j be the matriz obtained from A by deleting the i-th row and
j-th column. The (i, )" cofactor of A is the number,
cij = (—1)" det Aj;.
det A = a;1¢;1 + ainCio + ... + AinCin,
which is called a cofactor expansion across the i-th row. Similarly,
det A = ayjcij + agjcaj + ... + anjcny,

which 1s called a cofactor expansion across the j-th column.

Example 36 Cualculate det A, where

A:

w N
B =W
O — Ot

Solution: We do cofactor expansion across the 2nd row.
det A = apico1 + agCyr + a23C3

1
= 2(—1)*"'det [ i + (=1)*** det [ ; Z

1
+ (=1)* det ;
3 4

= 2(14) + (—13) + 5 =20.

Definition 17 A triangular matriz is a matriz that is all zeros either above or below the
diagonal. An upper triangular matriz means all entries below the main diagonal are zero;

an lower triangular matriz means all entries above the main diagonal are zero.

Theorem 10 If A is a triangular matriz then detA is the product of the entries on the

main diagonal of A.
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Example 37 Calculate det A, where

5 3 5
. 011 9

0 0 2 12

0 0 0 12

Solution: A is an upper triangular matrix. det A = 5(1)(2)(12) = 120.

ann a2 a3
Theorem 11 If A is a 3 X 3 matriz, A= |as; a9 as3| , then

a31 32 as3

det A = ay1a920a33 + a12a23a31 + Q13021032 — 31022013 — (32093011 — A33021012.

Remark. This comes from the three main diagonals and three other diagonals by

repeating the first two columns.

3.2 Properties of Determinants

Theorem 12 (Row Operations)

1. If a multiple of one row of A is added to another row to produce a matriz B then
det B = det A.

2. If two rows of A are interchanged to produce B then detB = -detA.

3. If one row of A is multiplied by k to produce B then det B = k det A.

1 5 0
Example 38 Let A= | 2 4 —1 |. Find det(A).
0 -2 0
Solution:
1 5 0 1 5 0 1 5 0 1 5 0
2 4 -1 RQ_QRg 0 -6 -1 R2—3R§ 0 0 -1 R2<—>R§ 0 =2 0
0 -2 0 0 -2 0 0 -2 0 0 0 -1

If we denote the above three new matrices as B, C, D, then

det A=det B=detC = —det D = —(1)(—-2)(—1) = —2.
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Properties of determinants:

1. If A is a square matrix then det AT = det A.
det(AB) = det Adet B.
If A is an n X n matrix and ¢ a scalar then det(cA) = ¢" det A.
If A is invertible then det(A™') = .
A square matrix A is invertible < det A # 0.

ARG I

Example 39 Let A, B and C be 3 x 3 invertible matrices, det(A) = 3, det(B) = 5,
det(C) = 6. Calculate det(A~*C(—2B)).

Solution.

det(A™'C(—2B)) = det(A ') det(C)(—2)det(B) = —S@det(C’)det(B)

1
= —8=(6)5 = —80.
5(6)

5.1 Eigenvectors and Eigenvalues

Definition 18 An eigenvector of an nxn matriz A is a nonzero vector ¥ such that A¥ = \¥
for some scalar A\. A scalar X\ is called an eigenvalue of A if there is a nontrivial solution ¥

such that AT = \T. ¥ is called the eigenvector corresponding to .

To determine whether a given value A is an eigenvalue of a matrix A we need to find a
non-zero vector Z such that AZ = \Z. This is the same as determining whether the matrix

equation
(A=X)Z=0

has a non-trivial solution.

1 1 1
Example 40 Let A = 6],62[ ],U:[ 0 ],IU:[O].Notethat

5 2 1 -5
7] —24 1
Au = =Tu, Av= = —4v, Aw = # \.
7 20 5
Thus @ is an eigenvector corresponding to A = T, U is an eigenvector corresponding to
A= —4, W is not an eigenvector.
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Definition 19 The set of all eigenvectors for a particular eigenvalue A of a matriz A is a

subspace and so is called the eigenspace of A corresponding to .
Example 41 The eigenvalues of a triangular matriz are the entries on its main diagonal.

Theorem 13 If vi,..., v, are eigenvectors that correspond to distinct eigenvalues Ay, . . . ,

Ar of an n X n matriz A, then the set {01, ...,v,} is linearly independent.

5.2 The Characteristic Equation

Characteristic equation: det(A — AI) is called the characteristic polynomial of A and
det(A— M) =0

is called the characteristic equation.

Theorem 14 The solutions of the characteristic equation are the eigenvalues of A.

Example 42 Find all eigenvalues of A, where

3 2 —1
A=101 2
00 3
Solution: The characteristic polynomial is
3—A 2 —1
det(A—X)=] 0 1-X 2 |=0B=X*(1-N).

The solutions of the characteristic equation det(A — AI) = 0 are 3,3,1.

Algebraic and Geometric multiplicity:

e The algebraic multiplicity of an eigenvalue is equal to the number of times it is a root

of the characteristic equation.

e The geometric multiplicity of an eigenvalue is the dimension of its eigenspace.
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Example 43 Let

3 2 -1
A=101 2
00 3

The eigenvalue 3 has algebraic multiplicity 2 and the eigenvalue 1 has algebraic multiplicity

1. Find the corresponding eigenspaces and their geometric multiplicities.

Solution: When A\ = 3,

0o 2 -1 0 2 —1 020
A-XN=A-3I=|0 -2 2 Rg—l—Rg 00 1 Rl—i-Rg 0 01
0 0 0 00 0 000
Thus (A — 31)Z = 0 has the solution
W5} t 1
T=|az | =|0|=t]0
XT3 0 0
The eigenspace has a basis 0 . The geometric multiplicity of the eigenvalue 3 is 1.
0
When X =1,
2 2 -1 2 2 -1 ) 2 20
A=XN=A-I=|0 0 2 Rg—Rg 00 2 R1—§Rz 00 2
00 2 00 O 10 00
Thus (A — I)Z = 0 has the solution
T t 1
T = T2 = —t =t -1
I3 0 0
1
The eigenspace has a basis -1 . The geometric multiplicity of the eigenvalue 1 is
0

The Invertible Matrix Theorem (continued): Let A be an n x n matrix. Then the

following statements are equivalent to, A is an invertible matrix.”
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19. The number 0 is not an eigenvalue of A.

20. The determinant of A is not zero.

Similar matrices: Two matrices A and B are similar if there is an invertible matrix P
such that,
A= PBP !

Theorem 15 Ifnxn matrices A and B are similar, then they have the same characteristics

polynomial and hence the same eigenvalues (with the same multiplicities).
Proof.

det(A —XI) = det(PBP™'—\PP™1)
[

= det[P(B - \)P)

= det(P)det(B — \)det(P™")
= det(P)det(B — ) detl(P)
= det(B — ).

Application to Dynamical System:

0.95 0.03

0.1
Example 44 Let A = , Tp = [

0.05 0.97 0.7

the long-term behavior of the system.

] , Tpr1 = Az (B =0,1,...,). Analyze

Solution: a) Find all eigenvalues:

95— .
det(A — \I) = 095 0.03 =\ —1.921+0.92=0,—
0.05 097 =X
A=1,0.92
b) Find basis to each eigenspace:
When X =1,
—0.05 0.03 —0.05 0.03
A-AN=A-1= Ry + R .
[ 0.05 —0.03 | —— [ 0 0 ]
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Thus (A — I)Z = 0 has the solution

The eigenspace has a basis {171 =

ot W
_ 1
——

When \ = 0.92,
A— XN =A-092] = [0'03 0'03] 2_; X [0.03 0.03] ‘
0.05 0.05 3 0 0

Thus (A — 0.937)Z = 0 has the solution

The eigenspace has a basis {‘72 =

e[}

c¢) Express g = 07 as a linear combination of 17'1 and \7'2:

Tp = 0.1V; + 0.2V, =

@ = Ay = 0.1AV, + 0.24V, = 0.1(1)V] + 0.2(0.92) V5.

In general
o= 0.1(1)FV; +0.2(0.92)*V, — 0.1V,

as k — 0.

5.3 Diagonalization

A diagonal matrix is a matrix with non zero values along its diagonal and zeros on its
off diagonal entries. Well only be considering diagonal matrices that are square.
Definition 20 If A is a square n X n matrix and A is similar to a diagonal matriz D then

A is said to be diagonalizable.

Theorem 16 (Diagonalization Theorem) Let A be an n X n matriz.
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o A is diagonalizable if and only if A has n linearly independent eigenvectors. If A =
PDP~t where D is a diagonal matriz, the the columns of P are n linearly independent
eigenvectors of A. In this case, the diagonal entries of D are eigenvalues of A that

correspond, respectively, to the eigenvectors in P.
e If A has n distinct eigenvalues, then A is diagonalizable.

o A is diagonalizable if and only if the sum of the dimensions of the distinct eigenspaces
equals n, if and only if the dimension of the eigenspace for each eigenvalue equals the
algebraic multiplicity of the eigenvalue. (Generally, the dimension of the eigenspace

for each eigenvalue is less than or equal to the algebraic multiplicity of the eigenvalue).

For an n x n matrix A, if A is diagonalizable and Bj is a basis for the eigenspace
corresponding to the eigenvalue A\, k = 1, ..., p, then the total collection of vectors in the

sets Bi,..., B, forms an eigenvector basis of R".

1 2 3 4
0 3 2 o _ . .

Example 45 A = 00 5 15 diagonalizable: 4 distinct eigenvalues.
000 7

3 -1 | . , , , —1
B = ) 15 not diagonalizable: A = 4, one eigenvector e
2 3
Example 46 Let A = L1l

1) Find P and D such that A= PDP™1.
2) Calculate A*.

Sol: 1) det(A — AI) = (A =5)(A+ 2).
When A =5: ¥ = a9 [ 1 ];

V\/hen)\:—Z:f:%2 _4 . Thus
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2) Let P =

- 4
s ,thenP‘1:% % .
4 ~1 1
- - 4
At={ppp}' = ppipi= | ! _3] > 0 ] l[ 4 3]

1 4 0 -2 7| -11
1 -3
1 4

625 0'[4 3] [364 261]

1
7 0 16 —1 1| | 348 277

4.9 Applications to Markov Chains

e Probability vector: A vector with nonnegative entries that add up to 1.
e Stochastic matrix: A square matrix whose columns are probability vectors.

e Markov chain: A sequence of probability vectors xg, 1, together with a stochastic
matrix P such that xy1 = Pxg, k=0,1,2,

Example 47 Suppose a car rental agency has three locations in Ottawa: Downtown location
(labeled A), East end location (labeled B) and a West end location (labeled C). The agency
has a group of delivery drivers to serve all three locations. The agency’s statistician has
determined the following:

1. At the Downtown location, 30% are delivered in Downtown area, 30% are delivered
in the FEast end, and 40% are delivered in the West end

2. At the East end location, 40% are delivered in Downtown area, 40% are delivered in
the East end, and 20% are delivered in the West end

3. At the West end location, 50% are delivered in Downtown area, 30% are delivered in
the East end, and 20% are delivered in the West end.

Find the probabilities of being at each location after 2 deliveries. If xo = [100]7, what is

) ?
Solution. We model this problem with the following matrix:

0.3 04 0.5
P=103 04 03
04 02 0.2
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P is called the transition matrix (a stochastic matrix) of the above system.

0.41 0.38 0.37
P?2=1 033 0.34 0.33
0.26 0.28 0.30

Remark. The elements on each column still add to 1 and each element is between 0 and 1.
Steady-State Vectors

If P is a stochastic matrix, then a steady-state vector for P is a probability vector ¢ such

that
Pi=q = (P—-1)§=0.

Example 48 Let

0.3 04 0.5
P=103 04 03
04 0.2 0.2
Find a steady-state vector for P.
Solution:
-0.7 04 05 | O -7 10
[P—I[0)=| 03 —06 03 | 0|~ |05 —6 | 0
04 02 —-08 | 0 0 0 | O
7/18
By solving (P-I)x=0 we have: 1 = 7/523,22 = 6/523. So = |6/18
5/18
Convergence

A stochastic matrix P is called regular if, for some integer k, all entries of P* are strictly

positive.

Theorem. If P is a regular stochastic matrix, then P has a unique steady-state vector .

Further, Markov chain {z;} converges to ¢ as k — 0.

0.3 04 0.5 7/18
Example. P= | 0.3 0.4 0.3 | is regular. ¢= [6/18| . This shows that after a large
04 0.2 0.2 5/18

number of deliveries, it no longer matters which location we were in when we started, we

have (approximately) a 33.3% Chance of being at location B.
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1.7 Linear Independence

Definition 21 A set of vectors {v7, -+, U} in R™ is linearly independent if the vector
equation

I1171+l‘2172+—|—$’m17m:6
has only the trivial solution. The set is said to be linearly dependent if there is a non-trivial

solution to the vector equation.

Theorem 17 The columns of A are linearly independent if and only if AZ =0 ONLY has

the trivial solution.

1 0
Example 49 {| 2 |} is linearly independent, {| 0 |} is linearly dependent.
3 0
1 3 -1
Example 50 Given v7 = | 2 | ,03 = | 5 | ,03 = 1 |. Show that {v1,v5,03} is
3 8 2

linearly dependent and find the linear combination.
Solution: —2v; + vy — 03 = 0.

Theorem 18 1. A set of two vectors is linearly dependent if and only if one of the

vectors 1s a multiple of the other.

2. A set of two or more vectors is linearly dependent if and only if at least one vector

may be written as a linearly combination of the others.

3. If a set contains more vectors than entries in each wvector, then the set is linearly

dependent.

4. If the zero vector is in a set of vectors, then the set of vectors is linearly dependent.
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2.8 Subspaces of R”

Definition 22 A subspace is any subset V of R™ that satisfies,
1.0eV

2. For each Z,y € V, £+ y €V (Closed under addition).

3. For each ¥ € V and scalar ¢, c¥ € V (Closed under scalar multiplication.)
Example 51 1. S = {0} is a subspace.
2. Given a set of vectors vy, -+, Uy, in R,
Span{vy, Uy, -+ , U} = {101 + cols + - -+ + ¢ Un;  where ¢q, ¢, ..., ¢y are scalars}
18 a subspace.

x
3. H= x lz,y € R 3 is a subspace of R3;
3xr — 2y

4. H={(a,a+1,a—1)|a € R} is not a subspace of R?;
5. H={(a—1,b,c)|a,b,c € R} is a subspace of R3.

Definition 23 Let A = [d; ... dy)mxn- The columns of A span a subspace of R™ called the
column space of A and is denoted by ColA:

ColA = Span{dy, ..., d,}.

The null space of a matriz A is the set of all solutions to the homogeneous equation AZ = 0
and is a subspace of R™. The null space of A is denoted by NulA.

NulA = {Z € R"|AZ = 0}.

Definition 24 A basis for a subspace H is a linearly independent set of vectors that spans
H. We denote it by By. When H 1is clear, we just write the basis as B. The number of

vectors in a basis for a subspace H is called the dimension of H and is denoted by dim H.
Properties of basis:

e There is more than one basis for a subspace.
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e A basis is the largest spanning set of linearly independent vectors for a subspace.

e Pivot columns can be a basis for ColA.

Example 52 Let

1 -3 2 5 3
A= [61 d’gd’gala?,] = 0 0 01 4
0O 0 00O
Find BC’olA and BNulA'
Sol: Pivot columns are d; Ei_4. So_ Booia = {dy, dy}.
I
T2
To find B, consider A | z3 | = 0.
Ty
1 =3 25 30 1 -3 20 —-17 0
Augmented matriz = | 0 0140|~]0 0 01 4 0
0O 0 00O0OTO 0O 0 00O 0 O
Thus
[ ] [ 3wy — 205 + 1725 | [ 3] [ 2] [ 17 ]
T2 X2 1 0 0
I3 == X3 = T2 0 + 3 1 + x5 0
T4 —4xy 0 0 —4
L Ty ] L Ty ] L 0 ] L 0 ] L 1 |
Therefore, o o )
3 —2 17 )
1 0 0
Bnuia = Of,| 1 |{,] O
0 0 —4
Lo Lo ] [t ])
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4.1 Vector Spaces and Subspaces

Definition. Let V be a set of elements. If the operations addition and scalar multiplication
are defined in V satisfying the following axioms:

Al. Ifu, 7€V, then u4+v € V.

A2, If u,v € V, then © 4 v = U + u.

A3. If 4, v,w € V, then 4 + (U + W) = (4 + v) + .

A4. There exists an element, denoted by 0, in V, such that 0 + @ = @ for every .

A5. For every @ € V| there exists an element, denoted by —, in V such that 4+ (—u) = 0.

S1. Operation scalar multiplication is defined for every number ¢ and every @ in V, and
cueV.

S2. Operation scalar multiplication satisfies the distributive law: ¢(@ + ¥) = ¢l + cv.

S3. Operation scalar multiplication satisfies the second distributive law: (¢ + d)u =
cu + du.

S4. Operation scalar multiplication satisfies the associative law: (cd)ud = c(du).

S5. For every element u € V', 14 = 4.

Then V is called a vector space.

Example.

(i) R™ is a vector space.

Properties.
(i) W + ¢ = @ + ¢ implies W = «.
(i) 07 = 0.
(iii) ¢0 = 0.
(iv) av = 0 implies a = 0 or v = 0.
(
(

Subspaces.

A set U is a subspace of a vector space V if U is a vector space with respect to the
operations of V. U is a subspace of V if

(i) the zero vector is in U;

(ii) if x is in U, then ax is in U for any scalar a, and

(iii) if x, y are in U, then x + y is in U.
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Examples

(i) {6} is a subspace. A subspace that is not {6} is a proper subspace.

(ii) A line through the origin in the space is a subspace; A plane through the origin in
the space is a subspace.

(iii) 1 = {(s,2s,3)|s € R} is not a subspace.

(iv) So =1 52 |s € R} is not a subspace. It does not satisfy (ii).
s

(v) S3 = {(s_, t)|s? = t%,s,t € R} is not a subspace. It does not satisfy (iii).

s
(vi) Sy ={|2s+3t]| |s,t € R} is a subspace.
|5t
(vii) R™ is a subspace of itself.
1
(viii) S5 = { 51— |s,t € R} is a subspace.
a
(ix) S¢ ={|b| |a =3b+2¢c,a,b,c € R} is a subspace.
c

Spanning sets as a subspace
Let S = {v1,vq,,v;}. span S = {c1v1 + covg + ... + cpuglcr,, cx € R}. It is a subspace of
V, called the span of S, denoted by span S.

Example. The span of a single non-zero vector in the space is a line through the origin.

Let A be a subspace, and let S be a subset of A. If span S = A, then S is a spanning set
of A. In particular, A itself is a spanning set of A. A subspace generally has more than one

spanning set.

Properties
(i) If X € S, then X € spanS.
(ii) If a subspace W contains every vector in S, then W contains span S.
As an example of using the second property, span{X + Y, X, Y} = span{X,Y'}.
(iii) If b is a linear combination of vy, Vg, ..., Ui, then
spanS = {l;, V1, Ve, , Ut = spanS = {vy,vg, ..., Uy }.
(iv) R" = span{E\, Es, ..., E, }.
(v) null A = the span of the basic solutions of AX=0.
(vi) im A = the span of the columns of A.
Example 53 (i) Verify that [1 2 0 17 is in span{/2 1 2 0]* , [0 -3 2 2T }.
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Solution: The corresponding system is consistent.

(ii) Verify that the set of vectors S = {[1 2 3T, [-1 0 1]T , [2 1 -1]T} spans R3.

Solution: For any [a b T in R3, The corresponding system is consistent.

(iii) Find a,b such that X = [a b a+b a-b]" is in span{ X1, X2, X3}, where X1 = [1 1 1
N, x2=/1012% X3=[1010".
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2.9 Dimension and Rank

Definition 25 Given a basis B = {¥}, ..., v,} for a subspace H. Let & € H. Then & may be

written as a linear combination of Uy, ..., vy
T =CU1 + ... +CUp.

The weights cy, ..., ¢, are called the coordinates of T relative to the basis B. These coordinates

may be written as a vector

Cp

called the coordinate vector of T relative to B, (or the B-coordinate vector of Z).

1 -3 2 5 3
Example 54 Let A= [d1dydzazas]=|0 0 4 7 4
0 0 00O

1) Pivot columns are dy ds. So Bega = {d1, ds}.

2)
7 S| 3/2 | . 1
[a2]BC’olA = [ 0 ] 7[a4]BColA = [ 7/4 ] 7[615]3001,4 = [ 1 ] .
Note: The order of the vectors in the basis B influences the coordinate vector [Z]g.

Definition 26 The rank of a matriz A is equal to the number of pivot positions in A. This
in turn equals the number of pivot columns of A which equals the number of vectors in the

basis for ColA. rankA = dim Col A.

rankA = dim Col A.
The Rank Theorem: If a matrix A has n columns then

dimColA + dimNulA =n

or

rankA + dim NulA = n.
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The Invertible Matrix Theorem (continued): Let A be an n x n matrix. Then the
following statements are equivalent to, A is an invertible matrix.”

13. The columns of A form a basis for R™.

14. Col A = R"
15. dim ColA =n
16. rank A =n

17. Nul A = {0}
18. dim NulA = 0.
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4.2 Null Spaces, Column Spaces, and Linear Transfor-
mations

(i) Null space and column space: Let A = [d ... dp)mxn. The columns of A span a

subspace of R™ called the column space of A and is denoted by ColA:
ColA = Span{d,, ..., d,}.

The null space of a matrix A is the set of all solutions to the homogeneous equation AZ = 0

and is a subspace of R™. The null space of A is denoted by NulA.

NulA = {7 € R"|AZ = 0}.

1 500 -2
Example 55 Given the matrit A= [0 0 1 0 12
0001 =3

(i) Find null A.
(i1) Find Col A.

Remark. The number of parameters = the number of solutions in a set of basic solutions
= the number of variables rank of A.

(ii) Kernel and Range of a Linear Transformation
Let V and W be vector spaces. Then a linear transformation L from V to W is a function
with domain V and range a subset of W satisfying

1) L(u + v) = L(u) + L(v)

2) L(cu) = cL(u)
for any vectors u and v in V and scalar c.

Kernel L = {v € V|L(v) = 0}, Range L = {L(v)|v € V'}.

Example. Let V be the vector space of (infinitely) differentiable functions and define D
to be the function from V to V given by D(f(¢)) = f'(¢). Then D is a linear transformation
since

D(f(t) +g(t)) = (f(t) + g(@)) = f'(t)

D(cf(t)) = (cf()) = cf'(t) = cD(f(?)
Kernel D = {c|c € R}.

+4'(t) = D(f(#) + D(g(t))-
)-
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